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Preface

The understanding of elementary excitations in electronic systems is of a basic importance,
both from a practical as well as from a fundamental point of view. For example, optical
properties and electrical transport in materials are primarily governed by excitation processes.
On the other hand, our main source of knowledge on the dynamics of elementary electronic
systems, such as isolated atoms, ions or molecules, is their response to an external probing
field, that excites the system. Generally, the corresponding quantum mechanical description
in terms of excitation amplitudes, entails a thorough understanding of the relevant excitation
spectrum of the system under study. For this purpose, efficient theoretical and calculational
techniques have been developed, and their implementations have rendered possible a detailed
insight into the nature and the dynamics of various electronic states in a variety of materials.
This progress is driven, to a large extent, by recent breakthroughs in the experimental fabrica-
tion, characterization and spectroscopic techniques which, in addition to providing stringent
tests of various aspects of current theoretical approaches, have also pointed out open questions
to be addressed by theory. Particularly remarkable is the diversity of the electronic materials
studied experimentally, ranging from isolated atoms to clusters and surfaces. It is this aspect
which is emphasized in this presentation of some of the theoretical tools for the description
of excited states of finite and extended electronic systems. The main goal is to highlight
common features and differences in the theoretical concepts that have been employed for the
understanding of electronic excitations and collisions in finite few-body (atomic) systems and

large, extended systems, such as molecules, metal clusters and surfaces.

The complete work is divided in two parts. The first part, which is this present book, deals
with the foundations and with the main features of the theoretical methods for the treatment of
few-body correlated states and correlated excitations in electronic systems. The forthcoming
second volume includes corresponding applications and the analysis of the outcome of theory

as contrasted to experimental findings.



XII Preface

A seen from a quick glance at the table of contents, the book starts by reviewing the main
aspects of the two-body Coulomb problem, which sets the frame and the notations for the
treatment of few-body systems. Subsequently, we sketch a practical scheme for the solution
of two-body problems involving an arbitrary non-local potential. Furthermore, an overview is
given on the mainstream concepts for finding the ground state of many-body systems. Sym-
metry properties and universalities of direct and resonant excitation processes are then ad-
dressed. Starting from low-lying two-particle excitations, the complexity is increased to the
level of dealing with the N-particle fragmentation in finite Coulomb systems. Having in mind
the theoretical treatment of excitations in extended and in systems with a large number of
active electrons, we introduce the Green’s function theory in its first and second quantization
versions and outline how this theory is utilized for the description of the ground-state and of
many-particle excitations in electronic materials.

The topics in this book are treated differently in depth. Subjects of a supplementary or an
introductory nature are outlined briefly, whereas the main focus is put on general schemes for
the treatment of correlated, many-particle excitations. In particular, details of those theoretical

tools are discussed that are employed in the second forthcoming part of this work.

Due to the broad range of systems, physical processes and theoretical approaches relevant
to the present study, only a restricted number of topics is covered in this book, and many im-
portant related results and techniques are not included. In particular, in recent years, numerical
and computational methods have undergone major advances in developments and implemen-
tations, which are not discussed here, even though the foundations of some of these techniques
are mentioned. Despite these restrictions, it is nevertheless hoped that the present work will
provide and initiate some interesting points of view on excitations and collisions in correlated
electronic systems.

The work is purely theoretical. It should be of interest, primarily for researchers working
in the field of theoretical few-body electronic systems. Nonetheless, the selected topics and
their presentations are hoped to be interesting and comprehensible to curious experimentalists
with some pre-knowledge of quantum mechanics.

The results of a number of collaborations with various friends and colleagues can be found
in this book. I would like to take this opportunity to thank few of them. I am particularly

indebted to M. Brauner, J. S. Briggs, J. Broad and H. Klar for numerous collaborations, dis-
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cussions and advice on charged few-particle problems. I would also like to thank P. Bruno,
A. Ernst, R. Feder, N. Fominykh, H. Gollisch, J. Henk, O. Kidun, and K. Kouzakov for
fruitful collaborations, encouragements and valuable discussions on the theoretical aspects
of electronic excitations and correlations in condensed matter. Furthermore, I am grateful to
L. Avaldi, I. Bray, R. Dorner, A. Dorn, R. Dreizler, J. Feagin, A. Kheifets, J. Kirschner, A.
Lahmam-Bennani, J. Lower, H. J. Liidde, J. Macek, J. H. McGuire, D. Madison, S. Mazevet,
R. Moshammer, Yu. V. Popov, A.R.P. Rau, J.-M.Rost, S. N. Samarin, H. Schmidt-Bocking,
A. T. Stelbovics, E. Weigold and J. Ullrich for many insightful and stimulating discussions
we had over the years on various topics of this book. Communications, discussions and con-
sultations with E. O. Alt, V. Drchal, T. Gonis, J. Kudrnovsky, M. Lieber and P. Ziesche are
gratefully acknowledged.

Finally, it is a pleasure to thank Frau C. Wanka and Frau V. Palmer from Wiley-VCH for

their competent help and support in the preparation of the book.

Jamal Berakdar

Halle, January 2003






1 The two-body Kepler problem: A classical treatment

This chapter provides a brief summary of the theoretical treatment of non-relativistic two-
body Coulomb systems. An extensive account can be found in standard textbooks, e. g. [1].
The purpose here is to introduce the basic ideas and notations utilized in the quantum theory
of interacting charged particles. Particular attention is given to the approach pioneered by
W. Pauli [4] which utilizes the existence of an additional integral of motion due to the dynam-
ical symmetry of Coulomb-type potentials, namely the Laplace-Runge-Lenz vector [2]. Let
us consider a system consisting of two interacting particles with charges z; and 25 and masses
mq and ms. In the center-of-mass system, the two-particle motion is described by a one-body

Hamiltonian Hy that depends on the relative coordinates of the two particles. Its explicit form

1 Z12
Hy=—p2-== 1.1
0 2/lp0 To 5 ( )
where 215 = —21 25 and the reduced mass is denoted by p = myms/(my +ms). The vectors

ro and pg are respectively the two-particle relative coordinate and its conjugate momentum.
In addition to the total energy E, the angular momentum Ly = ry X pg is a conserved quantity
due to the invariance of Eq. (1.1) under spatial rotations. Furthermore, the so-called Laplace-

Runge-Lenz vector [2]
. 1
A:ro+—L0xp0 (12)

Hz12

is as well a constant of motion. This is readily deduced by noting that

N 2
O0ipo = —2121‘0/7‘0

Unless otherwise specified, atomic units are used throughout this book.
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and therefore the time derivative of A vanishes, i.e.

R 1
OtA = Otg + —— Lo X (Oypo)
212

7
Org  [ro- (Oro)lro 1 (1.3)
- ro g o 78 [ro x (9¢ro)] X ro = 0.

For the derivation of the classical trajectories it is instructive to introduce the dimensionless

M

A x L

Figure 1.1: The motion of two particles interacting via a Coulomb-type potential takes place in
the plane spanned by the vectors A and A x L.

quantities
r=Zzi2 I‘o/(l, P = Po a/(zl2h)7 and L = LO/hv

where the length scale is given by a = h?/(ue?) (for clarity, the electron charge e and h are
displayed here). The Hamiltonian (1.1) transforms into H = 2a/(2%,¢?)Hy, whereas in the

scaled coordinates, the Laplace-Runge-Lenz vector (A) has the form

A=t+Lxp. (1.4)
Thus, the Hamiltonian H (1.1) measured in the energy units € = (235¢?)/(2a) is

H = Hy/e =p* —2/r. (1.5)

Since 0;A = 0 = 0;L and A - L = 0 we deduce that the relative motion of the two particles is

restricted to a plane P defined by A and LL x A, as illustrated in Fig. 1.1. The relative position
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vector r in the plane P is uniquely specified by the components [see Fig. 1.1]
x=r-(LxA), and y=r-A.

The components x and y can be written in the form

y=r—L? x=—L%*r- p). (1.6)
Furthermore we conclude that since

L? =r?p? — (r-p)?, therelation z?/L* = r?p? — L? (1.7)

applies.
Thus, for a given total (scaled) energy E = p? — 2/r the components = and y of the

position vector r are determined by the equation
BB+ - L2 ppy 1.8
[y E 4+ ( +)]—ﬁ$— + 1. (1.8)

Further straightforward algebraic manipulations lead to
A2 =L*FE+1>0.

Relation (1.8) is the defining equation for conic sections in the normal form:

e For E < 0 the motion proceeds along an elliptical closed orbit with A being along the

main axis. The excentricity of the orbit is determined by |A|.
e For £ > 0 Eq. (1.8) defines a hyperbola.
e If £ = 0 (and hence p? = 2/r) we conclude from Eq. (1.7) and from r = y + L2 that
y =a?/(2L*) — L?/2.

This equation describes a parabola with a curvature L—*. If in addition L < 1 the
parabola degenerates to an almost straight line along A starting from the origin [see

Fig. 1.1].






2 Quantum mechanics of two-body Coulomb systems

2.1 Historical background

In a seminal work [4] W. Pauli applied the correspondence principle to introduce the hermitian
Laplace-Runge-Lenz operator A and showed that A commutes with the total Hamiltonian H,
i.e. [H,A] = 0. Using group theory he utilized this fact for the derivation of the bound
spectrum of the Kepler problem. Later on, V. A. Fock [5] argued that the degeneracy of the
levels, having the same principle quantum numbers, is due to a “hidden” dynamical symmetry.
I. e. in addition to the symmetry with respect to the (spatial) rotation group O(3), the Kepler
problem with bound spectrum possesses a symmetry with respect to a wider (compact) group
O(4) (rotation in a four-dimensional space). Shortly after that V. Bargmann [6] showed how
the separability of the (bound) two-body Coulomb problem in parabolic coordinates is linked
to the existence of the conserved quantity A. J. Schwinger [7] utilized the rotational invariance
with respect to O(4) for the derivation of the Coulomb Green’s function. It is this line of
development which we will follow in the following compact presentation of this topic. A
detailed discussion of the Coulomb Green’s function in connection with the O(4) symmetry

is deferred to section 11.3.

The dynamical symmetry is related to the form of the Coulomb potential and persists
in the n dimensional space. In fact, S. P. Alliluev [8] showed that the Hamiltonian of the
n-dimensional (attractive) Kepler problem possesses a hidden symmetry with respect to the
O(n + 1) group. For n = 3 (e.g. the hydrogen atom) Fock showed [5] that the spectrum
is described by the irreducible representations of O(4). Those are finite dimensional since
O(4) is a compact group, i. e. a continuous group with finite volume. For the description of
the discrete and the continuous spectrum one has to utilize the non-compact analog of O(4),

namely the Lorenz group (for more details and further references see Ref. [9]).
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2.2 Group theoretical approach to the two-body problem

The classical vector (1.4) can not be translated directly into quantum mechanics as the Laplace-
Runge-Lenz vector operator A because it would be non-hermitian. An acceptable definition

for the (polar) vector operator A that satisfies A = AT, is!

A=f+_-(Lxp-pxL). 2.1

1
2
Since for any vector operator, such as p the relation L x p — p x L = i[L?, p] applies, we

can write A in the form

A =#+-[L% pl. (2.2)

With this definition of A one verifies the following commutation relations between the oper-

ators L, A and H

LxL = L, (2.3)

AxA = —iHL, 2.4
LxA+AXxL = i2A, (2.5)
[H,L] = 0=][H,A], (2.6)

AL = 0=L-A. (2.7)

Furthermore, using Eq. (2.2) it is readily shown that
A? = 14+ HIL>+1). (2.8)

Egs. (2.6, 2.7) state that L and A (and H) are conserved while Eq. (2.8) serves to derive
Bohr’s formula of the energy level scheme, as shown below. Introducing the normalized

Laplace-Runge-Lenz operators as

1/v/—H VE <0,
N=A/h, h=<{1/VH VE >0, (2.9)
1 E =0,

!Hereafter we use the shorthand notation 3_; j[Ai,Bjleijir = (A x B), where A and B are vector operators.
A vector operator satisfies the relation L X A + A x L = 2{A (same applies for B or any vector operator).



2.2 Group theoretical approach to the two-body problem 7

the Hamiltonain H is scaled out of Eqgs. (2.4-2.7) which then simplify to

LxL = iL, (2.10)
NxN = «xiL, (2.11)
N-L = 0=L-N, (2.12)
LxN+NxL = 2:N. (2.13)

Here we adopt the definition £ = sgn(—FE) and x = 0 for E = 0. Eq. (2.8) becomes
—kHN? =1+ H(L*+1), if E#0, (2.14)
N?2=1+HL*+1), if E=0. (2.15)

The relations (2.10-2.13) coincide with the commutation relations between the generators of
the homogeneous Lorenz group describing rotations and translations. For £ = 0 (i. e. K = 0)
the Lorenz group (2.10-2.13) degenerates to the Galilean group. For a given positive energy
E > 0 the continuum wave functions are the irreducible representations of the Lorenz group.
This representation is infinite dimensional and unitary because the values of the orbital angu-
lar momentum [ are not restricted for a fixed positive energy (E > 0). Furthermore, L and
N, the generators of the group, are hermitian for H > 0. In contrast, for the bound spec-
trum (E < 0) a finite number of (orbital angular momentum) states corresponding to a given
principal quantum number n provides a finite dimensional, non-unitary representation. The

non-unitarity is a consequence of the fact that the generators N are antihermitian for A < 0.

2.2.1 The bound spectrum

As well known, for E < 0 there is a one-to-one correspondence between the representations
of the Lorenz group and the compact O(4) group that have the six generators (L, N). On
the other hand a reduction of the O(4) algebra into two O(3) algebras can be achieved upon

introducing the operators

1
1
J2 = =(@L-N). (2.17)

2
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These satisfy the commutation relations of two independent angular momentum operators,

namely
Jay xJa)y = i, (2.18)
J(g) X J(z) = iJ(z), (2.19)
T, xJ@,] = 0, Yv=123. (2.20)

Thus, each of J (1) and J (2 can be regarded as the generators of rotations in three dimensions.
From a group theory point of view the three components of J ;) and of J 2y are the members
of two independent Lie algebras SO(3) and SO2(3) [9]. As noticed by O. Klein [10], the
Lie algebra implied by Egs. (2.18-2.20) is then SO;(3) x SO3(3) = SO(4) which describes
rotations in a four dimensional space. The representations of the Lie group SO(4) are thus
labelled by the two angular momenta j; = 0,1/2,1,3/2--- and jo = 0,1/2,1,3/2---. The
eigenvalues of the Casimir operators J?(1)and J?(2) of the groups SO;(3) and SOx(3) are
respectively ji(j1 + 1) and j2(j2 + 1). Due to the restriction (2.7) we deduce from (2.16,
2.17) that

1
2 2 2 2
Iy =3Iy = 2+ N, @.21)
i. e. j1 = jo. Furthermore, from Eq. (2.14) follows
H=-N*+L*+1)" = -(4J3) + )"

This means, employing the |j1m1) ® |jams) representation, and taking into account the con-
dition j; = j» = j, the energy eigenvalues E are (2j + 1)2-fold degenerated and are given

by

1 1 1
E = ——— = - . ) .:Oa_a]-v“'a
HG+D+1 @ T2
1 .
E = 2 n:=2j+1)=1,2,3---. (2.22)

2.2.2 Eigenstates of two charged-particle systems

The states |U,,,,) that form the representations of SO(4) are obtained as follows. Since
|71m1) and |joms) are eigenvectors of angular momentum operators they can be regarded as

spherical tensors (see appendix A.l for definitions and notations of spherical tensors) of rank
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j with components m = —j---j [note j = j; = jo = (n — 1)/2, see Eq. (2.22)]. From
SO(4) = SO1(3) x SO4(3) we deduce that |U,,;,,,) is obtained via the tensor product?

|\Ijnlm>

- 2 Tt

mims

—1 —1
lm> ‘j:n—m1> ® ’jz nTm2>. (2.23)

Noting that L = J (1) + J(2y and N = J (1) — J(g) [cf. Egs. (2.16, 2.17)] we can rewrite
Eq. (2.23) in terms of the eigenvalues m and ¢ of the components L, and N, with respect
to an appropriately chosen axis z. Since m = m; + mg and ¢ = m; — my the state vector
| W1 ) is readily expressed in terms of the common eigenstates |@,,qm) Of the operators L,

N, and H in which case Eq. (2.23) takes on the form

n—1lm+qgn—-—1m-—gq
q

The explicit forms of the wave functions W, (r) and ¢y, (r) are given in the next section.

2.3 The two-body Coulomb wave functions

The quantum mechanical two-body Coulomb problem is exactly solvable in only four coordi-

nate systems [3]:

1. In spherical coordinates the two-particle relative position r is specified by
r = r(sin 6 cos ¢, sin 0 sin @, cos §) where 6 € [0, 7] and ¢ € [0, 27| are the polar and

the azimuthal angles. The chosen set of commuting observables is { H, L2, L, }.

2. In the spheroconic coordinates the coordinate r is given by
r = r(snadnf, cnacnf,dnasnf), where r € [0,00, @« € [-K,K], and
B € [-2K',2K’], here 4K (4iK') is the real (imaginary) period of the Jacobi-elliptic
functions® [238]. The set of commuting observables that are diagonalized simultaneously

is {H,L?,L2 + k'L2}.

2The tensor product of two spherical tensors Ty;m; and Ty,m, Wwith ranks g1 and g2 and compo-
nents m; = —qi,---,q1 and m2 = —q2,---,q2 is the spherical tensor Py,, where Pi,, =

Zm1m2 (q1m1 gamalkm) Tqy m, Tqams . For more details see appendix A.1.
The Jacobi elliptic integrals are defined as u = fo Tk emie

dn(u) = (1 — k2 sin2 )1/2. For the definition of the spheroconic coordinates k [k’] is deduced from the modulus

of sn(a) and cn(«) [sn(B), cn(B) and dn(B)].

sn(u) = sing, cn(u) = cos¢ and
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3. In spheroidal coordinates the relative coordinate r is defined as
r=2 (mws 0,/ (€2 —1)(1 — n?)sinp, &n + 1) where R is a real
positive constant and £ € [1,00[, n € [-1,+1], and ¢ € [0,2x[. In this case the
chosen set of commuting operators is { H, L? — 2RN,L.}. For R — 0 the spheroidal
coordinates degenerates to the spherical coordinates whereas for R — oo they coincide

with the parabolic coordinates.

4. In the parabolic coordinates the preferred set of commuting operators is { H,L,, N, }. It
is this coordinate system which will be discussed below and will be utilized in the next

chapters of this book for the treatment of the few-body problem.

2.3.1 Spherical coordinates

The derivation of the normalized wave functions ¥,,;,,(r) in spherical coordinates can be

found in standard books on quantum mechanics [1]. Here we only give the final expression

\I/nlm(r) - Rnl(r)yvlm(f'); (225)
2 - DY2 o\t L 2
- [ () e (2),

The angular motion is described by the spherical harmonics Y},, () whereas the radial part

Eq. (2.26) is given in terms of the associated Laguerre polynomials* Ly (x) [12,99].

2.3.2 Parabolic coordinates

As mentioned above, as an alternative set of three commuting operators for the description of
the two-body Coulomb problem one may choose { H, L, A, }. The corresponding coordinate
system in which the Schrodinger equation separates is the parabolic coordinates. Those are
given in terms of the defining parameters of two systems of paraboloids with the focus at the

origin and an azimuthal angle ¢ in the (z,y) plane. The relation between these coordinates

an
dz™

L., (z) and satisfy the differential equation

4The Laguerre polynomials are obtained according to the formula Ln(z) = e [e*z z"} . The associated
Laguerre polynomials are given by Lx(z) = %

[202 + (m+1—2)0. + (n—m)] L (z) = 0. .27
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and the cartesian coordinates (in which the position vector r is given by r = (z,y, 2)) is

x = /Encos p, E=r4r-z,
y = VE&nsing, n=r-—r-z,
z=35(€-mn), tanp = ¥; (2.28)
£ €[0,00[, n€[0,00[, ¢ €[0,27].
The Laplacian A expressed in parabolic coordinates reads
4 1
A= ——(0:£0¢ + 0,m0, ) + —02. (2.29)
€_|_77( IIN3 n 77) 7’]& %)

Thus, the Schrodinger equation for an electron in the field of an ion with a charge Z = 1

a.u. is

(H_E)d) = 07

<p2—§—E)¢

where E/ = 2E. In parabolic coordinates Eq. (2.30) has the following form

0, (2.30)

4 1
——— [0c€0¢ + Oy, + 1 +—82+E}¢:0. (2.31)
{ £+ [ IIN3 n'/Un ] nE ¢
Multiplying this equation by (¢ 4+ 1)/4 and upon inserting in (2.31) the ansatz
¢ = Np =™ uy (&)ua(n), (2.32)
where m > 0, and Ng is an energy dependent normalization constant,  (2.33)

we obtain the two determining equations for functions u1(£) and us(n) as

E 2

0¢(§0eur) + ZEW - %m +caur = 0, (2.34)
E 2

an(nagim) + ZT]UQ — T—T)’LLQ +cous = 0. (2.35)

Here c; and co are integration constants satisfying

a+te=L (2.36)
Since the function u; have the limiting behaviour

gii% wp — €™/% and 6131010 u; — exp(—vV—E£/2) (2.37)
it is advantageous to write down w4 in the form

uy = ™2 exp(—V—E £/2)g1(€). (2.38)
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From Eq. (2.34) one deduces for the unknown function g; the determining equation

1
wﬁﬂﬂ%“zﬁﬁ(\f%%ﬂglo, (2.39)

where x = {+/—FE. The solution of the differential equation Eq. (2.39) is the associated

Laguerre polynomials L' (), as readily verified upon a comparison with Eq. (2.27), i. e.

g(z) = L . (), (2.40)
B a (m+1) B o
ng = Ny 5 =0,1,2,---. (2.41)

In an analogous way one expresses the function uy in terms of associated Laguerre polynomi-

als as

77 eXp( v _EW/2) n2+m(77 \ ) (242)
ny = c/V-E—-(m+1)/2=0,1,2,---. (2.43)

U2

With this formula we conclude that the function, defined by Eq. (2.32), has the final form
¢ = Nge'™Pujuy,
= Npet'm® x
><£m/2 exp (—V=E¢/2) Ly, 1, (§V=E)
xn™ exp( V—En/2) n2+m( V—E). (2.44)
Since c¢; + ¢ = 1 we conclude from Egs. (2.41, 2.43) that

1
—2E

I
S
I

)

i-

where the integer number n is identified as the principle quantum number and is related to 1,
and n» via

1
n:=mn+nz+m+1=0,1,2,---, ie. E=-—.
n

The connection between the separability sketched above and the Laplace-Runge-Lenz vec-
tor becomes apparent when the component N, (L,) of N (L), along a chosen quantization
axis, is expressed in parabolic coordinates. This has been done by V. Bargmann [6] who
showed that the states |n1nom) are eigenvectors of N, L, and H.

The operator N is a polar vector (odd under parity operation). In contrast L is an axial

vector and as such is even under parity. Therefore, as far as parity is concerned, the states
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|ninom) are mixed, i.e. they have no well-defined parity. This is as well clear from the
definition of the parabolic coordinates (2.28) that gives preference to the z direction (and
therefore the parabolic eigenstates derived above are symmetrical with respect to the plane
z =0).

The presence of a preferential space direction in the definition of the parabolic variables
makes this coordinate system predestinate for formulating problems that involve a direction
determined by physical measurements, such as an external electric field or the asymptotic
momentum vector of a continuum electron. A well-known demonstration of this statement is
the separability in parabolic coordinates of the two-body Hamiltonian in the presence of an
electric field £ (the Stark effect). In this case one chooses the z axis to be along the field and

writes down the Schrodinger equation as
(H-&z—FE)¢p=0.

Expressing this relation in the coordinate (2.28) and making the ansatz (2.32) one obtains two

separate, one-dimensional differential equations for the determination of u; and us, namely

E m2 &

{agga,g + 25 % + 552 + cl] u1(§) = 0, (2.45)
E 2 ¢

{%m%+zn—%%—§ﬁ+m%uﬂm — 0 (2.46)

These relations make evident the complete separability of the Stark effect in parabolic coordi-

nates.

2.3.3 Analytical continuation of the two-body Coulomb wave functions

Another example involving a physically defined direction in space occurs in ionization prob-
lems. There, the wave vector k of the continuum electron is specified experimentally. Thus, a
suitable choice for the space direction 2, that enters the definition of the parabolic coordinates,

is 2z = k. In this case the parabolic coordinates are

¢ = r4r-k, (2.47)
n = r—r-k, (2.48)
¢ = arctan(y/z). (2.49)

Since we are dealing in case of £ > 0 with continuum problems one may wonder whether it is

possible to utilize the wave function (2.32) (with the asymptotically decaying behaviour (2.37))
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to describe the two-particle continuum, i.e. whether Eq. (2.32) can be continued analyti-
cally across the fragmentation threshold. To answer this question we note that the associ-
ated Laguerre polynomials can be written in terms of the confluent hypergeometric functions®
1Fi(a,b,2) [11,12] as

(m+mn)!

Lz ==

1Fi(—n,m+1, 2). (2.52)
Defining the (generally) complex wave vector k = |/ 2E and choosing the phase convention
for Eqgs. (2.44) such that

¢ = Ng e " ujuy (2.53)

we deduce the general solution of Schrodinger equation for one electron in the field of a
residual ion with a unit positive charge (i.e. Eq. (2.32)) as (we recall the assumption that the

electron-ion reduced mass is unity)

d) _ Nk,m ezl:imap 6m/277m/2 elkl‘
.C 1—m .
1F1(—zzl + —5 1+ m, —ikf)
1_
lFl(i% + Tm 1+ m, ikn), (2.54)
where m >0, Npm =N(k,£m), c1 +c2 =1, ke C.

Since 1Fi(a,b, z) is analytic for all values of the complex arguments a, b, z, except for nega-
tive integer values of b one can use Eq. (2.54) for the description of the all bound and contin-
uum states. Outgoing continuum waves characterized by the wave vector k are obtained from

(2.54) upon the substitution m — 0, ¢; — —ik/2 in which case (2.54) reduces to

bout = N ™ Fy(—iog, 1,ik(r —k-r)). (2.55)

5The confluent hypergeometric function 1 Fy (a, b, 2) is the solution of the confluent Kummer-Laplace differential
equation [11,12]

"+ (-2 —au=0. (2.50)

1F1(a,b, z) is also called Kummer’s function of the first kind. The confluent hypergeometric function has the series
representation [11,12]

a a(a—l—l)z i
Fi(abz) =1+ 2 251
e b =1 32 ) Z (bj ]' @30

where (a); denotes the Pochhammer symbols; its form is inferred from (2.51). The power series representing the
function 1 Fi(a, b, z) is convergent for all finite 2 € C. If a and b are integers, a < 0, and either b > O or b < a,
then the series yields a polynomial with a finite number of terms. Except for the case b < 0, b € N, the function
1F1(a,b, z) is an entire function of z.



2.3 The two-body Coulomb wave functions 15

The incoming continuum wave is obtained by using m — 0, ¢; — —ik/2 in which case

Eq. (2.54) yields

bin = N e*T Fi(iay, 1, —ik(r +k-r)). (2.56)

The parameter oy, = —% is generally referred to as the Sommerfeld parameter. For two

particles with arbitrary masses m and ms and charges Z; and 77, the Sommerfeld parameter
a2 1s defined as

_ AVAILY

2.57
K1 (2.57)

Q12

where p12 is the reduced mass and k5 is the momentum conjugate to the relative coordinate
rio. The normalization constants NV, ,;t can be obtained from the normalization of the asymp-

totic flux and read (a detailed derivation is given in chapter 8)
NE = (2m) 732 ™ /2T (1 + ia). (2.58)
It is readily verified that with this normalization the above wave functions satisfy

<¢in,k/ ‘¢in,k> = <¢out,k’ |¢out7k> = 5(k - k/)v (259)

and

Ginx(r) = Ghut, i (r)- (2.60)

In the above procedure we obtained the Coulomb continuum states from the bound states via
analytical continuation in the complex % plane. One can now reverse the arguments and de-
rives the bound state spectrum from the knowledge of the continuum states. This becomes
of considerable importance when considering many-body systems for which approximate ex-
pressions for the continuum wave functions are known. Such a case we will encounter in
chapter 8.

For bound states (£ < 0) the wave vector k is purely complex and hence we write it
in the form £k = —i/c, ¢ € R. Now we recall that the bound state spectrum is manifested
as poles of the scattering amplitude in the complex k space. From the analyticity properties
of the hypergeometric function one concludes that the poles in the complex £ plane (which

correspond to the bound states) originate from the analytically continued normalization factor

N~ = (2n)73/2 720 (1 — ¢). (2.61)
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This function has isolated poles when ¢ = n € NT is a positive integer, meaning that
k = —i/n = V2E = E = —1/2n?. The simultaneous description of the bound and the
continuum spectrum is made possible by an analytical continuation into the complex & plane.
This procedure can be utilized for cases involving a more general form of the potentials where
an analytical treatment is not possible. The tools and methods for such a procedure are out-

lined in the next chapter.



3 One particle in an arbitrary potential

Due to the special functional form of the Coulomb potential we were able to derive the elec-
tronic quantum mechanical states analytically. In general, however, the electrons are subject
to more complicated, non-local, energy-dependent forces. E. g., as shown in chapter 14, the
propagation of a single particle or a single hole in a surrounding medium can be described
by a Schrodinger-type differential equation involving a non-local, energy-dependent poten-
tial, called the self-energy. Therefore, we sketch in this chapter a general method for the
treatment of the quantum mechanical properties of a non-relativistic particle in a non-local

(energy-dependent) potential.

3.1 The variable-phase method

The quantum mechanics of a particle is fully described by its wave function derived from
the Schrodinger equation, i.e. from the solution of a second-order differential equation. In
numerous situations however, it suffices to know certain features related to the particle motion,
e. g. for the derivation of the scattering cross section from an external potential the knowledge
of only the scattering phase shifts is necessary. Therefore, it is useful to reformulate the
problem of finding the wave function in a one which yields directly physical observables,
such as the scattering phase shifts and the scattering amplitudes. This kind of an approach
has been put forward by Calogero [13] and by Babikov [14] and is generally known as the
variable-phase approach (VPA), or the phase-amplitude method. In the VPA the Schrédinger
equation, as a second order differential equation (DE), is transformed into a pair of first-order,
coupled DEs. The solutions of these DEs yield the so-called phase and amplitude functions.
An important feature of the VPA is the decoupling of the two first order DEs [13, 14]. This
is because the solution of some physical problems is obtained by treating only one of the two

DEs. Solving both first-order DEs yields completely the same information carried by the wave
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function. Due to its versatileness and its close relation to the required physical quantities the
VPA has found applications in various fields of physics [17-21]. In this chapter we sketch the

basic elements of the VPA for local and non-local potentials.

3.2 Phase-amplitude equations for non-local potentials

Let us consider a non-relativistic, spinless particle with the energy k2 subject to a hermitian,
non-local potential V(r,r’) = V(r/,r). A quantum mechanical description of this particle
requires the solution of the Schodinger eqaution'

AU(r) + k20 (r) = /dr'V(r,r’)\II(r/). (3.1)
Assuming isotropy of space, the potential V (r, r’) is a function of the scalar variables 2, /2,
r -1’ = 77’ cos6 only. In spherical coordinates, Eq. (3.1) separates into an angular and a

radial part. The radial part us(r) of the solution of the Schrédinger equation is derived from

the relation

& (e+1) [—
——ue(r) + k% — ———= Jue(r) = [ dr'Vy(r,r")ue(r’). (3.2)
dr ( r > O/

Here the non-local potential associated with the orbital angular momentum ¢ is given by
1
Vi(r,r") = Vo(r',r) = 271’ / Ve(r,7")Py(cos 0)d(cos §),
-1

where £ is an orbital quantum number. Instead of solving directly for u, one introduces in the

VPA the functions ay(r) and d,(r) such that
ug(r) = ou(r) Fy(r), (3.3)
where

Fy(r) = [cos 8¢(r)je(kr) — sin §¢(r)ne(kr)] . (3.4)

The functions j,(kr) and ny(kr) are the Riccati-Bessel functions which are the regular and
the irregular solutions in absence of the potential. Because two new functions have been

introduced to mimic wu, an additional condition on the derivative is required, namely

d d d
EW(T) = ay(r) |cos 64(7“)%%(]%) — sin 54(7“)%714(/{:7‘) ) (3.5)

For simplicity we use units in which2m =1 =%, Z = 1.
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or one can write equivalently

L) 1y (1) = ) L4 6, ), 66)

The function G(r) is conveniently expressed in terms of the Riccati-Bessel functions as

Go(r) = sindg(r)je(kr) + cos d¢(r)ne(kr).

The functions d,(r) and ay(r) are called respectively the phase and the wave-amplitude
Sfunctions. The names as well as the physical significance of d,(r) and ay(r) become obvious
when we consider the cut-off potential VK(R) obtained from the potential Vy(r, r’) terminated

at the position R, i.e.
VI (r,r') = Vi(r,#)8(R — r)8(R — 1), (3.7)

where 6 is the step function [#(z > 0) = 1, §(z < 0) = 0]. The functions §;(R) and o (R)
are the (physically measurable) partial scattering phase shift cSAg(R) and the asymptotic ampli-
tude af” of the wave function of the particle subjected to the potential VK(R). This means
that the function d,(R) and oy (R) contain information pertinent not only to the potential in
question but also to an infinite series of a certain class of potentials [V( )( '), VR ]. Ob-
viously the asymptotic value of d,(r) yields the scattering phase for the potential Vi (r,7’),
ie. 6,(00) = dy.

To derive determining equations for the phase and for the amplitude functions we evaluate

at first the derivative of the function F} as

ng (7‘)

= []g(k’f’) cos 0 (r) — ng(kr) sin de(r)],

déy(r)
dr

d_
{ cos 8e(r) — jo(kr) sin 8 (r)

B dng(kr) (3-8)

sin dg (1) — ne(kr) cos de(r)

)

dnfi(rk'r) sin (5@(7‘)] _ d5§£T) Gz(?‘).

0s () —

_ [djeéfﬂ .
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Furthermore, for the first derivative of u,(r) we find

dug(r) _ d(as(r)Fi(r)

dr dr ’
= u(r) dizfr) + do‘;y) Fy(r)
. (3.9)
= () 0D 1y P ),
= ay(r) dﬂ(fr) de(r) — dngi(rkr) sindy(r) | .

The second derivative of u,(r) is more complicated. Its explicit form reads

dPug(r) _ d <aé(7’) [dﬂéfr) cos 0¢(r) — dnil(kr) sin 66(T>]> 7

_ day(r) [djz(kf)

o o 08 0¢(r) — ——=sin 5@(7")]

+ ap(r) |:d .Z;(ri) cos dp(r) — 0z sin 5((7“):|

—ay(r )d&( ) [—e(kr) sin d¢(r) + 7dnil(rkr) cos
G

dr

= ay(r) dé;ff) ( Fj((:)) {djléfr) s 8¢(r) d”il(fr) 54(7~)} (3.10)
_ {dﬂéfr) sin dp(r) + 7’)7,2(74]{}7”) cos 55(7’)})
250 (kr 2ne(kr
+ ap(r) [d jdlr(f ) cos g (1) — d dl;"(f ) smég(r)] ,
o d(sg(T) W
= au(r) dr Fy(r)
+ ap(r) [d gr(fr) cos &g(r) — d Zl;,(fT) sin 5g(r)]
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The function W has been introduced as an abbreviation for the expression

W Gelr) [dje(kr) oS 80 (1) — dng(kr) sin 8, (r
Fu(r)  Fu(r) { dr ) dr " )] |
B [d]e;fr) sinde(r) + dnfii(fr) cos 512(7")}

_ 1 dje(kr) dne(kr)
= W{Ge(r) [T cos 0g(r) — —g 8in 54(7“)] (3.11)

— Fy(r) [d]e{g@ sin 6g(r) + dnili(rkr) cos 51%(7")] }

::Fir){ndkrfﬁgfr)—je@w)é%gzj}[aw2&(ﬂ-+ﬂn2&(ﬂ]~

From this relation it is clear that W is the Wronskian of the functions n,(kr) and j,(kr) and
hence W is equal to —k, i. e.

dje(kr)
dr

dng(kr)

W = ng(kr) o

— Je(kr) =—k. (3.12)

Having derived the first and the second derivative for u, we can now write down the radial

Schrodinger equation in the form

—« rdée() i ag(r dzjz(kr)cos T —Msm r
) ) s faatr) | G costur) - T )]

rautr) (12 = L2 ) cos 1) = me(lr) s ()}

:/m%mmwwm@w»(ma
0

The curly bracket in this expression contains the solution of the free equation and hence van-

ishes. This leads to the differential equation for the phase function

oo

doe(r) _ Fu(de(r)) ' (1) /
= ’ /dr Vo(r, 1) () Fy(0e(r")). (3.14)

Once 0, (r) has been derived one can obtain c(r) from the relation

dﬂﬂmmm::wm@@@@m% (3.15)

ae(r) [ d6e(s) Go(6e(s))
exp (—/ds s m . (3.16)

0
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With this expression taken into account we arrive at the principal determining equation for

d¢(r) in the case of non-local potentials [23]:

ds 1 T [ dbu(s) G
;ff") = L Filr) / dr'V (r, 1) Ey (1) exp | — ;}S) Ff(f))ds . (3.17)
0 /,,/

3.2.1 The local potential case

The case of local potentials is readily derived from Eq. (3.17) by imposing the restriction that
Vir,r")y = V(" )(r)(r —1").

Equation (3.17) reduces then to the well-established phase equation for problems involving lo-
cal potentials, which has been derived in the original works of [13,14]. The explicit expression

for d4(r) in the local-potential case is

dé;ir) = —@Ff(r} = —% [je(kr) cos §e(r) — ne(kr) sin 6g(r)]2 . (3.18)

3.2.2 Numerical considerations

The equation (3.17) for the general case has to be solved with the initial condition

50(0) =0

~(R=0
which corresponds to vanishing phase shift J,(0) = 64( ) 0, i. e. §; vanishes in absence

of the potential VZ(R:O) (r,7’) = 0V r,7’. In this context we recall the statement made in
the introduction with regard to the properties of the VPA, namely that the equation for the
phase function does not contain the wave-amplitude function ay(r), which is confirmed by
Eq. (3.17).

Having solved for dy(r), one obtains the function ay(r) upon an integration of Eq. (3.6)

with the formal result being

Ge(s) dbe(s)
Fy(s) ds

a(r) = a(0) exp /ds (3.19)
0
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Furthermore, we note that the functions F, N and G are interrelated via the equations

dF = Nds— Gdo,

IS DR CEEORIC IE -2

(3.20)
Hence, the determining equation for the phase function can be written in the form
doy(r) 1 r [ Ni(s)
(T o8
e (k‘) Fg(r)/dr’vz(r, r')exp | — Fuls) ds|, 3.21)
0 T’

where the function Nay is given in terms of the derivatives of the Riccati-Bessel functions as

dje(ks) _ sindy(r) dng(kr)

ds

Nay(s) = cosdy(s) 7
s

3.3 The scattering amplitude representation

The influence of an external potential on the motion of quantum particles is often described by
means of the partial scattering amplitude (SA) .7?4. The SA is linked to the partial scattering

phase via the relation [22]

.7?4 = 1 sin gge@.

k

In the same way one introduces in the VPA the scattering amplitude function as

Fu(r) = % sin 8y () €707, (3.22)
The significance of F;(r) for physical problems follows from the properties of d¢(r), namely
the value of the scattering amplitude function F;(r = R) yields the physical scattering ampli-
tude T, éR) for a particle subjected to the cut-off potential Ve(R) [see Fig. 3.1 for an illustration].
The relations derived for d,(r) in the previous section lead to an integro-differential equation

for the SA function that can be employed for the determination of all bound state energies of

the particle in a local or in a non-local potential. For this purpose one introduces the auxiliary

functions
fo(r) = kfg(r):ei‘s"(r) sin dg(r),
Fu(r) = F(r)e™® = j,(r) +ih{D (kr) fo(r),

Go(r) = Go(r)e® ™ = ny(r) + b (1) folr). (3.23)
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Expressing d,(r) through f,(r) we find

dée(r) 1 dfe(r)
dr 2ifi(r)+1 dr

(3.24)

Taking Egs. (3.4, 3.6) into account, the phase equation (3.17) yields a determining equation

for the function f;(r) which has the explicit form

dféif) _ (_%) V2ifo(r) + 1 Fy(r)

o0 v - (3.25)

y / dr'Va(r, 1) Fy(r') o | /( fo(s)ds _ Gi(s)

J 2ifo(r') +1 2 2ife(s) +1) FZ(S)

This equation is to be solved with the initial condition
fe(0) = 0.
In case the potential is local, Eq. (3.25) reduces to (cf. Refs. [15, 16])

it V() = V) — 1) = #2—?(]“) _ —% V() F2(r). (3.26)

The partial SA associated with the orbital momentum ¢ describes stationary and quasi-stationary
states characterized by the behaviour of SA for complex wave vectors k. The poles of the SA
along the positive imaginary semi-axis (k = ikp, k, € RT) correspond to the energies of
stationary states of the discrete spectrum, i.e. E, = (ix,)? < 0. Therefore, the energy

spectrum is deduced from fy(r, k) via the condition
fe(00; i) = oo (3.27)

For rewriting Eq. (3.25) in the case of k = ik, x > 0 we note that the Riccati-Bessel functions
of imaginary arguments can be expressed through the modified Riccati-Bessel functions of

real arguments py (k) and gy (k7), namely

jelier) = Bpe(kr), (3.28)
ne(ikr) = % [B2pe(rr) — qe(kr))] (3.29)
WP (k) = %qg(/w), (3.30)

g o= (i) (3.31)
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In equation (3.25) the main integrand with respect to r’ can be transformed into the form

-_ " dfg(s) ée(s)
P _ /T, 2ifu(s)+ 1 Fy(s)
- B / dfe(s) i [B2pe(ks) — qe(rs) (ife(s) + 1)] (3.32)
| e 20fe(s) + 1 [BPpe(ks) + qelks) (ife(s))]
— oxp - /r 1.dQ2ife(s)+1) qe(ks) d(ife(s)) ]
2 2ife(s)+1 qe(ks) ife(s) + B2pe(rs) |
At first we note that the factor involving the integral can be simplified as
"1dQ2ife(s)+1)] _ 1 [2ify(r)+1
o {‘ |3 S } B e"p{ 2 [zmm + 1] } (333)

\/2ifz(7“/) +1

2ife(r)+1

Comparing with Eq. (3.25) and using the identity (3.20) we obtain the Volterra integro-

differential equation of the first-kind for the determination of the function 2 7 f;(7)

W =— % [i fe(r)qe(rr) + 52174(’")]2
" L _ (3.34)
WV r ) cosh | — [ s Ees) + Fpelro)
X /dTZV(T,T ) cosh /d ife(8)qe(ks) + B2pe(ks)

0 r!

Equivalently, one can substitute
ife(r) = B2ye(r)

to obtain from Eq. (3.34) the relation for the real function y,(r)

dy(;(f) = *% [We(r)qe(sr) erg(m*)f

T T ) ) (3.35)

v | T we)ielns) 4 pelrs)
X /dr Ve(r, r") cosh /d ve(5)qe(55) T pe(s)

0 T’

Since the potential Vp(r, ') is hermitian and because the functions py (1) and g, () are real,
the initial condition y,(0, ) = 0 implies that y,(r, k) is real everywhere. The bound energy

spectrum E = —k? is given by the poles of (00, k).

df (z)

2The upper dot on the function f(z) denotes differentiation with respect to the argument, i.e. f(z) = T
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For a numerical implementation it is advantageous to regularize Eq. (3.35) by introducing

the inverse function

Ye =1/ (3.36)
Equivalently, one may opt to use a tangent function regularization, i. e. one applies the substi-

tution
Ye¢ = tany,. (3.37)

Upon using the procedure (3.36), and taking Eq. (3.35) into account, the problem reduces to

the solution of the integro-differential equation

%@ — 2 [qelir) + de(r)pesr)]®

. (3.38)

qe(Ks) + ¢@e(s)pe(rs)
/dr Ve(r, ") cosh /dSQe(FéS) + ¢u(s)pe(rks)

0 T’
On the other hand, if the option (3.37) is more appropriate one has to deal with an equation

for ~y, that has the following form
dye(r 2 )
D) — 2 1gy (o) sin (1) + plor) cos (1)

r v . . (3.39)

, , B Sin Ye(s) de(Ks) + cosve(s) pe(ks)
X /dr V(r, ) cosh /d siny(s) qe(ks) + cosvye(s) pe(ks)

0 r!

For the solution of this equation the initial condition
Y(0,k) =0

has to be imposed. The eigenenergies are then provided by the zeros of ¢,(c0, k), or by the

condition
~Ye(oo, k) = (2n — 1)w/2, n € N.

More details and an explicit scheme for the numerical implementation can be found in Ref. [23].

3.4 Illustrative examples

For an illustration let us consider a neutral atom. The quantity of interest is the scattering

amplitude function Fy(r) for a zero orbital momentum ¢ = 0.
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Figure 3.1: The arctangent of the scattering amplitude function ~yo(r) for a particle subjected to the
Coulomb potential V' (r) = —1/r (upper plot) or subjected to the Coulomb potential which is cut off at
the radial distance R = 10 (lower plot). At the distance R the value of the function o (r = R) coincides

—~(R
with the arctangent of the scattering amplitude %(R) = arctan(/f}'0< )) of the particle that moves in
the cut-off potential V% (r).

For a particle with the energy £ = —0.0556 Hartree subject to an attractive Coulomb po-
tential V' (r) the function o (r) = arctan(kFy(r)) exhibits the behaviour shown in Fig. 3.1.
The potential V' (r) = —1/r is finite everywhere and hence the derivative of 7o (r) is influ-
enced by V' at all radial distances. The physical, observable (arctangen) value of the scattering
amplitude is given by the asymptotic (arctangent) value of the SA function, i.e. yo(c0) = 7o =
arctanj-"\o. For the potential V(%) obtained by cutting off V' (r) at the radial distance R, the

value of the derivative of () vanishes beyond the distance R. This means, the value of the
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Figure 3.2: The function ~o(r) at different negative energies of a particle in an attractive Coulomb
potential. The labels (a-d) refer to the different energies as follows: (a) £ = —0.5 x 107! Hartree, (b)
E = —0.01 Hartree, (c) E = —0.0556 Hartree, (d) £ = —0.5 Hartree. The inset shows the behavior
of 7o (r) near yo(r) = 2.

function o (r) coincides with the asymptotic value 75" = 7o(00) = vo(R), as illustrated in

Fig. 3.1.

Figure 3.2 illustrates how (1) behaves at different energies. We recall that we are dealing
with s states only. The various energy levels occur when the value of the function ~o(r) is
(n — 1/2)7. It might well be that this value is admitted at a finite radial distance R. In this

(R) | From these considerations

case the eigenstate is associated with the cut-off potential V'
it is evident that the VP method provides, at the same time, the energy spectra of an infinite
number of potentials V' /) where R is an arbitrary distance that falls within the range where

the potential V is active.
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The inset of Fig. 3.2 shows the behaviour of the function ~o(r) around its value vy (r) =
%77 on an enlarged scale. The figure indicates the occurrence of eigenstates marked by (a)
and (b) at finite radial distances and therefore, these eigenenergy states are associated with
potentials which are cut off at corresponding radial distances. The inset reveals the behaviour
of these states at the distances r, and r,. From the inset it is also clear that for the case
labelled (c) (which corresponds to the 3s-state) the function 7 will reach %77 at an infinitely
large distance and hence the corresponding energy eigenstate is an eigenstate of the Coulomb

potential V' (r). The ground state energy E,, associated with the potential V' (r), is indicated
by the fact that lim,. .o yo (1, Eq) — 7/2.






4 Ground states of many-electron systems

In previous chapters we discussed the quantum mechanical methods and tools for the descrip-
tion of the bound and the excited states of a single particle in an external potential. With
growing number of interacting particles an exact treatment becomes however intractable. Ex-
amples of this case are many-body systems with non-separable quantum Hamiltonians, such
as large atoms, molecules, clusters and solids. Therefore, various concepts have been put
forward to circumvent this situation. In particular, nowadays the ground state of a variety of
many-body systems can be calculated efficiently by searching for the minimal energy of the
system which singles out the ground state. In contrast, variational approaches to excitation
processes [24] require more elaborate numerical procedures. On the other hand, the objects of
physical interest are the transition amplitudes for certain reactions and response functions to
external perturbations. These quantities are determined not only by the excited state achieved
in the process, but also by the initial state, which in most cases is the ground state. In fact,
weak perturbations (compared to the strength of interactions present in the probe) results is
small fluctuations in the values of the relevant physical observables < O > around their ground
state expectation values < O > [52,84]. The calculations of <O > are efficiently performed
by means of the so-called random-phase approximation (RPA) [52, 84], which will be dis-
cussed in chapter 14. In view of this situation its useful to give a brief overview on some of

the ground-state methods, before addressing the treatment of excited and continuum states.

A widely followed rout for finding the ground-state of many interacting particles is to re-
duce the problem to the solution of a single particle moving in an effective (non-local) field.
The Rayleigh-Ritz variational principle is then employed to find the ground state with the min-
imal energy. A prominent example is the Hartree-Fock (HF) method [25,26]. In a HF approach
the exchange interaction between parallel-spin electrons is correctly treated leading a non-

local exchange potential for the single-particle motion. The correlation hole for antiparallel
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spin electrons is neglected however. More elaborate treatments are provided by the variational
configuration interaction (CI) method (see e. g. Ref. [27,28, 53] and references therein), and
by the projective and size-extensive coupled cluster (CC) method [28-30, 53]. The Mgller-
Plesset many-body perturbation approach [31] and the wave-function based Monte Carlo
method [33, 243] have as well proved to be powerful tools. On the other hand, density-based
concepts [41,43,54-56], and in particular the local-density approximation within the density
functional theory, proved to be exceptionally versatile and effective, and therefore they are
now widely used in various branches of physics and chemistry. Furthermore, the Green’s
function method (see e. g. [52, 84, 85, 107] and references therein), which is based on the
quasi-particle concept, offers a systematic and a diagrammatic tool for the treatment of the
ground and the excited states of correlated systems. In chapter 14 the Green’s function con-
cept is covered, whereas is this chapter a brief overview is provided on the main ground state

methods, mentioned above.

4.1 Time-scale separation

Generally, inhomogeneous electronic systems consist of heavy immobile ions surrounded by
the much lighter electrons. While the electrostatic forces between the particles are generally
comparable, the large difference between the electrons’ and the ions’ masses implies that the
momentum transfer to the ionic motion is small. In addition, due to the large difference be-
tween the velocities of the ions and the electrons we can assume that, on the typical time-scale
for the nuclear motion, the electrons may relax to the ground-state for a fixed configuration
of the ions. This approximative separation of the electronic and the ionic motion has been
pointed out the by Born and Oppenheimer (BO) in 1927 [34]. Our aim here is to illustrate the
general idea of the BO approximation, which is utilized in later chapters of this book. Detailed
discussions of the various aspects of the BO approximation can be found in numerous books
on quantum chemistry (e. g. [35]).

Generally, the stationary state of a non-relativistic system consisting of N, electrons and

N; less mobile ions! is described by the solution ¥ of the time-independent Schrodinger

"This approximation does not exclude the possibility of studying the dynamic of the ions, for once the electronic
configuration is known, the ionic equation of motion can be solved, which yields the phonon spectrum (cf. Eq. (4.7)).
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equation. At first, one writes the wave function W is the form

¥ ({ri}, {Ra}) = x(ra} ({ri}) @ ({Ra}), 4.1)

where {r;} and {R,,} are two sets of position vectors that specify, in an appropriately chosen
reference frame, the coordinates of respectively the electrons and the ions. The charges and
masses of the latter are denoted by Z, and M, respectively . The electronic wave function
X{R..} ({ri}) depends parametrically on the positions of the ions {R. } and is determined as

a solution of the electronic part of the Schrédinger equation

[He — Ec({Ra})] X{R4} ({ri}) =0, 4.2)

where the electronic Hamiltonian H, has the explicit form

N. N; 7
H, —fv2 <
; ngl j‘ ;;|I‘Z‘—R|,
N | N N . . 4.3)
= — _§v31+§zz |I‘i—1‘3| +§_:Ve:zt(rl)
1= ) i=1

The energy eigenvalues & ({R., }) of the electronic Hamiltonian H, are functions of the po-
sitions of the ions. The total wave function W, given by Eq. (4.1), is the solution of the

eigenvalue equation
N; N;

oY o0 VR ¢ py R | P R

=1

U ({ri}, {Ra}). 44

Taking Eq. (4.2) into account one concludes that

N;

X mp VRt X gy R | R -
V(i (Ra)), 45)

where the non-adiabatic coupling cross term A is given by

1
A= M ;2 (VRﬁCD) ' (VRﬁ ) + CI)VRﬁ ) (4.6)
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The adiabatic energy contribution &, is generally dominant over the remaining non-adiabatic
terms whose values can be calculated using perturbation theory [32].

Neglecting the non-adiabatic function Eq. (4.6) results in a separation of the electrons and
the ions dynamics. The former is described by (4.2), whereas the ionic motion is treated by

solving the Schrodinger equation

Al 1 Al YA
2 asp
—E i Vi, + E +&({Ra}) | 2 ({Ra
o 2 N R. o |Ra Rﬁ| & ({ }) ({ })

=E2({Ra}), (47

i. e. the electronic energy £,({R.}) enters as a part of the adiabatic potential surface that

dictates the motion of the ions?

. The adiabatic technique of separating various degrees of
freedom is of a general nature. In the context of the present work we will utilize the adiabatic
idea, in particular in section 9.6.1, for separating out the laboratory-frame from the body-fixed

motion in a three-body system.

4.2 Hartree-Fock approximation

Within the Hartree Fock theory [25,26] the many-body eigenfunction W is written as an an-
tisymmetrized product (Slater determinant) of single-particle spin-orbitals 1;(x;), where x;
stands for spin and spatial coordinates. The many-body problem is then reduced to the task of

minimizing the energy functional
E[V] = (V[H|T), (4.8)

which, according to the Rayleigh-Ritz principle, yields the ground-state wave function and
the associated energy. In terms of the single-particle orbitals the minimization procedure is

expressed as

% <H>—Zej/\¢j\2dr =0, (4.9)
J

2In practice the use of Newtonian mechanics is generally sufficient for the description of the ionic motion (whilst
the adiabatic potential surface is determined from quantal calculations of the electronic states). The relaxation of
the nuclear positions to achieve the minimum-energy configuration is performed by means of molecular dynamic
simulations [36,37].
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where €; are Lagrange multipliers introduced to ensure that the orbitals v); are normalized.
The key point is that Eq. (4.9) leads to a set of one-electron Schrodinger-type determining

equations for the single particle orbitals, the well-known Hartree-Fock equations

1 s
<_2V7,2+Vion >wz +Z/d ‘I‘j—r 1(1‘)

(') (4.10)
/
S [ B ) = o),
where o are spin indices. The HF equation can be written in the form
1 N
=5 V() + Vion (0)ths(x) + Ut (x) = exthi(r). .11

Here U is a non-local potential operator whose action can be inferred from Eq. (4.10). V;,,, is
the local ionic (external) potential.

From a numerical point of view Eq. (4.11) is a one-electron equation involving a nonlocal
potential. The eigensolutions can be found, for example by means of the methods outlined in

chapter 3.

The HF-equation (4.10) contains four terms. The first and the second term of the right
hand side of Eq. (4.10) describe the kinetic energy and the (external) electron-ion potential
contributions to the total energy. The third term, also called the Hartree term, is due to the
electrostatic potential arising from the charge distribution of the electrons. It should be men-
tioned that this term contains an unphysical self-interaction of electrons when j = ¢, which
is removed by equivalent contributions from the fourth, or the exchange term. The exchange
term is a result of the Pauli principle included in the assumption that the total wave function is
an antisymmetrized product of single particle orbitals. The effect of accounting for exchange
is that electrons with the same spin projections avoid each other leading to the so-called ex-
change hole. In contrast to exchange effects, the Hartree-Fock theory does not treat correctly
the Coulomb correlations between the electrons since the electron is assumed to be subject to
an average non-local potential arising from the other electrons. This shortcoming may lead to
serious failures in predicting the electronic structure of materials [38]. Nevertheless, as will
be discussed in chapter 14, the HF model provides a useful starting point for more elaborate

many-body calculations.
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4.2.1 Basis set expansion

For finding numerical solutions of the HF equations, it is customary to expand the orbitals [28]

in a basis set {(; } of a finite size K, i. e. one writes

K
Yi =Y cijp;. (4.12)
k

With this ansatz for the HF orbitals the relation (4.10) transforms into a set of matrix equa-
tions for the expansion coefficients c;; that can be solved, e. g. by iterative diagonalisation.
The basis must be sufficiently complete so that the Hartree-Fock orbitals are correctly repro-
duced. The suitable choice depends on the physical problem under study. E. g., for extended
(delocalized) electronic systems plane waves are useful, whereas for (molecular) systems with

localised electrons Gaussians basis sets proved to be most effective.

4.3 Configuration interaction

The configuration interaction (CI) method [27, 28, 53] is a variational-based approach that
goes beyond the Hartree-Fock ansatz of a single-determinant for the total wave function. In
contrast to Eq. (4.12), where the HF orbitals are written in terms of basis functions, the CI
method relies on a linear expansion of the exact many-body wave function ¥ in terms of

Slater determinants. This is done via the ansatz
U= chpk. (4.13)
k=0

In principle, the determinants Dy, can be any complete set of /V.-electron antisymmetric func-
tions. However, in practice Dy, are often given by means of HF orbitals since the HF de-
terminant Dy is expected to be the best single-determinant approximation to the exact wave
function W. This highlights the anticipation that the first term in the expansion is dominant,
i.e. co =~ 1. This is because in many cases the HF energy is quite close to the total energy and
what is left is a small part that needs to be reproduced by a large number of configurations.
The number of determinants in the expansion (4.13) truncated at the term k., is

K!

S 4.14
“ T NJ(K — N,)! “.19
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where K is the number of basis states (K > N, cf. Eq. (4.12)) (we recall N, is the number
of the electrons). Therefore, in practice the CI method can be applied to relatively small
systems only. In addition, care should be taken as to where to truncate the expansion (4.13).
Typically, the expansion is terminated after only double or quadruple excitations from the
reference determinant Dy. For the ground state, this amounts to replacing occupied orbitals
by an unoccupied one. The truncation scheme is called the CI singles-doubles (CISD) and CI
singles-doubles-triples-quadruples (CISDTQ) method. Naturally, this procedure leaves asides
all the other terms in the expansion (4.13). An additional known problem of the CI method
is that the method is size-none-extensive. For finite reference spaces the CI scheme does not
perform equally well when the size of the system varies. This shortcoming induces some

difficulties when results for systems of different sizes are compared.

4.4 The coupled cluster method

The lack of size extensivity and the substantial computational cost of the CI method has led
to the development of several related methods.

The coupled-cluster (CC) scheme [28-30, 53] is a non-variational method that resolves
the problem of the size non-extensivity of the CI and yields in most cases very accurate re-
sults. Within the CC approach the wave function is obtained from the reference HF solution

U HF = DO as
\Ifcc = eXp(T)\I/HF s (4.15)
where T is an operator that generates the k fold excitations from a reference state

T:ZTk=T1+T2+... . (4.16)
k

For example, applying the operator T on the HF state generates excitations of pairs of occu-

pied states 7 to pairs of virtual states ki, i.e.
ToVpr =Y ciiDY . (4.17)

The expansion coefficients cfjl have to be calculated self-consistently. The CC doubles wave

function has thus the form

Voop = (1+To+T35/24+T5/31+... ) ¥yp, (4.18)
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1 k
Voop = Do+ Y _tHDE + 5 SN dkher per 4 (4.19)

It can be shown [29] that the CC singles-doubles calculations scale as the sixth power of
the number of basis states. This sets a practical bound on the number of electrons that can
be treated accurately with this method. For example, calculations including up to quadruple
excitations scale as the tenth power of the number of states. Therefore, in practice, the CC

expansion (4.17) is often truncated after including all double excitations.

4.5 Variational and diffusion Monte Carlo techniques

The variational Monte Carlo method (VMC) uses the Monte Carlo integration scheme [33,
243] and the variational principle to find out the best trial many-body function ¥, that mini-

mizes the total energy (hereafter, for simplicity, we use /N as the number of electrons)

o JYIHW, dry ... dry B J 1w (H\I,—q:t) dry - -dry
= f\II:\I’tdI'l---drN o f|\1/t|2dr1"-drN .

Expectation values of other observables can be found similarly. The position-dependent term

I?Ilq:t is called the local energy E and is central to both variational and diffusion Monte

Carlo (DMC) methods 3. From this quantity one calculates by means of, e.g. the Metropolis
algorithm [338], the configuration sample from the probability density distribution and obtains
the energy E by averaging E, over the configuration set. In this way accurate energies of
many-body wave functions are obtained [243]. The variance of ', serves as an indicator for
the accuracy of E' (and the corresponding variational functions) but this does not guarantee

the accuracy of other calculated observables.

4.6 Density functional theory

In contrast to the wave function-based HF and the post HF methods, the density functional

theory (DFT) relies on the concept of electronic density. In its original version DFT deals

3In the DMC (and related) methods one converts the differential Schrodinger equation with certain boundary
conditions into an integral equation and solves for the integral equation by stochastic methods. The motivation for
this procedure is the formal similarity of the Schrodinger equation in imaginary time and the diffusion equation
(see appendix A.4). This renders possible the use of a random process to solve the imaginary time Schrodinger
equation [39,40].
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with ground-state properties only. This section provides a brief overview on the DFT theory.

For more details the reader is referred to the extensive literature on this topic (see e.g. [54-57]).

4.6.1 The Hohenberg-Kohn theorem

The basic idea of DFT relies on the following observation: the electronic Hamiltonian (4.3),
within the BO approximation, consists of a static external potential V,,; = Z Ve(li( i)

generated by the surrounding ions and of a remainder term

N
1
F:Z 75 Z|rz_rj| )

i=1

which is universal to all electronic systems with /N number of particles. Thus, the ground state
¥ of a specific system is determined once N and V., are given. This means that the ground
state and the electronic density n it generates, are functional of N and V.

In 1964 Hohenberg and Kohn (HK) [41] proved the remarkable statement that, within
an additive constant, an external potential V., is uniquely determined by the corresponding
single-particle ground state electronic density. This important statement has the following
consequence: For densities n(r) which are ground-state densities for some external potential*
V¢ the functional F[n] = ( U|F|¥ ) is determined uniquely. This is because n(r) fixes,
in addition to V4, the number of particles N = [ drn(r) and hence the operator F' and the
associated wave function ¥ are determined. This leads to the second HK statement.

Let us define the functional
&ln) = Flnl + [ den)Veur (o), (4.20)

where V (r) is an arbitrary external potential determined by n(r) (and unrelated to V) and
F[n] is an unknown universal functional. The statement is then, for all v representable densi-
ties n(r) the variational principle £[n] > Ej applies, where Ej is the ground-state energy for
N electrons in the external potential V' (r). This means, minimizing £[n] yields the ground
state energy F.

Based on a constrained search formulation, Levy [58] gave the following arguments for

the validity of the Hohenberg-Kohn theorem. Consider a conservative system consisting of

4Such densities are called v representable.
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N particles interacting via the pair potentials v;; and are subject to an external potential V..

The Hamiltonian is then
1
H:TJF*ZUijﬁLvext:FﬁLVexty
2 i#j

where T stands for the kinetic energy operator. One considers the functional F defined as [58]

Fln()]= min (U|F]¥). (4.21)

ny (r)—n(r)

This means, given a set of functions {W} that yield the single-particle density® ny (r) = n(r),
the functional F takes the minimal value in the set of the expectation values {{ ¥|F|¥ )}.
Furthermore, let us assume ¥y to be the ground state yielding the density no(r) and having
the energy Ejy.

Considering an N electron state ¥, that yields the density [n] and minimizes F[n], then

we obtain from the definitions of F' and the energy functional £

Ein(w)] = Flne)] + [ de ) Vs (1) = (W + Vo [Ty 422)
The variational principle sets a bound on the values of £[n(r)], namely

E[n(r)] > Eo = (Yo|F + Vexi|¥o)- (4.23)

This is valid for all densities obtainable from the IV electron wave functions (i.e. /N repre-
sentable®). On the other hand, in the sense of Eq. (4.21), the ground-state wave function ¥ is

just a member of the set {¥,,, } and hence the relations apply
Flno(r)] < (Wo| F|Wo),

= Flno(r)] + /drno(r)cht(r) < (Uo|F|Ty) + /drno(r)cht(r),
= E[no(r)] < Ep. (4.24)

Combining these findings with Eq. (4.23) we deduce

Eln(r)] = E[no(r)] = Eo. (4.25)

SWe recall that a given W produces a unique n(r). The reverse statement is however invalid because there is in
general an infinite number of W, that yield the same density n(r).

6The requirement of the N representability of the density imposes the conditions [42] that Jdr {an/ 2(r)|2 is
real and finite.
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4.6.2 The Kohn-Sham equations

The HK theorem proofs the functional relation between physical observables and the ground-
state density. Thus, instead of dealing with the many-electron wave function (which is gener-
ally dependent on 3NV variables), it suffices to treat the ground-state properties using functions
of only three variables, namely the single particle density. Thus, numerical efforts scale lin-
early with the system size. This great advantage goes on the expense that some expressions for
the unknown universal functional F have to be determined. Once such approximations for F
are available, one can perform the practical implementation according to the Kohn and Sham
theory [43]. The correlated many-body system is formally mapped onto a fictitious system of
non-interacting particles. Then a standard variational problem is formulated using Lagrange
multipliers to account for certain constraints and the whole task reduces to the solution of a set
of coupled differential equations. This is achieved by representing the single-particle density

n(r) by means of a set of auxiliary single-particle orbitals

N
n(r) = Z b7 (x)i(x). (4.26)

The next step consist of separating £[n(r)] into expressions related to the kinetic energy

T [n(r)], the two-body interaction W [n(r)] and the external potential term, i.e.

+{T @) - T ()] + Wn(x)] = Wi [n(x)] } @27

= T, [n(x)) + Wit )] + Excl®)] + [ de ) Voss0).

The functional 7 [n(r)] derives from the kinetic energy of the non-interacting electron gas

that possesses the electronic density n(r), i.e.

1 N
Tln(r)) = ~5 > [ dr v (@ V20i(o). “29)

whereas Wy [n(r)] is given by the Hartree energy

Wy [n(r)] = %//drdr’ W
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Thus, many-body effects are contained in the exchange and correlation part
Exe[n(r)] = T [n(r)] = T, [n(r)] + W n(r)] = Wa [n(r)]. (4.29)

Recalling that the reference system we chose, i.e. the non-interacting electron gas, has the
same electronic density as the real system, we conclude that if the (exact) ground state can be
written as a direct product of single-particle orbitals then the terms 7; and Wy describe the
kinetic and the interaction energy. This is the reason for writing £ in the form of Eq. (4.27).
The variational principle for the Hohenberg-Kohn density-functional under the constraint

[ dr n(r) = N is formulated as

5 {5[n(r)] + / Vo (r) — K / dr n(r)) - N]} ~ 0, (4.30)

where p is a Lagrange multiplier. Replacing the variation with respect to the density by a

variation with respect to the orbitals 1; leads to the Kohn-Sham (KS) equations’

HV? T Ve () 4 V() + Vao(r) } bir) = 0,

{—%Vf + Veg(r) — 6i:| Yi(r) 0, (4.31)

where the exchange and correlation potential V,..(r) derives from

& [n(r)]

Vie(r) = 5n () (4.32)

The (density-dependent) effective one-particle Kohn-Sham!potential is given in terms of
Vexs (1), the Hartree potential term Vi (n,r) and V,.(r) as Veg(r) = Vexe(r) + Vi (n,r) +
Vze(r). Therefore, the KS equations depend on the density which is generated by the or-
bitals obtained from (4.31) (cf. 4.26). Thus, the Kohn-Sham equations have to be solved
self—consistentlyg. The missing part in this solution procedure is &, (that yields V). If one
assumes V,. = 0 the above procedure reduces to the Hartree approximation, whereas the
assumption V. = V, leads to the HF approximation (V,, is the exchange potential) and the
orbitals play the same role as in the HF theory. Generally, however, the orbitals v; and the
associated eigenvalues ¢; are just mathematical objects representing the physical ground-state.

Unfortunately, the general form of the effective KS potential is unknown since &, has been

7For finding the orbitals the Schrodinger-type equation has to be solved. The computational efforts (of diagonal-
izing the respective Hamiltonian) scale as the cube of the system-size, in contrast to the original linear scaling (with
the system size) of finding the minimum of the HK functional only.

8The convergence to the ground-state minimum is guaranteed by the convex nature of the density-functional [44].
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evaluated only for few simple systems [54—56]. Formally however, one can show that in con-
trast to the non-local HF potential the KS potential is multiplicative and contains correlation

effects (in as much as these effects are incorporated in &,.).

4.6.3 The local density approximation

The above approach to the many-body problem depends critically on the approximation to
the generally unknown functional £,.. The most prominent of the approximations that have
been put forward is the local density approximation (LDA) in which the value of an inhomo-
geneous electronic system with a density n(r) is derived from the results for the exchange-
correlation energy of the homogeneous electron gas that has the same density n(r). This
is done by assuming that, for inhomogeneous electronic systems, the contribution to the
exchange-correlation energy originating from an infinitesimal spatial volume Ar is the same
as in the case of a homogeneous electron gas with the same density n(r) found in the local

infinitesimal region Ar, i.e.
EEPAnw)] = [ dr esolne)) nlr) (433)

where €,.(n(r)) is the exchange-correlation energy per electron in a homogeneous electron
gas with the electronic density n(r). Accurate expressions for €. are obtained from the
Green’s function Monte Carlo method [45]. Generally, one can say for systems with slow
varying charge densities the LDA provides a good description of the ground-state properties.
Unfortunately, in real systems the density generally varies rapidly. Nevertheless, the calcula-
tions using LDA are in surprisingly good accord with experimental findings for a wide range
of materials [46]. This is traced back in part to the fact that the LDA functional satisfies
certain sum rule for the exchange-correlation hole that must be fulfilled by the exact func-
tional [46]. In fact, as shown by quantum Monte Carlo calculations, the LDA benefits from
a cancellation of errors in the LDA exchange and correlation energies [47]. Therefore, care
should be taken when improving on LDA. E.g. an improvement of only the exchange or the
correlation term may invalidate the error cancellation which may adversely affect the perfor-
mance of the theory. For strongly correlated systems the LDA is found be inaccurate (see
e. g. [28] and references therein). E.g. the LDA calculations predict transition metal oxides,

which are Mott insulators, to be either semiconductors or metals. In addition, the LDA does
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not describe correctly hydrogen bonding and van der Waals forces. Furthermore, within the

LDA the asymptotic behaviour of the density is incorrect. The effective potential behaves as
. 2 . ..

VEPA — 77" in contrast to the exact V. — — < which precludes a correct prediction of

the properties of negative ions.

4.6.4 Gradient corrections

A way to improve on the LDA is to include gradient corrections by assuming £ to be a func-
tional of the density. Its gradient can be obtained by expanding the zc-energy in terms of

gradients of the density

Eveln] = EQ R4l (4.34)
- / dr {echA(n(r)) + B (n(x))[Vn(o)] + ... } . (4.35)

This procedure, which is termed generalized gradient approximation (GGA), improves the
LDA description of the exchange and correlation hole only for short separations of the two
interacting particles, for larger inter-particle distances it is oscillatory and of the wrong sign.
In addition, the damping is poor and the exact sum rules for the exchange and correlation hole
are not satisfied. To correct these deficiencies a real space cut-off may be carried out which
removes the incorrect tails of the exchange and correlation hole, so that it matches as close as
possible all the properties of the exact hole [59]. This results in a correction to the LDA that

has the form

AEGGA _ / dr DA (n()) fre(n(r), L0 . (4.36)
The function f,. ensures that the limits of low and high densities as well as of the low density
gradients are correctly reproduced. In this way the exchange and correlation term V. has the
correct asymptotic form which leads to a reasonable description of negative ions. While the
GGA yields significantly improved results (over the LDA) for molecular systems, for solids
the improvement is not systematic [48]. In addition, the van-der-Waals interaction can not be

treated using the GGA.
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4.6.5 Implicit orbital functionals

In this method &, is written in terms of KS orbitals (which are implicitly functionals of the

electronic density). For the description of the exchange contribution one utilizes the Fock term

occ

EXS[n] = %Z // dridry ;] (r1) 95 (r2) viza(ry, r2) ¥i(r2),(r1) | (4.37)
i

where v19 is the two-particle interaction. This procedure removes self-interactions from the
term Wy + &, and leads to correct asymptotic behaviour. As far as exchange is concerned
multiplicative effective potentials V,*¥(r) are obtained by means of the so-called optimized

potential method (OPM) [60] by solving the integral equation
/ dr’' V() K('r) = Q(r) = 0 . (4.38)

The kernel of this equation K and the inhomogeneous term () are expressible in terms of
the orbitals. Therefore, one has to iterate the KS equations and solve at the same time for
the optimized-potential integral equation. For the treatment of the correlation part a pertur-
bative approach similar to the Mgller Plesset method has been suggested recently [61, 62].
Calculations showed that this scheme is capable of describing van-der-Waals bonding as well
as atomic and ionic correlation energies [62]. An effective practical implementation of this

approach for large systems is the subject of current research.

4.6.6 Self-interaction corrections

In DFT the question of the spurious self-interaction (SI) terms arises, i.e. the possibility of
the electron interacting with itself. The self-interaction corrections (SIC) impose on the exact
exchange-correlation functional the condition that the self-interaction energy of the electron
cloud must be cancelled by an equivalent term in the the exchange-correlation energy. A
procedure for removing SI from approximate expressions for the exchange-correlation func-
tionals has been put forward by Perdew and Zunger (PZ) [117]. From Eq. (4.31) it follows
that the KS total energy Etfgts is (for one spin-component)

N

1 1 n\ry)n(r
2 ry — I'2|
. (4.39)

i / dr Vgt (v)n(r) 4 Eze[n(r)].
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On the other hand the energy E.% of a one-electron system with a charge density distribution

n(r) is
le 1 2

Etot = <’L/)|_§v ‘ ¢>+ dr‘/ezt (I‘)?’l(r)
This imposes on the exact exchange-correlation functional the condition:

1 n (I‘l) n (I‘Q)

— | ——drid & =0.

2 / vy — rof r1drz + Eacln(r)
Therefore, Perdew and Zunger (PZ) [117] suggested to remove the self-interaction from the
Kohn-Sham total energy, by making the prescription

N

1 i i
EPZ — gpKS _Z{E/drldmw +E, [nl]}

i=1 1 — 1o

The PZ correction scheme has the desirable properties that the correction term (enclosed in
parentheses) vanishes if &, is exact. In addition, the exchange-correlation potentials possess
the correct asymptotic (radial) behavior. On the other hand, the total energy and the exchange-
correlation potentials become orbital-dependent. This is seen as follows. In the conventional

DFT the KS-orbitals 1; are eigenfunctions of the same (Fock) operator
1
RUES) — —§v2 + Vi (v) + Vet (v) + Vie (r)

with an eigenenergy €;. In contrast, in the PZ scheme these orbitals are eigenfunctions of

)

different Fock operators hEPZ given by the equation

hEPZ) _ h(KS) + ‘/i(PZ)(r)7

and the potential V;(PZ) (r) has the form

V;(PZ)(I‘) _ _58060 [ni] _ /dI‘/ n; (r')

on; v —r/|’

The orbital dependence of thZ) results in complications in the numerical self-consistent
implementation. Therefore, one may choose to realize numerically the PZ-SIC within the
optimized effective potential (OEP) scheme [118] resulting in eigen-equations that are for-
mally identical to the KS equations (4.31). The resulting Fock operator hEOEP) has the form

R(OEP) — p(KS) L V(OEP) () where V(OFP)(r) is such that the PZ functional is minimized.
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4.6.7 Extensions of DFT

The original ground state DFT theory has been extended to deal with various systems and
physical processes. Here, the prominent cases are mentioned.

To deal with situations where the spin polarization plays a role, such as in magnetic and
relativistic systems a ground-state spin-polarized DFT [63, 64] has been developed. Further-
more, to address (equilibrium) statistical mechanical questions a finite temperature DFT has
been put forward [65] as well as a density functional theory for superconductors [66]. Systems
subject to an external time-dependent potential Vo (r, t) can be in principle treated within the
time-dependent DFT (TDFT) [67,68]. In this case it has been shown [67,68] that, for specified
initial many-particle state, the time-dependent density n(r,t) determines the time-dependent
external potential Viy(r,t) up to a purely time-dependent function. This existence theorem
has been generalized by Li and Tong [49] to multi-component systems with various kinds
of particles. Furthermore, it has been shown that observables are expressible as functionals
depending on the density and the chosen initial conditions. A time-dependent calculational

scheme analogous to KS method can be developed such that

n(r,t) = P*(r,t)i(r, 1),
i=1
iopb(r,t) = [—;vfﬂfext(r,tw/dr/ l’;(ig 4 Vae(r, 1) | 4(x, 1),
Do) = [-5+ Vianlr.)| () (@40

where a splitting of the Hartree and the external potential term has been carried out in the same
manner as in Eq. (4.31). In (4.40) the effective potential Vg (r,t) is implicitly dependent on
the initial conditions. From a practical point of view, it is not clear whether the approach lead-
ing to (4.40) will be useful for the time-dependent case as it has been for the time-independent
DFT. For example, in the KS equations (4.40, 4.31) the relations have been rearranged such
that the Hartree approach [which includes Vey((r) + Vi (n, ), cf. (4.31)] is the leading order
approximation (with respect to V). For time-dependent problems it is not obvious that such
a choice is reasonable, for the time-dependent HF theory was not particularly successful [69].

The question of which suitable (approximate) functionals to use is still open.
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The analogous approximation to the LDA, the so-called adiabatic local density approx-
imation (ALDA) has yielded useful results for some systems (e.g. laser ablation of atoms).
In the ALDA one assumes the exchange and correlation term V,..(r,¢) to be approximated
by “Leye(n(r))|n(r)=n(r)> Where e;.(n(r)) is the exchange and correlation energy pro unit
volume of the homogeneous electron gas. The ALDA is formally justified in case of slowly
varying (in time) external potentials and slow varying densities. Extensions of the ALDA are
provided by the linear response treatment [70] and the time dependent OPM. For small ex-
ternal perturbations the linear response approach (first order perturbation theory) is a reliable
starting point and has led to satisfactory results for the excitation energies [70], even though a

systematic application to extended systems is still outstanding.



5 Electronic excitations

In the previous chapter methods have been discussed that are capable of predicting ground
state properties of electronic systems. In general, an adequate description of excitation pro-
cesses entails the knowledge not only of the ground state but also of the excited states and
of the way the external perturbation couples to the system under study. While this combined
task is in general quite complicated to perform without severe approximations, valuable in-
formation can be gained from symmetry considerations of the transition amplitudes and the
symmetry properties of the external perturbation field. In what follows we illustrate these
statements in the case of excitation processes by ultraviolet radiations. Therefore, we specify
first the properties of the radiation field and quantify its coupling to electronic systems. In
a second step we inspect from a general point of view the symmetry properties of the elec-
tronic excitation probabilities. Subsequently, we address the question of obtaining appropriate

expressions for the excited states.

5.1 Electric dipole transitions

We will be dealing with radiative processes where the photon density is large so that the
electromagnetic field can be treated classically. We operate in the Coulomb gauge, i. e.,
V - A = 0. In vacuum we can set ® = 0, where A and ® are the field vector and the scalar po-
tentials, respectively. It should be noted, however, that in a polarizable medium, such as near
a metal surface A may change rapidly which invalidates the assumption V - A = 0 unless the
dielectric constant € is unity [155, 156]. To avoid this complication the photon energies have
to be well above the plasmon energies [157]. The monochromatic, plane-wave solution for A
can be written in the form

A(r,t) = Aé{exp li(k - —wt)] + exp[—i(k - T — wt)] }

= Age ™t 4 (Age™ )"

5.1)
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The wave vector k ist related to the photon frequency w via k = aw, where « is the fine-
structure constant. The energy-density p of the (classical) radiation field averaged over the
period T' = 27 /w is given by

w?A?

p= (5.2)

Thus, the energy-flux density, i. e. the intensity I, is given by I = p/«. The interaction of the
classical radiation field with an N-electron system is described by the Hamiltonian
1 1 2

j=i
where V is the total potential of the undisturbed system and p; are the one-particle momentum
operators. For low-intensity field we can set A2 ~ 0 (for A ~ 0.01 and photon energy of
50 eV we arrive at a maximum intensity I ~ 5 * 1017 W/m?). In addition, due to divA = 0,

A(rj,t) commutes with p; and Eq. (5.3) reduces to
H=H+W(r;t), (54

where H is the Hamiltonian of the unperturbed system and the perturbation W is given by

W = W + WT. With the solution (5.1) the perturbation W has the explicit form'

w

A a : A —iwt
O explifkx))] e py e,

j=1

_ Woefi“’t. (5.5)

Let us assume the unperturbed system to be in the stationary state |i) with energy ¢;, i. e.,
(H —¢;)]i) = 0. (5.6)

Under the action of the perturbation W (¢), within the time lap 7, the system performs a tran-
sition into excited states | f) which lay within the interval § and  + d, where 3 stands for
collective quantum numbers that specify the final channel. In a time-dependent first-order

perturbation treatment of the action of W, the transition probability dw;s amounts to [158]

T 2
dwip =Y ‘ /0 dt(f|Woel Br—ei=)t il eiBr—etwlt|jy | g, (5.7)
Q

! The diamagnetic term A2 /(2c2) has been neglected and the relation V- A|i ) = (divA)|i )+ (A - V) |i) =
(A - V)| ) is utilized.
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Here E; is the energy of the final state and «; denotes the unresolved quantum numbers
which characterize the initial-state. From Eq. (5.7) it is clear that the system gains [loses]
energy under the action of W (¢) [W (¢)1], i. e. W (t) and W (¢)! corresponds, respectively,
to photon absorption and induced emission. In what follows we consider photoabsorption,
only, and define E; = € 4+ w. For a small characteristic interaction time 7 the time integral in
Eq. (5.7) is readily performed and we can define a transition rate dP; s = dw; s /7 which, after

simple algebraic manipulations, can be deduced to be

APy = (2m)? — Z| FIWoli)|? 6(Ef — E;) dB. (5.8)
We define the differential cross section do /df as the transition rate normalized to the incom-
ing flux density I /w, i. e.

do = wdP;z/1. (5.9

Considering moderate photon energies (say < 500 eV) one can operate within the dipole

approximation in which case Eq. (5.9) reduces to

do = 4w2g > |Mg6(E; — Ey)dg, (5.10)

673

where the dipole-matrix element is given by

N
Mg = (flé-p;li). (5.11)

J
Making use of the canonical commutation relations —i[r;, H] = p, and assuming that |i)

and |f) are eigenfunctions of the same Hamiltonian H, the velocity form Eq. (5.10) can be
converted into the length form

2

do = 4m awz Z flejli)| 8(E; — Ei)dB. (5.12)

In practice, |i) and | f) are derived using different approximate procedures for H and thus the
velocity and length forms yield, in general, different predictions. Conversely, equivalent cross
sections, calculated within the length and velocity forms, mean merely that same approxima-

tions have been made in the initial and final channel, say however nothing about the quality
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of these approximations. Nevertheless, it is desirable to choose |i) and |f) as eigenstates of
the same (approximate) Hamiltonian to preclude spurious transitions in absence of the pertur-
bation W,. We note furthermore that regardless of the form in which the dipole operator is

presented, it’s mathematical structure is always a sum of single-particle operators.

5.2 Single-photoelectron emission

The calculations of the cross sections (5.12) entails the knowledge of the initial state |}, which
is usually the ground state and can thus be evaluated by the methods discussed in chapter (4).
For the determination of the excited state | f) different approaches are employed that will be
discussed in the next chapters. In many important cases however, decisive information are ex-
tracted from symmetry considerations of the dipole matrix elements (5.12) and the symmetry
of |¢) and | f). Obviously this is a notable simplification and hence we will recall briefly some

prominent cases.

5.2.1 One-electron photoemission from unpolarized targets

Let us consider the one-photon one-electron continuum transitions for unpolarized targets and
linear polarized light. It has been shown by Yang [159] that if the spin of the photoelectron is
not resolved and the residual ion is randomly oriented, the angular distribution of the photo-
electrons, i.e. the cross section for the emission of a photoelectron under a solid angle €2 with

a fixed energy F, is given by

do o9
0= E[l + BaPa(cos b)), (5.13)

where o is the total cross section, —1 < 3, < 2 is the so-called asymmetry parameter, P is
the second Legendre polynomial and 6 is the angle between the photoelectron momentum p
and and the electric field direction (for linear polarization) or between p and the light propa-
gation direction (for circular polarization). The argument for the validity of the relation (5.13)
is straightforward: under the specified conditions the cross section is a scalar invariant under

rotations. The directional dependence of ¢ is given by p and by the polarization direction é.
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These two vectors can be considered as spherical tensors? of rank 1. On the other hand the
scalar invariant formed by these two (spherical) vectors is the scalar product of two spheri-
cal tensors [143,144] >~ C,,,(€)Cin (P)* = Pi(€ - p), where Cy,, is a spherical harmonic
normalized to 47 /(20 + 1) [143] . Since I < 2 and [ = 1 is excluded due to odd parity, one
obtains the general expression (5.13) for the cross section.

We note that the helicity of the light does not enter into Eq. (5.13), i.e. the cross section
(5.13) does not depend dynamically on the polarization of the photon. The determination
of the initial and the final states wave function is necessary only when the actual value of
Ba and/or o are needed. Otherwise, the only piece of information on |i) that is essential
for the validity of (5.13) is that the initial state is an angular momentum eigenstate. On the
other hand (, and o and hence the entire cross section is completely specified by only two

measurements, e.g. under the (magic) angle P»(€ - p) = 0 one obtains 0.

5.2.2 Single photoemission from polarized targets

In a photoemission experiment that resolves the spin of the photoelectron or, if the target atoms
are polarized, Yang’s formula (5.13) breaks down, because more than two relevant directions
are involved. As an example let us consider the case of polarized atomic targets with a being a
unit vector along the quantization axis. Furthermore, we assume the hyperfine structure of the
target to be quantified by angular quantum numbers Fj. The population of the hyperfine states
is conveniently described by the density matrix p g, pr, M (cf. Ref. [145]). To factor out the
dependence of pr, n, F, My on the magnetic sublevels M, the density matrix is expressed in
terms of the state multipoles (also called the statistical tensors) p k¢ (see Ref. [145] for details).

This is done via the relation

47

ZAAEDY { T
K

< FO — M()FQM(/) ‘ KM(I) — M() >pKO YKMéMU(é)}’ (515)

2The spherical components Ayq of a cartesian vector operator A = (x,y, z) are

1 1
Al =——(x+1y), Ao=2, A1 = —(z — wy)..
1 ﬂ( ), Ao 1 \/i( )

The scalar product of two spherical tensors T; and S; is given by T; - S; = >, (—1)™ T}, St , more details and
definitions of spherical tensors are given in appendix A.1 .

(5.14)
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where Y is a standard spherical harmonics and ( ---|-- - ) stands for the Clebsch-Gordon
coefficients. The structure of the angular distribution of the photoelectrons, emitted from the
target described by the density matrix (5.15), is obtained by inspecting the scalar invariants
that can be formed out of the three vectors &, € and p. The general form of the cross section
is then deduced to be (see Ref. [146] for a detailed derivation)

j—g = 4r%aw(~1)"" Y " (1AL = A[Y0) pro B(L, K,Y) By (P, &), (5.16)
LKY

where D is the emission direction of the photoelectron. A quantifies the polarization state of
the light, i.e. A = =£1 indicates right/left circular polarization whereas A = 0 stands for a
linear polarized photon. The angular function BLE (p, &) in Eq. (5.16) is a bipolar harmonic
resulting of coupling (i.e., the tensor product) of two spherical harmonics associated with the
directions p and a (cf. appendix A.1). The generalized asymmetry parameters B that appear

in Eq. (5.16) are given by

B K Jo Jo
B(L,K,Y) - (2F0+1){ T FO FO}
(—1)JotTHForTstT =5 10+ 1) (20 4+ 1)(25 + 1)(25' + 1)
1jJugJ
, , L J J L j’ j
(2J +1)(2J +1)<lOlOLO>{Jf i j’}{é L
L J J ) )
K Jo Jo o {Jp(15): T 7| Jo><Jf(l’5)j’;J’IITII Jo )"
Y 1 1
(5.17)

In this equation L is the total orbital angular momentum, J is the total electronic angular
momentum with a coupling scheme (LS)J, I is the nuclear spin, and F' is the overall angular
momentum with the coupling scheme (JI)F. (--- | O | ---) is the reduced matrix element
of the operator O.

The symmetry properties of the Clebsch-Gordon coefficients [cf. Eq. (5.16)] indicate that
the term Y = 1 is responsible for a circular dichroism in the cross section, i.e. a dependence of
the cross section on the helicity of the photon, provided B and B are non-vanishing. In the sim-
plestcase (K = L = 1) the angular function reduces to the expression B1} (p, a) o< (pxa)-k,
where k is the light propagation direction. This means that the circular dichroism vanishes

if the vectors p and a are linearly dependent (i.e. parallel or antiparallel). A finite value of
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B requires Jy > % One should note, however, that the total cross section does not reveal
any dichroism since the angular integration over the emission direction of the photoelectron
selects L = 0. Physically, the circular dichroism arises due to the existence of an initial target
orientation described by K = 1 and realized, e.g. by optical pumping. In a photoemission

process this orientation is transferred to the photoelectron continuum.

5.3 General properties of emitted dipole radiation

The dipole transition probabilities for the photoabsorption and for the induced photoemission
are given by Eq. (5.7). In the previous section we analyzed the products (photoelectrons)
of a photoabsorption process. This section provides a compact account of the theoretical
description of the polarization and the angular distributions of emitted dipole radiations, as
put forward originally by Fano and Macek [121]. Following the de-excitation of a certain
sample photons are emitted. Starting from the expression (5.12) for the cross section one

derives for the intensity of the emitted photons at a distance R from the source the expression
I = <I>;

I = c) |{fle-DJi)P, (5.18)
mf

where D = ). r; is the dipole operator, ¢ = wz‘-lfa3/(27rR2) and w;y = (E; — Ef)/his
the frequency of the emitted light with E; and E; being the energies associated with |¢ ) and
|f ). The symbol < I >; indicates the weighted average over initial-state degeneracies. The
magnetic sublevels m of the final state are not resolved. The treatment is restricted by the
requirement that |¢ ) and | f ) are angular momentum eigenstates.

Eq. (5.18) can be written as
I=c(i|(e-D)Ps(e-D)'i). (5.19)
Here we introduced the scalar projection operator Py = me | £ )( f| which is invariant under

joint rotations of | f) and (f|. The operators D and P;D are polar vector operators. We Recall

that the relation
(a-b)(c-d) = %(a-c)(b Ad) + %(a < &)(bx d) + Th(a,c) - Tr(b,d)  (5.20)

applies where a, c, b, d are vector operators and T5(a, b) is a tensor of rang 2 constructed

from the spherical vectors (see footnote 2 on p. 53) a and b, i. e. Ty,(a,b) =
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> qq { 191¢'|2m )ay by . Furthermore we note that the scalar product of two tensors is given
by Tp - S5 =Y, (=1)™ T4, Say,. Expressing the polarization vector € in terms of the ellip-
ticity 3 of the light, i. e.

é = (cos 3,isin 3,0) (5.21)

one obtains for the intensity (5.19) using (5.20) (applied to (& - D) Py (é - D)") the following

formula
I=c| (I (PyDi) ~ 5 sin@3)(il[D x (D))

— —=(i[T30(D, (PyD))[i ) + cos(28)( i T2(D, (PyD))]i ) |,
' (5.22)
= c{— 3<2|T00|2> - ﬁsm(26)<z|Tm|z>

-5l g

S

In this equation we utilized the relations

é-6° = 1,éxé =—isin(20) (0,0,1) = —isin(28) k,

A oAk A Ak 1 A Ak 1
Tao(é,€") = Th_o(é,€") = 3 cos(20), Tao(€, €*) = 7%,
Toi(é,8") = Ty_1(é,€%)=0.

The symbol k stands for the photon wave vector. In addition we defined
T32(D, (PyD)) = [I32(D, (P;D)) + T>—»(D, (P;D))] /2.

The tensor T4 (D, (PyD)) is built out of the spherical components of D and (PyD), i. e. (cf.
appendix A.1)

Tko(D,(PfD)) =Y (1q1¢|KQ ) Dy(PsD),. (5.23)

qq’
Therefore, the rang of tensors occurring in Eq. (5.22) indicates the transformation behaviour
of the respective terms in Eq. (5.22). The first term behaves as scalar under rotations whereas
the second term transforms as a vector. The third and fourth terms are alignment tensors.

Considering the initial-state manifold j;m;, the Wigner-Eckart-theorem, stated by Eq. (A.8),
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can be utilized and yields in combination with (5.23) the relations

(ilTkqli) = {(GimiKQljimi ) (i || Tk |l 4), (5.24)
= > (11¢|KQ) (iIDg|f )( fI(PD)yli )
qq'my
= ([ DIIfCSIDIi) G, where
G = > (1q1¢|KQ) (jgmylqljim; ) Gimild'|jymy ). (5.25)
qq'my
Thus, the K dependence of (i || Tx | i) is given by G = G/({ jim;KQ|j;m! ))
Ji 1 s

which is shown to be proportional to a re-coupling coefficient Hence,

from Eq. (5.24) we conclude that the K dependence of ( i|Txgli ) /1(< jjjng Qljim} )) is
given by this re-coupling coefficient. This in turn reveals the K dependence of the terms in
the expansion (5.22). To express (5.22) in terms of the total angular molmentum J one re-
lates the matrix elements (5.24) of the tensor Tk ¢ to those of the tensor Sxg(J, J). The
object Skq(J,J) is the result of a tensor product of the states |Jm ) and |Jm’ ) (note
that |Jm ) can be considered as a spherical tensor of rang J with spherical components 1)
Skq(J.J) =3, ,(141¢'|KQ ) |Jq )|Jq" ). The same steps done in Egs. (5.24-5.25) can
be repeated for ( i|Sk¢gl¢ ) and one deduces that the /' dependence of (¢ || Sk || ¢ ) is given

by a re-coupling coefficient so that

(il Tk || i)
(il Sk i)

(il To )
(il Solle)

Ji 1 g
1 5 K
i 1 g |
1 5 K
From these relations and from Eq. (5.24) we conclude that

(il Tr | d) (il To|l2)
(il Sk lli) (il Solld)

which can be now inserted in Eq. (5.22) to obtain an expression for the light intensity in terms

= Ak (Jis Jf)

and

Aic(Jinjg) = (=1)7 778

(ilTkqli) = (ilSkqli) = Ak (Jis Jr) (i[Skqli)

of the total angular momentum. In Ref. [121] a detailed discussion of the physical contents of

the resulting terms in Eq. (5.22) is provided. E.g. the first term

1 1
Lot := —c—=(t|Toolt ) = —c—=(i || To || ¢
ot = —e={ilTli) = == 1 Ty 1)
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is the unpolarized and angle-integrated total intensity. Since
(il Solli) 1'('+1)
1 1) = ——""7=7:\Ji
0 \/g] J

we can parameterize the intensity (5.22) in terms of the expectation values of the total angular

momentum, namely

3
I =1 |1 ——=X(Js,jr)sin(208) Oy
tot \/5 1(] Jf) ( B) k

3 L. .. =
\/;)\Q(Ji,]f)Azo+3>\2(]z‘,]f)cos(25) Ay|, (5.26)

where Oy, is the component along k of the orientation vector O. O is proportional to the

initial state expectation value of the components of the total angular momentum J, i. e.
O o< (ilJ[i)/[7i(Gi + 1)].

The components of the alignment tensors Ao and A, are respectively determined by
(i[332 = I%|i )/l + 1)), and (i35 = I2fi ) /[ (G + 1)].

The merit of Egs. (5.26, 5.22) is that properties of the radiation field are completely decoupled
from the dynamical target properties which are described by Oy, Az and A,. To illustrate
the importance of this procedure let us ask which quantity describes the difference Ap g be-
tween the emission of left and right-hand (circular, or elliptically) polarized light? From
Eq. (5.21) it is clear that exchanging € by €* amounts to the formal replacement 3 = —p.
The only quantity in Egs. (5.26, 5.22) sensitive to this replacement is sin(23) ( i|To|i ) (or
sin(283) A1(Ji, jr) Op). Therefore, to evaluate Ay it suffices to consider sin(203) ( i|T'oi ).

5.4 Symmetry properties of many-body photoexcitations

In section 5.2.1 we derived Eq. (5.13) as a parameterization for the angular distribution of
a single continuum photoelectron. In this section we seek a similar description for the cross
section of multiple photo-excitation and multi-photoionization. As in the preceding section 5.3
we assume the initial target state to be randomly oriented. In addition the magnetic sublevels

of the final-ion state and the spin-state of the photoelectrons are not resolved. The cross section
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for this process (5.12)
1
o S S e-DJi 2,
S [(fle-Dli)]
My M.

- %:<f 1

f

(¢-D) (e (PD)|f), (5.27)

where P, = 2JHZ|<1> (®; | 6(E, + ¢ — E). (5.28)

The dipole operator in length form is D = )" r,,. The many-particle initial and final state
vectors are |i) and | f), respectively. Since the initial state is randomly oriented the operator P;
is a scalar with respect to spatial rotations. Physically P; describes the initial spectral density
of the target.

Comparing Eq. (5.28) with Eq. (5.19) for emitted radiations from excited targets we note

that the formal structure of these two equations is the same. Hence, we can write

- [§< FID D[ )~ & sin(28)( £IID x Dlulf)

(Fltao(D, D) ) + cos(20){ flEza(D, D) f >} ,

TS

(5.29)

[—7< fltoolf ) — ﬁsln(25)< Fltwolf)

T { Tl ) + con(2)( Flal >}

§|

where D’ := P,D and t33(D,D’) = [t22(D,D’) + to_2(D, D’)]/2. The tensors tx are
given by

txq(D, (D)) =) (1¢1¢|KQ)Dy(PD),. (5.30)

qq’

One may suggest to repeat the steps (5.19-5.26) of the preceding section to arrive at a param-
eterization of the cross section analogous to the relation (5.28). This procedure is valid if the
final excited (multi-particle) state is an eigenstate of angular momentum. The resulting param-
eterization is an obvious analogue of Eq. (5.26). Generally however, and in particular when
dealing with continuum transitions (as in photoemission), the final state is not an angular-
momentum eigenstate. Hence, the Wigner-Eckart-theorem, i.e. Eq. (5.25), does not apply
(also compare Eq. (A.8)) and consequently a relation similar to (5.26) can not be obtained for

photoemission. Two methods have been developed [147-154] to remedy this situation:
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1) one may expand the final state in angular momentum eigenstates (partial-wave expan-

sion) in which case Eq. (5.25) applies to each term of the expansion.

2) One may express right from the outset the cross section (5.28) in terms of tensorial pa-

rameters and group these parameters according to their transformational properties.

Here we consider the first procedure, i. e. we expand the final state | f) in partial waves. To
illustrate the significance of multiple excitations we consider both cases single and double
photoionization. For single ionization the final state can be written as
1) =D [ %im )Cim (k1) (5.31)
m
where Cj,,, (1A<1) is a spherical harmonic in the notation of Ref. [143] and k; is the wave vector

of the photoelectron. For double ionization the analogous expansion is

fa) =D 1% i) Bl (Ka, kp). (5.32)

lalplm

The wave vectors of the two photoelectrons are k, and k; and Bllfnlb(f{a, 1A<b) is a bipolar

spherical harmonics [143] [ Bj1? (X, §) = ", ., (limalomea | 1m ) Crym, () Clymy (9)]-

The partial wave expansions can now be inserted in Eq. (5.29). For brevity and clarity let
us consider only the term —£ sin(23)( f|[D x D’]x| f ) of this expansion. As explained in the
preceding section this term describes the dependence A g of the cross section on the helicity
of the light, i.e. A r = —isin(28)( f|[D x D']k|f ). According to Yang’s formula [102] for

single ionization A7 ; should vanish, i.e. the relation must apply
Argr = —isin(28)( fs [ [D x D' | fs) = 0. (5.33)

Upon substituting (5.31) into (5.33), applying the Wigner-Eckart theorem, and performing the
sum over m, we conclude
s .. U1 -
Ajp = 7zs1n(26);(7)l ( 0 0 0 >C’10(k)<wl/ IDxD [[¢). (534
The key point is that only even or only odd values of [ and I’ contribute because of parity
conservation. Assuming the initial state to be a parity eigenstate the 3 — j symbol in (5.34)

is then equal to zero because I’ + ! + 1 = odd. Moreover I’ = [ because (I’,1, 1) satisfy a

triangular relation.
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In contrast to single photoemission, for one-photon double ionization (PDI) parity conser-
vation does not imply the absence of dichroism. Parity conservation in DPI implies that [, +1;

is either even or odd. To explore the properties of quantity
Af g =—isin(26)( fa| D x D'l | fa) =0

(which is generally referred to as the circular dichroism CD) we substitute the partial wave

expansion (5.32) and apply the Clebsch-Gordon series for bipolar harmonics [144]
Bll';’)'rfb(é’ B)Bl;l;’ (57 f))* _ (_)la+lb+l'+m’ (2l i 1)(21, T 1)

U'm/
I I K
/ /
> (2La+1)(2Ly +1) la lo La bbby L lo 1 Ly,
0 0 0 00 0 a

LoLyKQ Iy lb Ly
(Iml' —m' | KQ )Byy"(a,b).

(5.35)

In the final channel one couples the angular momentum J of the residual ion with the angu-
lar momentum [ of the electron pair to obtain the resultant angular momentum J. Now the
Wigner-Eckart theorem can be applied and the summation over all magnetic quantum numbers

can then be performed. The result for A¢ . is

Af g =—isin(28) > vr,1,Big"" (ka, ks) (5.36)
LoLy
where
Voon, = oy ()T Qg L 1) (20, +1) (2L + 1)

L Lyl 141 3 g7

(20 +1)(2U + 1) ( lo I L, ) ( I 1, Ly )

3 0 0 0 0 0 0
li
v Lo
1 la U Lg
L 1 L

(T T | D x D | (Ll T ).
5.37)
Egs. (5.36) and (5.37) can be simplified if the assumption is made that the initial target state
and the final ion state have a well-defined parity. In this case the state of the two contin-

uum electrons is a parity eigenstate with a parity 7 = (—)!a*», where I, and I, are the or-

bital angular momenta of the electrons. We note that many pairs of angular momenta (I, {;)
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will contribute to the two-electron continuum state such that [, + [, is either even or odd.
For example, double photoionization of He or H~ in the two-electron ground state has the
symmetry (1S) which results for the final state in a 'P°% symmetry with configurations
(lasls) = (5,p), (P, d), (d, f),- -~

From (5.37) it follows that only pairs of (L, L;) with L, = Ly contribute to the dichroism
(5.36). Upon further inspection of the 3 — j symbols in (5.37) we conclude that the finiteness

of the coefficients requires that the following relations have to be fulfilled
lo +1 + Ly, = even,
Iy + 1, + Ly = even.

This means that
L, + Ly = even

because I, + Iy and I, + [} are both either even or odd. From the 9 — j symbol we deduce
that the three numbers (1, L,, Lp) satisfy a triangular relation. Since the case L, = Ly + 1
leads to odd values of L, + L; we conclude that L, = L;. Eq. (5.36) can thus be written in

the form
Af = —isin(2 B (ka. k 5.38
LR ZSln( ﬁ)ZVLL 10( as b)- ( . )
L

Since only the diagonal elements vy contribute to Eq. (5.38) one might expect that the
dichroism is less sensitive a quantity to the description of the scattering dynamics than the

cross sections.

5.4.1 Propensity rules for the dichroism in multiple photoionization

Parameterizing the cross sections in the form (5.22, 5.29) does not only disentangle the de-
pendencies on the radiation field properties from the electronic dynamics but it also provides
valuable information on the symmetry of the various terms in the expansion (5.29). To be
specific let us analyze the main symmetry features of Eq. (5.38). Due to the Pauli principle

the A‘i  must be invariant under an exchange of the two electrons, i.e.

Af R(B,ka, kp) = AL (6, kp, Kq). (5.39)
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The dichroism A¢ , is odd with respect to inversion of the helicity of the photon, i.e.
AL (B ka ko) = —AL (=5, ka, ko). (5.40)

The angular functions BlLOL(l;a7 l;b) determine the angular dependence of the dichroism, as

seen from Eq. (5.38). These functions are explicitly given by

B (ka,ky) = > (LML — M [10)Cprar(ka)Cr—ar(kp). (5.41)
M

From this equation we deduce the following properties:
1. BEE (Ra, Rb) are purely imaginary. This follows from the relation
Cru(%)* = ()M Cr-m(x)
for spherical harmonics and the symmetry formula
(L-—MLM|10)=—(LML—M|10)

for Clebsch-Gordon coefficients. The dichroism A¢ ., is a difference of cross sections
and as such must be real. Therefore, we conclude that the coefficients v are real as

well.

2. BlLOL (Ra, Rb) are parity-even in the solid angles associated with the momenta k,, k; of
the two photoelectrons, i.e. BLF(—k,, —ky) = BLF(kq,k;) which follows from the

parity of spherical harmonics given by Cp s (—%) = (=)*Cpras(X).

3. From the symmetry of Clebsch-Gordon coefficients, we deduce furthermore that Eq. (5.41)
is odd with respect to exchange of the electrons, i.e. Bi- (ky, ko) = —BEE (ka, k).

This relation implies that:

4. BEL (Ra, Rb) vanishes when the two electrons escape in the same direction and, due to

relation (5.39), the functions 7z 1, has to satisfy the condition

yor(ka, ky) = =y (Ko, ka)- (5.42)

This leads to a vanishing dichroism for emission of two electrons with equal energies.
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5. BlLOL vanishes when the electrons recede in a back-to-back configuration (l;b I —Ea).

This is concluded by considering the quantity

Bt (%,%) = > (LML~ M |10 )Cpy (%)Cr-p(X)
M
and substituting the expansion

Crm(X)Croy(%) =Y (LML —M | KO0 )(LOLO | KO )Co(%).
K
The orthogonality of Clebsch-Gordon coefficients selects then the only value K = 1 for

which, however, ( LOLO | 10 ) = 0. For k;, = —k, we use Cpy(—%) = (=) X Cpa (%)

and repeat the arguments above.

The A% ,, vanishes if the direction of the incident light k and the electrons’ vector mo-
menta k,, k; are linearly dependent. The above consideration assumes a co-ordinate
frame with z axis being along k. Now let us select an arbitrary direction of Ra described
by the polar angles 6,, ¢,. If the three vectors k and k., k; are linearly dependent the
spherical position of Rb is determined by 0, v = p, + N7m with N = integer. The
product of phase factors of the spherical harmonics is then real. For this reason also the
bipolar harmonics (5.41) are real which contradicts the prediction that they are purely

imaginary, except for the case when they are equal to zero.

The A¢ r vanishes in a non coincidence experiment, i. e. if we integrate over one of the
directions k, or ks. This follows directly from the orthogonality of spherical harmonics

and L > 1.

The above analysis does not provide a value for A¢ r but it is nevertheless a valuable bench-

mark symmetry check for experimental and theoretical studies that calculate the magnitude

of A L.

We recall that our derivation is based on the partial wave expansion (5.32) which has the

advantage that the angular momenta in the expansion (5.32) can be related to those present in

the initial states. As illustrated above, it allows a direct conclusion on the symmetry properties

and propensity rules for the transition amplitude. The disadvantage of this procedure is as well

clear from the above derivation: For many particle excitations the expansion (5.32) becomes

rapidly more complicated and one has then to resort to a direct tensorial expansion of the cross

sections in terms of rotational invariants.
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5.5 Resonant photoexcitaions processes

In the previous sections we outlined briefly some of the main features of the electric dipole
transitions that can be deduced from general symmetry considerations. In this section we

illustrate the influence of the details of the excited states on the photoemission processes.

5.5.1 Single channel

We consider the case where, upon absorbing the photon, the ground state of the target A is
elevated into a meta-stable bound state ¢ of A* that couples to the continuum LZJ g of AT and

decays subsequently into AT and a photoelectron of energy £, i.e. we study the reaction
A4t hw— A* - AT 4 e, (5.43)

The questions of how to describe the photoexcited state W and how the intermediate reso-
nant state will show up in the spectrum of the photoelectron have been addressed by Fano
[119, 120] using the following arguments. In the basis (| ),|¢z )) the Hamiltonian H
is not diagonal. Leaving aside the discrete state | ) we determine the continuum states
Vg = [;7 c(B,E")|¢Yg ) dE' such that (Y |[H|¢pr) = E'5(E’" — E"). Now we include
in the basis set |5 ) the discrete state |¢ ) and determine the wave functions ¥ g that satisfies

HVY p = EV g by means of the basis-set expansion

|Ug ) =a(E)|e) + /OOC b(E,ENYp ) dE'. (5.44)
Using this ansatz we conclude from the relations

(plH|VE ) =E(p|Vp) and (¢p/|H|Vg)=E(¢p|Vg)
that the expansion coefficients b are given by

b(E, E') = {Pﬁ + 2(B)S(E — E')| Vira(E). (5.45)
Furthermore, one deduces the relation

(E, — E)a(E) = — / WE, EV dE', (5.46)
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where P(f) stands for the principle value of f. In Egs. (5.45, 5.46) we introduced the defini-

tion
E, = (¢lH|p), (5.47)
Ve = (velHlp), (5.48)
Z(E) = (E—E@—P %dE’> V| 2. (5.49)

Asymptotically, i.e. for large distances r, the discrete and the continuum states behave as

lim ¢(r) -0 and lim ¢p — 1sin(kr +0(E)),
r

where k is the wave vector and ¢ is a phase shift. From Egs. (5.44, 5.46) we deduce thus the

asymptotic behaviour for ¥y to be

lim Up(r) — - / {PL + Z(E)S(E — E’)} Vira(E) sin(K'r + 5(E')) dE,

r—o0 T E—F
1 A -
= 2+ Z2 {7sin kr+96),
r V2 + 72 ( )
T —
————cos(kr +9)| Vga(E
T coslhr +3)| Vea(B)
1 -
= ;\/ w2+ Z2% sin(kr 4+ 0 + A) Vg a(E). (5.50)
The phase A is determined by the relations
cosA = Z(r*+2%)7Y2  and
sinA = —m(r?+ Zz)_l/Q. (5.51)

Thus, the phase shift A due to the resonant state is expressible as
tan A(E) = —nw/Z(E). (5.52)

From the normalization condition ( U|Ug ) = §(E — E’) and from Egs. (5.44, 5.46) we

conclude that

(UpWp ) = a*(B)a(E) {w
i / (E - blvf(,; — iy B O = VBV |, (5:53)

where the function f is given by the equation

Ve [?

oo g 1B

f(E):=P
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From the relation (5.53) we therefore obtain
(Up|Vp ) =a*(E)a(E) [r* + Z*(E")] [Ve|? §(E — E'),

which upon integration over £’ leads to the expression for |a|?
1
[x* + Z2(E)] [Vel*’
VE|?
[E— (B, + f(E))]?+T2
In this equation we made use of (5.49) and introduced the quantity

la(B)?

I =7|Vg|?,

which characterizes the width of a resonance located at
Er:=FE,+ f(E).

The resonance lifetime is thus

T =nh/T = h/(x|Ve]?).
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(5.54)

(5.55)

(5.56)

The cross section (5.12) for the process (5.43) is 0(E) = 4m2aw|{ ¥g|é - r|¢pg )|* where
|o ) is the ground state and |V ) is represented by Eq. (5.44). From Egs. (5.44, 5.45) it

follows that ¥ g can be written in the form

Ve ) a(E)[¢)+ Z(E)VE|Yp )], where

V/
6) = ley+P [ 5 e e

is the modified discrete state. From Eqgs. (5.56, 5.52) we deduce that

a(E) = (sinA)/(7Vg) and Z(E) = —mcot(A).

(5.57)

Therefore, the dipole matrix element can be written as a sum of a resonant and an non-resonant

term, namely

sin A(E)
Vg

= (¢Yglé-r|lgg) (¢gsin A —cosA).

(Yglée-r(oo)

The dimensionless parameter

. (¢lé-rlpo)
mVe(YElé -1l )

(0l rldo) —cos A(E)(¢mlé-r|¢o)

(5.58)

(5.59)
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is called the shape parameter. From Egs. (5.51) it follows that

. 2 (Z+q7r)2
(gsin A — cos A)* = CEk

Introducing the dimensionless parameter ¢, also called the reduced energy, as

e:(E_iI,ER):Z/ﬂ'7

we can thus write

2
(gsin A — cos A)? = (ii(g .
With this expression we obtain the Fano-Beutler line profile [119] for the cross section o as
(g+6)°
o(E) =09 e (5.60)

The cross section o represents a non-resonant background. Fig. 5.1 shows the quantity o /o
[cf. Eq. (5.60)] as a function of ¢ and €. As q increases the profile tends to a symmetrical
Lorenzian-shape profile, whereas for ¢ = 0 the profile exhibits a dip at e = 0. The latter case

is called window resonance. In the general case however the profile is asymmetric.

5.5.2 Multi-channel resonant photoexcitations

The treatment of the photoexcitation [127] of a resonant state ¢ coupled to many continua
Yt (i =1,-- -, N) proceeds along similar lines. In brief, one performs in analogy to Eq. (5.44)

for all the involved N continua the expansion

N oo
Wie ) =ay(B) + Y [ bu(B B ) dE (5.61)
i=1 70

From HY ;p = E'V ;g one deduces that

N 0o
3 / by (B, E') o|Hlgsp ) dE' = (E— Eg)a;(E), and
=1

(B - ENbi;(BE,E") = a;(E){lH[¢ir ). (5.62)
As a solution of these equations one writes
Viera;(E
bij(E,E") = %é/) +d(E — E')C;4(E), (5.63)

where Vg is a matrix element given by

Vie = (plH|Yig ).
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Figure 5.1: The Fano-Beutler Profile for different shape parameters ¢ and different reduced
energies e.

On the other hand, the elements of the matrix C;;(E) are unknown and need to be determined.

To do so we conclude from Egs. (5.62, 5.63) that

- {Z viEcij<E>} {E —F,- %w}
(5.64)

This relation combined with the normalization condition of the wave function (5.61) leads to

the determining equation for the elements of C;;(E)
> C;(E)Bji(E)Ci =1, (5.65)
where the matrix B;; is given by

©2VieViE > [Vig]

le(E) =04 + .
(E—E IEk[VkE/] dE/)

Assuming that the channels are asymptotically decoupled we inspect the asymptotic behaviour

of the wave function (5.61), as done in Eq. (5.50), and obtain a relation for a,;(E) analogous
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to the single channel case [i.e. Eq. (5.54)], namely
T—00

N
lim ¥,p — —ma;(E) Z Vg cos(k;r + 6;) + Z C,j(E)sin(k;r + 6;),
Jj=1 J

= [—irai(E)Vjg + Cy(BE)| e!®Fm+0) — o i+ j. (5.66)

The energy-dependent function a;(E), fn(E) and C;;(E) are given by the relations
> Cii(E)VjE

“E = BB+ @) >9m
2

In(E) = Zb’z[_%’fﬂdy,

Cy(B) = inVipai(E), i#j. (5.68)

The steps (5.53-5.56) can now be repeated to obtain the width of the resonance (which yields
Py =73 (Vi) =5 T)).

An expression for the wave function (5.66) is obtained upon inserting Eqgs. (5.67-5.68)
in (5.66). This results in an expression that can be utilized for the calculation of the optical
transition matrix elements (5.58). Formulas for the line profiles are obtained by defining, as

done in Eq. (5.57), a modified discrete state ¢ and introducing the shape parameters gy as

(onle-r|po )

qN = - . (5.69)
WZfV Vie(vie|é-r|dg )
Analogously, one defines the reduced energy ey as the quantity
i . WZj(VjE)z . WZ]‘(VJE)z (5.70)
en’'  E—[E,+ fn(E)] E—Eg, ’

The total cross section oy, (F) in all channels normalized to the non-resonant background

oo(F) is then completely specified by the parameters gy, €y and by the correlation index p,.

(av +en)’? -~ 11 _

010t (E)/00(E) =1+ p} 1+
N

(5.71)

The correlation index p. is a relative measure for the coupling strength of the resonance to the

individual continua, as readily deduced from its determining equation
‘Z;V Vie{yjele - rl¢o )
- N N A 2]

[N 57| [ 1 sele -0 )]

Having sketched the essential steps for isolating and parameterizing the relevant quantities

‘ 2

(5.72)

that describe the manifestation of resonant states, the question arises as how to calculate these



5.6 Few-body resonances 71

quantities and what role is played by the inner-particle correlation in many-particle resonant
states? The next section gives an overview on some of the aspects of this intensively studied

topic.

5.6 Few-body resonances

Resonances show up in various physical systems, such as in nuclear reactions, in electron-
atom and electron-molecular scattering processes and in photoionization ( [128,162,322] and
references therein). The complexity and the various facets of resonance formation and decay
in a many particle system are elucidated by one of the simplest few-body systems, namely
helium. As illustrated in Fig. 5.2, doubly excited (two-electron) states lay above the first
ionization threshold, i.e. it takes more energy to excite the two electrons to the next available
level than to singly and directly ionize the target. While this observation is valid for two
electron atoms, for more complex systems doubly excited states can as well be situated below
the first ionization threshold.

As shown by Fig. 5.2, the doubly excited states of helium form an infinite number of
perturbed Rydberg series converging to the single ionization thresholds, where one electron
is left in an excited state of the residual ion. The doubly excited states are coupled to one or
more continua and form thus resonances that decay by autoionization.

In 1963 Madden and Codling [163] made the first experimental observation of the full
series of helium doubly excited levels with ! P° symmetry? in the 60 — 65 eV energy range.
Fano and co-workers [128] (see also [162]) pointed out that these early observations are man-
ifestations of a breakdown of the independent-particle picture. Since He™ (2s) and He™ (2p)
have the same energy one would expect three series with comparable intensity converging
to the same threshold. In an independent particle model they are labelled by the configura-
tions 2snp, 2pns, and 2pnd. Experimentally, however, a single intense series was observed
which is intercalated by a faint one. As an explanation, it has been suggested [120] that the
electron-electron interaction will mix the series 2snp, 2pns, into a 2snp + 2pns (plus) and a
2snp—2pns (minus) series. In this picture the excited electron pair is viewed as a joint (quasi)

particle characterized by two quantum numbers. One quantum number is assigned to its inter-

3We recall the spectroscopic notation 25+1 L7 in the LS coupling where L is the total orbital momentum, S is
the total spin and 7 is the parity.
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Figure 5.2: The term scheme of helium showing increasing number of channels and their interconnec-
tion by various processes (adopted from Ref. [128]).

nal motion whereas the other quantum number describes the motion of the center-of-mass of
the pair. Since the optical transitions from the ground state to the plus levels are favored, only
a single intense series is observed. The width of the measured lines is a measure for the rate

of the autoionization of the excited levels.

5.6.1 Regularities and classifications of doubly excited states

These findings by Madden and Codling and by Fano and co-workers sparked a wealth of
further experimental and theoretical investigations [162]. In particular, several classifica-
tion schemes have been developed in order to understand the origin of the regularities in
the occurrence of resonances and why resonances with the same total symmetry reveal dras-
tically different characteristics. Here we briefly mention the adiabatic hyperspherical ap-
proach [128,164-167, 178], the widely used doubly excited symmetry basis scheme (DESB)
[168—170] and the molecular orbital (MO) scheme [172] which contains and explains the
DESB. A completely new approach for the treatment of the dynamics of two-electron atoms

is offered by modern semi-classical concepts [173, 174]. In this method the systematics of
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resonance series is ascribed to certain characteristic periodic orbits in a classical three-body
system. Resonant and bound states are distinguished from the ground state via the use of

periodic orbit trace formulas.

The adiabatic hyperspherical approach [128, 164—167, 178] was one of the first models to
be utilized. As will be outlined below, in the adiabatic hyperspherical approach the overall size
of the system is characterized by one coordinate, the hyperradius, which is treated adiabati-
cally, i.e. one assumes that the motion along the hyperradius is significantly slower than along
other coordinates. As in the case of the Born-Oppenheimer method (Sec. 4.1) the adiabatic-
ity assumption leads to a quasi-separability of the problem. Thus, as long as the adiabaticity
hypotheses is viable the motion of the correlated electrons takes place in one-dimensional
(adiabatic) potentials. The lowest of these potential curves contains a Rydberg series of bound
states, whereas the potential curves of the excited channels carry the autoionizing, i. e. doubly
excited Rydberg series. From a mathematical point of view, the adiabatic assumption is no
longer valid at very high excitations where a series of avoided crossing between the potential

curves occur.

In the DESB approach features of the dynamical SO, symmetry for the two-body Coulomb
potential (cf. Sec. 2.2) are exploited by considering for the two electron case a coupled rep-
resentation SO, ® SO,4. Doubly excited states are classified by the set of quantum numbers
~ (K, T):} that have the following meaning: N and n are respectively the principal quantum
numbers of the inner and outer electrons. Given a symmetry >**1 L™ there are several series
converging to the same threshold He™ (N). Different series below a specified threshold NV are
characterized by the approximate quantum numbers (K, 7')4, whereas a specific state within
the series is classified with the quantum numbers n, K, T If the outer electron is excited fur-
ther away from the inner core, the principle quantum number NV of the inner electron is a good
quantum number. In contrast, n is, in general, not a good quantum number and therefore it is

conventionally replaced by an appropriate effective quantum number.

The quantum number 7" is obtained by quantizing the projection of the total angular mo-
mentum onto B := A; — Ay, where A, /2 are the Laplace-Runge-Lenz vectors of the two
independent electrons (see Sec. 2.2). Specifically, the relation applies (B -L)? |[NnKTL™) =

T?(K + n)?|NnKTL™). The quantum number K describes the inter-electronic angular
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correlation
K N2-1-K?2_-T24+2]-1
(cos f1z) = — + o L2 (5.73)

where 615 is the mutual angle between the position vectors of the two electrons. The ranges

of the values of the quantum numbers K, T" are given by
T = 0,1,--- ,min(L, N — 1),
K = —-(N-T-1),-(N-T-1)+2,--- ,—-(N-T-1)4+2(N-T —1).

For n > N one deduces from Eq. (5.73) that (cosf;2) — —K/N, meaning that for the
highest value of K the electrons reside on average at opposite sides of the nucleus. On the
other hand, for vanishing K, one obtains (f15) ~ 90°.

While K describes the angular correlation, the further quantum number A has been in-
troduce [170, 178] to describe the radial correlation. The values of A are —1,0 or 1. More

precisely A behaves according to
A=n(—)T"5  for K >L- N, eitherwise A = 0.

This means A is not an independent quantum number. A = +1 quantifies the nodal structure
of the wave function for equidistant electrons from the origin (r; = 73). States with A = —1
have a node, whereas states with A = 1 have an antinode. For A = 0 the state is highly
asymmetric with one electron being close to the residual ion and the other electron being
far away from the inner core, i.e. radial correlations are small in this case. Furthermore, the
investigation of the vibrational structure [171] has led to the quantum number n,, [179] which

is given in terms of N, K, T as
n,=(N-K-T-1)/2.

This quantum number 7,, counts the nodes in the ;5 coordinate.

Using the set of the DESB quantum numbers, the structure of the doubly excited states
can be made comprehensible. In addition, this scheme enabled a clear understanding of the
autoionization rates to different channels and the photoexcitation strengths to different states
as well as the existence of propensity rules for autoionization and photoexcitations [175-177],
e.g. for photoexcitation experiment (investigating high-lying 1 P°(N = 3 — 8) of H™) the
propensity rules AA = 0, An,, = 0 apply [175, 176].
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The DESB quantum numbers are combinations of the parabolic quantum numbers
[N1 Nom]# (cf. Sec. 2.2) that describe a polarized state in the single-electron N —manifold
resulting from the removal of one electron whilst the other remains bound [176]. This interre-
lation is given below. The link between the adiabatic hyperspherical method and the algebraic
approach has been established by Lin [178]. He was able to relate in a unique way the approx-

imate quantum numbers from the algebraic approach to the hyperspherical potential curves.

In the MO approach [172] the three-body problem is formulated in a Jacobi coordinate

system, i.e. one introduces the two position vectors r and R, defined as
r=(r1+r2)/2, R=r;—ry=rp.

The inter-electronic distance 715 is then treated adiabatically*. The advantage of this treatment
is that for fixed (adiabatic coordinate) r12, the wave function is separable in prolate spheroidal

coordinates® [180]

A= (ri+re)/ri2, p=(r1—r2)/r12.

The (molecular) wave function is then written as a product of orbitals characterized by the
molecular quantum numbers 7y, n, that count the number of nodes along the coordinates A
and p. In addition to the coordinates A and p a further coordinate ¢ is needed that describes the
projection of the angular momentum of the electrons’ center of mass onto the inter-electronic
axis. The corresponding quantum number is usually referred to as m. Thus, an adiabatic
MO state, which builds a Rydberg series, is specified by the quantum numbers (ny, n,,m)
or equivalently by the parabolic quantum numbers [/V; Ngm}A (cf. Sec. 2.2). The different
members of each Rydberg series can be constructed as vibrational states in the corresponding
molecular potential. A single member of a Rydberg series, is specified by a vibration-like
quantum number 7 = n — N for even n, and 7 = n — N — 1 for odd n,,. The connection
between the (independent) MO quantum numbers ny, n,, m, the DESB quantum numbers

K, T, A, n,, and the parabolic quantum mumbers is [182]:

4We note here that treating r12 adiabatically does not mean that the electron-electron interaction is weak. In fact
it is the strong repulsion between the two particles which stabilizes this coordinate [181].

SIn the limits r12 — 0 or r12 — oo the spheroidal surfaces coincide with spherical or paraboloidal surfaces.
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DESB parabolic MO
A= A = (=)™
T = m =m,
K= NQ—Nl :[nu/Q]—n)\,
= Ny + Ny + |m|+1 =ny\+[n,/2] + |m|+ 1,
n, = Ny =ny.

The symbol [z] means the integer part of . Based on the MO approach it has been possible
[182] to establish propensity rules for photoabsorption and autoionization processes. With
these rules the different oscillator strengths and widths for different Rydberg series within a

N manifold have been explained .

5.6.2 Complex rotation method

For a direct numerical calculation of energies and widths of doubly excited states various
methods have been applied. In particular, we mention here the Feshbach projection operator
formalism [183, 184], the close-coupling approximation [185], the hyperspherical coordinate
method [186], and the multiconfiguration Hartree-Fock method [187].

The most accurate resonance computations are nowadays performed using the complex
coordinate rotation method [186, 188-197]. The idea of this approach is based on the di-
latation analytic continuation [198-200]. The advantage of the complex rotation method is
that it transforms the continuum resonance wave function to a square-integrable (localized)
wave function typical for a bound state. This brings about considerable simplifications, for
the resonance wave function can then be calculated using existing bound-state codes which
are mostly based on the variational ansatz for a complex Hamiltonian [201], i.e. bound and
resonant states are treated on equal footing. This method has yielded accurate results for few-
body resonant states. To illustrate the basic elements of the complex rotation method let us

consider the Hamiltonian of a two-electron atomic system which, in Rydberg units, reads

27 27 2
H=T+V=-A—A,— 2 _ 2, 2
T1 T2 T12

where Z is the charge of the residual ion. The complex-rotation method consists in transform-

ing formally the radial coordinate r; according to the rule

r; — 75 exp(i6),
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where 6 is referred to as the rotational angle. The Hamiltonian H transforms as

H — H(#) = T exp(—2i) + V exp(—if).
The eigenvalues of the transformed Hamiltonian are obtained by solving the complex-eigenvalue
problem

By - WEO W)

(W]w)
where the wave function W is usually expanded in a basis set functions.

To find the resonances one search for eigenvalues E,., of the operator H (#) that do not
depend on the rotational angle . The real part of the complex eigenvalue is interpreted as
the resonance position F,., whereas the imaginary part as the half-width of the resonance I"/2
(i.e. Eres = E, +14I'/2). Due to the finite-size of the employed basis, however, in practice the
resonance eigenvalues do depend weakly on 6. Resonances are then identified by a minimal
value of OFE/06. Furthermore, the photoabsorption cross section o (w) is obtained by a sum
over all (resonant and continuum) eigenstates of H (6), more precisely [202]

o (Wo| >y exp(if) [Wq) (Wi| 32, vj exp(if) [Wo)
o(w) x ws Z B — By — hw )

i
where the index ¢ runs over the states of all the electrons j and the index 0 labels the ground

state.






6 Two-electrons systems at the complete fragmentation
threshold: Wannier theory

The treatment of many-body systems within an effective single-particle or a mean-field ap-
proach (e.g., as done by DFT in section 4.6 or by HF in section 4.2) implies that the interaction
of a single particle with any other particular particle in the system is in general weaker than
the interaction with the surrounding rest of the system. This picture losses its validity when
two or more particles are highly excited, for the excited particles can access a large manifold
of degenerate orbitals and will adjust their motion as dictated by their mutual interaction in
the presence of the mean field. As a direct demonstration of this statement we discussed in the
previous section the properties of doubly excited states of helium. From this example one ex-
pects that inter-electronic correlation plays a major role when the electrons are excited to states
with energies close to the double ionization threshold I+ Therefore, considerable attention
(e.g. [90,131-138] and references therein) has been devoted to the question of how the double
ionization cross section o™ at I is influenced by the correlated motion of the electrons.
In a seminal work Wannier [90] addressed this question using classical arguments and derived
in 1953 a threshold law for the double electron escape. Meanwhile, the conclusions of his
work have been, to a large extent, confirmed experimentally and using a variety of theoretical
approaches (cf. e. g. Refs. [91, 134,138, 250] and further references therein). Here we adhere
to Wannier’s original work and sketch the main steps of Wannier’s arguments and results. For

details of other theoretical and experimental approaches we refer to Refs. [90, 131-138].
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6.1 Classical mechanics of two excited electrons at the
double escape threshold

Let us consider two electrons with vanishing total orbital angular momentum (L = 0) and
ask the cross section 027 (E) behaves near E = [T, where E is the total energy of the
electron pair. Since L = 0 the motion takes place in one plane depicted in Fig. 6.1. Only three
variables are sufficient for description of the two electron trajectories:

A

Y

S
S
&)
v
8

Figure 6.1: The coordinate system for two electrons moving in a plane.

R = \/ri+ry, 0=arccos(ty-t2), a= arCtan(r_l) (6.1)
T2
B R sina cosy;
en = ( R sina sing; )’ ©2

. R cosa cospg o
rp = (R cos o singog)’ 0 =1 — p2. (6.3)

The coordinates R, 6 and « are called the hyperspherical coordinates [129,164,165,203-206].
The hyperradius R quantifies the size of the triangle formed by the two vectors r; and ra
whereas the mock angles 6§ and « describe the shape of this triangle. The kinetic energy

T = % (rf + rg) casts in the coordinate system (6.1)

1.2 1 _ . .
T:§R +§R2 [aQ—i—sinQacp?—i—cosZa(pg .
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The classical orbital momentum is L = L., where L. = R?sin? o ¢; + R? cos® a g. From
L, = 0 and 0 = »1 — o we deduce that ¢, = 0 cos? o and po = —#sin? «, so that the

kinetic energy is written as
1.2 1 5. 1 5.2
T =-R +-R%’+ —R% sin®2a.
2 2 8
The potential energy for the two electrons moving in the field of a residual ion with a positive

charge 7 is

Z 1
V:_g R +_:M

r1 T2 T2 R
where the mock-angle dependent part C' («, 6) of the potential energy is given by

Z Z 1
C(a,0) =—— — + - .
sina  cosa /1 —sin2acosf

To write down the equations of motion we express the Lagrange function £ in hyperspherical

coordinates as

1.2 1 ,. 1 5.2 ,0
L=k + 5R%ﬁ + §R29 sin® 200 — %.
6.4)
Likewise, the total energy E can be written in the form
_].-2 1 2.2 1 2'2.2 C(ava)
E—2R+2Ra +8R051n2a+ 7
(6.5)

The equations of motion for the two electrons in hyperspherical coordinates are then given by

the expressions

. o 1.2 C

R = Ra +ZR0 sin 2a+ﬁ (6.6)
d o 1 5:2 10C

7 (R 04)—4R9 sin 4o o0 6.7)

d (1 ,. 5.\ 1aC
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From a key importance is the similarity principle which states the following. When the system
is expanding the trajectories remain topologically invariant. This is due to scaling transforma-
tion

R — R =pR,

a — o =aq,

6 — 0 =0,
t — t=p%,
E
B - B=2 (6.9)

where 3 is an arbitrary real positive constant. Using this scaling feature one deduces, that
for E > 0, and along each trajectory the function R(t) has, if at all, one minimum and no
maximum. The proof is straightforward. From Eq. (6.6) we deduce that RR = R%° +

2 2
1R%0 sin®2a+ § = R + 1R%9 sin®2a + E — T, meaning that
iy 1.2 1,5 1 ,:2
RR=E- R + 532042 + g B2 sin® 20

Therefore, if R is stationary (i.e. if R = 0) we obtain R > 0, in other words if R(t) has an
extremum it can not be more than one minimum (two minima means at least one maximum
has to be in between them, in which case R < 0 must apply)'.

Another important statement is the following: Statistically almost all trajectories with
E = 0 belong to the single ionization channel, i.e. asymptotically only one electron escapes
and the other remains bound. The proof is straightforward. Let us label the individual elec-
trons’ energies by E; and Ey. The constraint £ = 0 = E; + E» is satisfied by an infinity
of trajectories for which one electron has a positive energy £; > 0 (unbound) and the other
has a negative (bound) energy Fy = —Z2/(2n?). In contrast if we require £; > 0 and
Es > 0 the condition E = E; + E2 = 0 has only one solution. Thus, from a statistical
point of view the double ionization is extremely unlikely compared to the single ionization.

Nevertheless, one observes experimentally a considerable amount of double ionization events.

IIf E = 0 and all velocities vanish ( R —a=0= 0) then Eq. (6.5) requires R =0 To investigate the
stationarity of R(t) in this case one has to inspect higher differentiations of R(¢). Doing so one concludes R = 0,

however, for the four-fold time differentiation one calculates R R = R2&2 + iRZQ sin? 2« which means R > 0.
Hence, the trajectory R(t) shows for E' = 0 only one minimum.
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Therefore, the time evolution of the electrons’ distances from the residual ion (as described
by a(t)) can not be statistically distributed. Hence, the key point is to find out the (dynamical)
mechanism that stabilizes the two electrons’ motion, in particular the motion along «.(t) has
to be stabilized at certain value . Identifying such a stabilization process is equivalent to
finding a non-statistical pathway for double ionization, for the scaling Eq. (6.9) implies that
o = ap remains stabile when the system size, characterized by the hyperradius R, expands
by an amount 3.

To this end one inspects the variation of the potential with respect to « and € and finds out

that the conditions

oC Zcosa Zsina cos 2a cos 0
R — ) — 3 + 2/3 = 0’
Oa sin“a  cos®a (1 —sin2acosf)
@ _ sin 2acsinb ~0, 6.10)
o6 2/(1 — sin 2a cos 0)3/2
are fulfilled at
ag=m/2, and 6y =, (6.11)

i.e. when the two electrons are on opposite sides and at equal distances from the residual ion
(ry = —r2).
For this reason it is appropriate to expand the potential C'(c, #) around the extremal posi-

tions. This yields the following expansion coefficients

C(a,&) ~ —C() - %Cl(a - ()40)2 + %Cg(a - 90)27 (612)
where
Co= 1 @z-1),C1=(122-1), and Cp— (6.13)
0 — \/5 ) 1 — \/5 B 2 — \/§2 .

From Eq. (6.12) we deduce that the motion around the extremal (saddle) point is stable along
6 but unstable along « (upon a small perturbations).

Using Eq. (6.5)? the equations of motion (6.8) can now be linearized around the saddle

point to yield
B o= _%7 (6.14)
9we) = o) (6.15)
%(3329) _ —%( — 6). (6.16)

2Note that from Eq. (6.5) at the saddle point one deduces that R= \/2E +2 %
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Exchanging in these relations the variation in time into a variation with respect to the radial

distance > R one finds for £ = 0

20y

T e 17

R R (6.17)
3R C

R%@Hug&mfiim—awza (6.18)
3R 20

.R28§0—%—§—8R0-+-273(9——90)::0. (6.19)
0

For the solution of these equations we make the ansatz
a(R) = ap + R",

which yields for n

11
= —— =+ 2
n 1 Eam (6.20)

1 /100Z -9
bTaVazo ©21
Thus, the general solution for a(R) can be written as
a(R)=ap+aR i 3¢y pR™iT3H, (6.22)

where a(E) and b(F) are (energy dependent) integration constants. Likewise, we write 6(R)

in the form

0(R) ~ 6y + R™ and obtain m = —§ + L[,
where
_ 1 /9-4Z
F=aVaz -1
Thus, the general solution for (R) is
O(R) =6y + a R 7 cos (g InR+ I_)) , (6.23)

where a(E) and b(E) are integration constants.

3This is valid for ¢ > to where g is determined from the minimum of R(t), i.e. from the condition R(£) = 0.
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6.1.1 Wannier threshold law: a classical approach

The (total) cross section for the double escape o>+ (E) is obtained from the time variation of
the (microcanonical) phase space volume 2 which is available for the two excited electrons

at a fixed energy F, i. e.

oM (E) = Qp = % { / dRdadf / dprdpadpe 6 (— - % - )] , (6.24)

where pr, p, and py are the momenta conjugate to coordinates R, o and 6, respectively.

Noting that

fom fous (- -2) = fam (57)
dt
we can write Eq. (6.24) as
o?T(E) = / dadf / dpadpe. (6.25)

The momenta conjugate to o and 6 can be calculated from the Lagrange function £ (given by

Eq. (6.4)) according to the relations *

pa = 0L =R?ROpa(R)=/2C0R*?0ra(R), and (6.26)
\/_200

Py = 89£:ZRQQSinz(Qa)zZRQRagﬁ(R) YEORY29R0(R).  (6.27)

Therefore, the cross section (6.25) can be written as
¥ (E) = CO —R? / da d(dge) df d(Or0) . (6.28)

For the calculation of the cross section (6.28) we need thus only the variation of the quantities
«, Ora and 6, Orf. The variation of these variables can be viewed as a variation of the

integration constants a, b, @, b, more precisely from Eqs. (6.23, 6.22) it follows that

ot H(E) = %CO / (@) da da dbdb . (6.29)

Thus, the functional dependence of a,b, @, b determines the energy behaviour of the cross
section. In particular the behaviour of b is decisive, as clear from the asymptotic behaviour of
o Eq. (6.22) at large distances R. Taking the scaling properties of the trajectories (Eq. (6.9))

into account and imposing the condition that the (divergent) trajectory has to stay bound,

4We recall that for E = 0 the relation applies R= %.
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when E = 0 is approach, we conclude that b = E#/2-1/ 4p, where b is energy independent.
At E = 0 the constants a, @, b become energy independent and the cross section Eq. (6.29)

simplifies to the universal form
o T2(E) o« EM214, (6.30)

This universal energy dependence of T (E) is called the Wannier threshold law.

The classical mechanical derivation outlined above rests on the assumption of vanishing
FE, it gives no indications on the energy range of validity of (6.30). Furthermore, the above
arguments make clear that the cross section (at £ = 0) does not depend on F; and F5 and
hence all the energy-sharing possibilities are equally probable. This statement is called the
ergodic theorem. The Wannier exponent p/2 — 1/4 depends on the charge Z through the
dependence of i (Eq. (6.21)) on Z: for Z = 1 one obtains /2 — 1/4 = 1.127, whereas for
Z — oo which is the case for two independent particles one deduces /2 — 1/4 = 1, i.e. the
interaction between the particles changes qualitatively the behaviour of the ionization cross

section.

6.1.2 Remarks on the classical treatment of two electrons at threshold

Summarizing this section we recall that the threshold law for double electron escape into the
continuum of a residual positive ion can be derived in the framework of classical mechanics
[90]. Inspection of the equations of motion indicates that the subspace relevant for double
escape is the subset of the configuration space where both electrons are at equal distances
from the ion and in opposite directions. The basic origin of this behaviour is the existence of
a saddle point in the total potential surface for this (Wannier) configuration.

How the classical motion proceeds in the Wannier configuration is readily inferred from
the following argumentation:

The classical motion for the two electrons is governed by the equations

.. ZI‘1 ry —Io .. ZI‘Q rs — I
- _ =224 = ~° 6.31
T r3 |r; — ro)?’ T2 rs + lro — 13 (©.31)
As readily verified, the Wannier mode r = r; = —r5 solves for Egs. (6.31). Both relations

(6.31) collapse then to one equation

(Z-1/4)r

3 (6.32)
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that describes a Kepler problem with an effective residual ion charge Z = Z — 1/4, i.e. the
electron-electron interaction is incorporated as a static screening of the ion’s field. In this
context we note that in the Fermi liquid theory of Landau [50, 84] the interacting electronic
system is mapped onto a non-interacting one where the single particle (quasi-particles) prop-
erties (such as the particle’s mass and charge) are re-normalized. The same approach can be

followed here: Eq. (6.32) can be written in the form

. 4Z
P= 22 (6.33)
r
where the “quasi-particle” charge Z, = —1 + 1/(4Z) can be viewed as the re-normalized

electron charge, i.e. the two electrons move independently in the field of the ion but each of
them having the reduced charge Z.. For a strong residual field |Z] > 1 we obtain Z, = —1
a.u., i.e. the normalization due to the electron-electron interaction (and hence this interaction
itself) can be neglected.

The details of the motion prescribed by Eq. (6.33) has been discussed at length in Sec. 1,
both from a classical and quantum mechanical point of view. Let us recall the main findings
again: Below the threshold I both electron move along elliptic orbits of equal size and
are located in the same plane [cf. Fig. 1.1]. For all times ¢ the Wannier condition r{ = —r5
applies. Hence, the motions within the two ellipses are strongly correlated in phase. As
derived in Sec. 1, at threshold the ellipses degenerate into a straight line, which means that
the electrons perform a symmetric stretch vibration without rotation. In case the ellipses
degenerate into a circle we end up with the case of a linear rotor, whose constant length is
determined by the condition that the electron-ion interaction compensates for the electron-
electron interaction and the centrifugal force. The existence of a further rigid-body solution
(a top) has been pointed out in Ref. [207]. A detailed review of the periodic orbit analysis of
He can be found in Ref. [208].






7 Quantum mechanics of many-electron systems at the
double escape threshold

7.1 Generalities of many-electron threshold escape

A number of quantum mechanical studies, e.g. [131-135] confirmed the Wannier threshold
law (6.30) for the two electron escape. For three-electron escape only few works exist, e.g.
[210,211]. For more particles threshold emission little is known. Therefore, it is instructive

to consider the generalities of many-electron escape at the fragmentation threshold.

7.1.1 Cross section dependence on the number of escaping particles

From the structure of the density of states one concludes the following: at threshold the prob-
ability for many-electron escape decreases rapidly with the number N of excited electrons.
For N > 1, the threshold state for the N particle fragmentation, constitutes a set of measure
zero, and hence it is extremely unlikely to be populated. This statement is evidenced by a
comparison between the two and the three-electron threshold emission [Fig. 7.1].

As argued for the double emission case and demonstrated in Fig. 7.1 (a) the threshold con-
straint £ = 0 = E; + Ej is satisfied by an infinity of states for which one electron has a posi-
tive energy £ > 0 (unbound) and the other has a negative (bound) energy Ey = —Z2/(2n?),
whereas only one state (/1) satisfies £; = 0 and F3 = 0. For triple electron escape
(Fig. 7.1(b)) the number of states that fulfill 0 = E; + E5 + E5 = F; + F increases, a subset
is shown in Fig. 7.1 (b), where for clarity, the manifold of two electron states is combined
into one axis F1 + Es: the case F3 > 0 and —FE3 = E = E; 4+ Es corresponds to the sit-
uation where electron “3” is unbound whereas the electron pair “1, 2” has a negative energy,
i. e. either both electrons occupy a doubly excited bound state or one of them is bound and
the other is unbound such that their energies combine to — /5. Similar arguments apply when

electron “3” is bound (E3 < 0). This increase in the number of states with increasing NV is to
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Figure 7.1: A schematic drawing for some of the available states for the total zero energy of two (a) and
three (b) electron systems. F and E> in (a) denote the energies of the two electrons (£ + E2 = 0),
whereas in (b) Es3 is the energy of the third electron (E1 4+ E2 + E3 = 0). The double (triple) ionization
threshold is indicated by ™+ (I7*1).

be contrasted with the fact that the threshold is reached only if £; =0, Vj = 1--- N, which
leads us to the conclusion that the threshold state is extremely unlikely to be populated with
increasing number of particles. To put this statement in a mathematical language we recall
that the total cross section at threshold is determined by phase-space arguments [132,212].

Generally, the total cross section oVt for the emission of IV particles has the structure [214]

oVt /|(f|O|i)|26(Ef—Ei)d3k1---d3kN, (7.1)

(7.2)

where O is a (hermitian) operator that induces the transition from the initial state |¢) (with
energy E;) to the final state (f| (with energy Ef). The vectors k;, j = 1--- N are the
momenta acquired by the escaping electrons in the asymptotic region. Hence, the parabolic
dispersion relations E; = k‘f /2 apply. In Eq. (7.2) the wave vectors k;, j = 1--- N are
characterized by the solid angles €2; and by their magnitudes k;.

In a limited region around the threshold the state (O |i)) has only a very weak dependence
on the total excess energy E = F; + - - - + E). Hence, the energy dependence of o™V (E) is

determined by the factor
p(E) = /(k1 - kN)O(E = (By+ -+ En))dE, ---dEy = E3V/271 (7.3)

and by the E-dependence of the normalization A of |f). If all electrons are considered free,
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ie if f(ry,---,ry) = (2m)3N/2 H;V:1 exp(ik; - r;), the function \V is energy independent
and we deduce

N (E) PW psnje—1 _ GN/2-1)n B (7.4)

This means, for £ < 1 the cross section decreases rapidly with increasing number of particles
N. For Coulomb systems, this N scaling behaviour is not expected to be changed qualita-
tively when including final-state interactions in |f). E.g. if all the IV electrons are viewed as
moving independently in the field of the ion we obtain for the final state f(rq,---,ry) =

Nind H;V:1 exp(ik; - rj)¢;(r;, k;), where the distortion factor ¢;(r;, k;) describes the in-

th electron. As will be shown in detail below, the

fluence of the residual ion field on the j
N -1 _
=1k =

H;V:l (2Ej)_1/ 2. Combining this threshold behaviour of Njpg with Eq. (7.3) we obtain

normalization factor N4 in this case has the behaviour limpg, o Njpq — []

Nt (E) ind ZN-1 _ (N-1)nE (71.5)

This threshold law is valid when the strength of the ion Coulomb field dominates over all other
interactions in the systems, e.g. for highly charged ions. Including the correlation between the

electrons decreases the cross section, as shown for N = 2 (cf. Egs. (6.30, 7.5)).

7.1.2 Structure of the total potential surface for N electron systems

A key ingredient of the Wannier theory for double escape is the existence of a saddle point
in the total potential surface around which the total potential can be expanded. Thus, an
important question to be answered for a many-electron system is how to determine the saddle
points of the potential. Fig. 7.1 (b) gives a first hint that in many electron systems several
(local) saddle points can exist, e.g. for £; + E3 = 0 but for 5 < 0, i.e. if electron “3” is
bound to the core we obtain the saddle point known for the two electron escape. The saddle
points we are interested in are singled out by the requirement that all excited particles recede

from the residual ion into the asymptotic region ! with a vanishing total energy.

'In the Wannier theory the R subspace is divided in three zones: the reaction zone 0 < R < a, where a defines
the region in which a description of the internal structure of the atom is important. In the Coulomb zone a < R < Ry
the internal structure of the residual ion is irrelevant for the motion of the two electrons, i.e. one can treat the ion as
a point charge. In the free zone R > Ry the kinetic energy is much larger than the potential energy. The constant
hyperradius Ro marks the border between the Coulomb zone and the free zone and is determined by the condition

2
that the kinetic and the potential energies are of the same strength, i.e. |E| = ;—0 where e is the charge of the electron

and E = (k? + k2)/2 is the Kinetic energy. At threshold (E — 0), the distance Ry tends to infinity and therefore
only the Coulomb zone is of interest for threshold fragmentation studies.
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The total potential V' can be divided into an attractive U, and a repulsive part U,.

Yz Yo
V=U,+U, Us==) =, UT:ZW. (7.6)
i’ gi

As in the two-electron case, the potential V' (7.6) can be transformed into hyperspherical

coordinates. The hyperradius is defined as

(7.7)

The total potential can be written as [213]
V =C(w)/R. (7.8)

Here w stands for a set of 3N — 1 angles that are chosen appropriately 2. Stationarity at a fixed

R is then deduced from the condition
VC(w) =0.

Furthermore, the curvature of C'(w) is as well needed to pin down the nature of the extremal
points, as demonstrated in the two-electron (Wannier) case.

The following analysis relies on the fact that U, is always negative and U, is always
positive. As a consequence the total potential is minimal if U, is maximal and U, is minimal.
Therefore, we investigate the stationarity of U, and U,. separately. Let us first inspect the
extremal positions of the attractive part U, of the potential (7.6) at a given hyperradius R. For
this purpose the function g(\) = U, + A(R? — r?--- — r%;) has to be analyzed where ) is
a Lagrange multiplier. Due to the structure of the equation (7.8) for the total potential at a
given R it is more convenient to inspect the function C' = R g. Introducing the dimensionless

parameters
Q; =T, / R,
we find that C' is stationary for

Q50 = 1/\/N

2Due to rotational invariance only 3N —4 angles enter dynamically into the solution of the problem, the remaining
three (Euler) angles describe rigid-body space rotations.
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Furthermore, C' has the power expansion
C(a;) = —Cno — %Cm Z(aj — o)t 4, (7.9)
J
where the expansion coefficients are given by
Cno = ZN®3/2,  Ci9 = 3ZN3/2. (7.10)

Egs. (7.9, 7.10) are in complete analogy to Egs. (6.12, 6.13) that result from the expansion
of the total potential around the Wannier saddle points in the two-electron case. In fact it is
straightforward to verify that Egs. (7.9, 7.10) reduces to Eqgs. (6.12, 6.13) for N = 2 and if the
electron-electron interaction term is neglected. The stationarity condition a;; = 1/ VN means
that all electrons have the same distance from the residual ion. The actual geometrical ar-
rangement of the electrons around the ion is deduced as follows: The gradient of the potential
is the force F, exerted by the ion on the electronic cloud. Since this force F,. does not change
sign, the minimal value that can be acquired by F, is zero. The minimum is reached when the
center of the electronic charge coincides with the position of the ion. This is deduced from the

following equation

—ZN3/2 | & —ZN3/?
e TR | T T few
J
Fr=0 = Rcm=0, (7.11)

where R is the center of mass of the electronic cloud. The geometrical arrangement of
the electrons in space at the stationary position of the total potential is further determined by
minimizing the repulsive term U,. The geometrical shape formed by arranging the electrons
around the ion has to be invariant under rotation. This is because such a rotation is generated
by a cyclic permutation of the electrons and such a permutation leaves the potential invariant.
Furthermore, the geometrical shape has to be invariant under a reflection at any plane P that
goes through the ion and bisecting any r;;, where r;; L P. The reason for this is that this
reflection operation is equivalent to an exchange of only 7 by j (and subsequent rotation if
needed).

The arrangement of three electrons around the ion in the equilibrium configurations form
an equilateral triangle, four form a regular tetrahedron and five form a symmetric bipyramid,

these shapes are illustrated schematically in Fig. 7.2.
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(a) (b)
(c) (d)

Figure 7.2: The Wannier configuration at the saddle point for two (a), three (b), four (c) and
five (d) electrons.

7.1.3 Quantum mechanics of /V electrons at low Kinetic energies

The quantum mechanical state U g ( R, w), at the total energy E of N interacting, non-relativistic

electrons is determined by the Schrodinger equation which in hyperspherical coordinates has
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the form [209]
[A v+ QE} Up(R,w) =0,

A? 20 (w)
R? R
The second-order differential operator A acting only in the subspace spanned by the angles w

{leaRRBNlaR - + 2E} Wi (R,w) = 0. (7.12)

is the grand angular momentum, i.e. it is the quadratic Casimir operator of the 3/N-dimensional
rotation group® SO(3N). All Coulomb singularities, occurring when any two-particles dis-
tances tend to zero, reappear in the hyperspherical coordinates w. The motion along R is
singularity free for N > 1 *. This statement is readily substantiated by considering the Pois-
son equation

AV = —4m " Z6(r;) + 47y 6(ri —1)). (7.13)

J i#j
From Eq. (7.12) we inferred the form of the hyperspherical Laplacian A =

R'73NORR3N=19x — A%2/R? and insert it in (7.13) to obtain

_ - —47 Zo(R), for N =1,
AV = ACW)/R = { LA+ 3(N—1)]Cw), for N>2

Recalling that the volume element in hyperspherical coordinates® behaves as RV ~! near the

(7.14)

origin we conclude that for N > 2 the motion along the coordinate R is free from singularities.
This means all two-particle Coulomb singularities must be contained in the coordinates w. At
the N particle coalescence point, i.e. for R — 0, the wave function Vg (R, w) possesses a
power series expansion containing logarithmic terms in R, the so-called Fock expansion, that
will be briefly sketched in the next chapter.

As in the three-dimensional space, where A coincides with the orbital momentum operator,

the eigenvalues and the eigenfunctions Fx (w) of A? are determined from the relation’
3N -1

AN Fg(w) =K (K +—

) Fr(w), K=01,2,---. (7.15)

3The grand angular momentum A? is given by A2 = > =i A?j, where A;; = x;p; — ;p; are the generators
of space rotation in Ry (cf. appendix A.1). The position (x;) and momentum (p;) operators satisfy the canonical
commutation relation [z;, p;] = &;; and the scalar operator A2 commutes with all the elements A;;, i.e. [AZ, A;;] =
0, Vi,j.

“This makes the radial coordiante R a possible suitable choice as an adiabatic coordinates as well as a reasonable
measure for the size of the IV particle system.

5The N dimensional volume element dVy = vazl d3xj transforms in hyperspherical coordinates as dVy =

dRdS = RN—1dRdQ, where dS is the element of the surface area. We note that f Q) = 1%’(’”71\722) and that the
volume of an N dimensional sphere is Viy = %RN , where I'(z) is the Gamma function [99].

The eigenfunctions of A are obtained by considering the harmonic homogeneous polynomials Y » (r) of degree
). Homogeneity means that Y 5 (r) = 7Y (w). Acting with the hyperspherical Laplacian on Yy (r) and using the
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The first order derivatives in Eq. (7.12) are transformed away upon the ansatz

3N—-1

Up(R,w)=(kR)” 7 ¢p(R,w), (7.16)

where k = V2FE is a hyperspherical wave vector. Since the whole system is invariant under

overall rotation the angular and radial part of the wave function ¥ (R, w) are separable, i. e.
YE(R,w) = xX(R)Fk(w). (7.17)

For the region where around the saddle point the potential C'(w) varies slowly and therefore
gradient terms of C'(w) can be neglected, i.e. one may approximate C(w), to a first order, by
the value Cy = C(wy) at the equilibrium position wy. Taking Egs. (7.15, 7.16) into account

and inserting Eq. (7.17) into (7.12) we obtain a one dimensional determining equation for the
x(R)

L(L+1 2C
{aﬁ_%+?@+w}mm 0, (.18)

where

3N -1

L(L+1)_K<K+ >+(3N1)(3N3)/4.

Eq. (7.18) has the same structure as for one particle in an external potential that we treated
before, [cf. Eq. (3.2)]. At £ = 0 the solution of Eq. (7.18) is given in terms of Hankel

functions

L (R) = VR {er H{}) (V=8CoR) + e HiY, (V=8CoR) } (7.19)

where c; and cy are integration constants. Of interest for the fragmentation channel is the

large R asymptotic of the function (7.19) which is

X(R) R:}O R1/4 |:cllei\/SC'oR + 0/2671'\/86_'011 , (720)
where ¢; and ¢, are constants and Cy = —Cj.

Away from the equilibrium position C(w) # Cy = constant, the problem is then to find

a solution for the equation (at £ = 0)
02 A%+ (3N —1)(3N —3)/4 N 20 (w)
R R2 R

} }wE(R,w) =0. (7.21)

homogeneity and harmonicity properties of Y 5 (r) yields for the n dimensional operator A
A2 (W)Y (W) = AA +n —2)Yy (w).

From all possible eigenfunctions Y} (w) only those are then adopted which are finite, single-valued and continuous
over w. These are the so-called hyperspherical harmonics.
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The solution (7.20) at the stationary point suggests the ansatz
¥i(R,w) = R™ exp [i\/ﬁq(w)]. (7.22)

The function g(w) is determined by inserting (7.22) into (7.21) which yields

{— % [exp[—i\/ﬁ q(w)] A explivVR q(w)] ]

"(”];3# + 25 nln— 1) — (3N ~ 1)(3N - 3)/4]
_ % [¢%/4+ 2C(w)] }R” —0. (7.23)

Expanding the exponential term in this equation in a power series we obtain
exp(—ipgq) A* exp(ipq)
. 1 1
= A +ip[A% ¢ = 590" [[A%,q, ] — 5903{[[/\2,(1},(1] ,q] REE
In addition, one can show that the commutation relation
[[[Az,q],q] ,q} =0

applies which leads to the exact relation

1

exp(—itpg) A” explipg) = A* +ip[A%,q] — 5¢* [[A%, gl q] -
Inserting this relation in Eq. (7.23) leads to
i
{ s (0= 1/ - (4%
1
+ 1 [n(n—1)— (3N —1)(3N —3)/4 — A*] +
1[1
+ 5 |5l d d - a* /- 2C(w)} }R” =0. (724)

This equation can be further simplified by taking advantage of the relations [A2, ¢]g(w) =
9A?q—2(Vg) - (Vq)and [[A g, ¢]g(w) = —29(Vq)?, Vg(w).
Since we are interested in the asymptotic (large R) behaviour we neglect the term that falls

off as R~2 leading to the conclusion that Eq. (7.24) is valid identically if

P +4(Vg?+8Cw) = 0, (7.25)

1 /A2
~ 4 (—q) - (7.26)
4 q w=wqo
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The condition (7.26) is deduced from the fact that the gradient of the function R at the equi-
librium position wy has to vanish. Since Eq. (7.25) is quadratic in ¢ we obtain two solutions
(21 and )5 and accordingly, due to Eq. (7.26), two exponents 11 and no. These two solutions
merge together at wy as shown above.

Equation (7.21) is invariant under the exchange
(kR,C/k) S (R, C). (7.27)

This transformation combined with Egs. (7.25, 7.26) leads to the constraint that the whole

solution (7.22) should be invariant under the transformation
(kR,C/k,Q1/Vk, Q2/VE,n1.n5) S (R, C, Q1,Q2,n1,n2)- (7.28)

The solution (7.22) has thus the form
Ye(kR,w) = (kR)”‘*{A (kR)" ™1/ exp iVR Qu(w)]

+ B (kR)" 14 exp {i\/ﬁQQ(w)}}, (7.29)

where A and B are energy dependent constants. Thus, the total wave function (7.16) has the

form
Up(R,w) = (kR)" "2 +i A {(kR)"1‘1/4 exp [ix/ﬁ %}
+ DE™™"2 (kR)" Y4 exp {Nﬁ% %} } (7.30)

Here we made use of the condition B = Dk™ ~"2 A where the constant D is energy inde-
pendent. This constraint ensures that both parts of the solution (7.29) are of equal magnitudes

near threshold.

7.1.4 Quantal calculations of the universal threshold behaviour

As discussed above using Eq. (7.2) the cross section for the escape of multiple electrons de-
pends on the phase space factor p(E), as given by Eq. (7.3), as well as on the excess-energy
dependence of the transition matrix elements. The latter dependence is solely determined by

the behaviour of the final state, i.e. of Eq. (7.30) as function of the energy: For n; > ny the
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first part of this wave function (7.30) (which behaves as k=~ 2 +a ) dominates asymptotically
and yields thus the normalization of the wave function. In the internal region, which the rele-
vant region for the evaluation of the transition matrix elements and hence for the cross section

Eq. (7.2), the second part of the wave function (7.30) is decisive. The energy dependence of

Eq. (7.3) we deduce the universal threshold behaviour

oVt x Emme—i, (7.31)

To obtain the value of the exponent for a certain number of particles N one has to solve the

equations (7.25, 7.26). E.g. for two particles we obtain

100Z—-9
mo= I R
100Z -9
ng = _L + 324217 (7.32)

which determines the energy dependence of the cross section to be
+ o gV ) (1.33)

This relation is identical to the Wannier threshold law that we derived classically in sec-

tion (6.1.1).

7.1.5 Incorporation of symmetry and spin in many-particle wave
functions

The above treatment of the IV electron wave function does not account for the spin variable.
For non-relativistic systems, in which the spin and the spatial degrees of freedom are decou-
pled, the effect of the spin degrees of freedom can be considered separately. The spin part of
electronic wave function dictates then the symmetry of the radial part in such a way that the
antisymmetry of the total wave function is ensured. According to Knirk [213] the wave func-
tions (7.16) can be classified by means of the following good quantum numbers: the parity
(), the total orbital momentum and its projections L, M7, as well as by the total spin (.5) and

its components along a quantization axis (Mg). The wave function (7.16) is then written as

3N 1
Vg v, smg(R,w Z% oy (R, w)0j sy, (7.34)

where the functions ¥ 1, (R,w) have the same radial structure as Eq. (7.22). Furthermore,

the functions ©, s/, are spin joint eigenfunctions of S? and S,. The index j runs over the
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degeneracies of the spin states of S2. The Pauli principle imposes certain symmetry properties
on ¥ ., (R,w) when two electrons are exchanged, in particular some of the functions
¥~ (R, w) will have nodes at the equilibrium position. This situation can be accounted

for by writing v s, (R, w) in the form (cf. Eq. (7.22))
Vi nrnny (Row) = fixpa (W) R™ exp[ivR q(w)).

Repeating the steps for this function as done for the ansatz (7.22) one derives the determining

equation

{# [(n—1/4)q — [A%,q] ] + % {”(” —1D)-BN-1)EN-3)/4- Az}

+ % [%[[Az,q],q] —¢*/4 - QC(w)] }Rn firom, (W) =0. (7.35)

Comparing this relation with Eq. (7.23) one can repeat the steps leading from Eq. (7.23) to the
determining relations for ¢(w) and (n) (7.25, 7.26) and obtain the same relation (7.25) ¢(w),
i.e. ¢(w) is independent of the nodal structure of the wave functions. The exponents n depend

however on f, i.e. on the nodes of the wave functions near the stationary point:

_ 1 (A4 (Va) - (Vf))
n = Z + (T)w_wo -2 ( qu J )w_wo. (736)

From Eq. (7.31) it is clear that this change in n will be reflected in a modified threshold law

when the wave function possesses nodes at the equilibrium’.

7If the wave function has no nodes at the saddle point the function £ is unity.



8 Highly excited states of many-body systems

In the preceding chapters we have seen that the description of quantum mechanical two-
particle systems can, in general, be reduced to the treatment of a one particle problem for
the relative motion, that can in general be handled exactly by theory. Ground state properties
of many-body systems can as well in most cases be treated theoretically by utilizing varia-
tional techniques to find the minimal (ground-state) energy of the system. For excited systems
the situation is more complex. Already for three particles one observes the formation of res-
onant states that are strongly affected by electronic correlation. Semi-quantitative and exact
diagonalization methods provide a satisfactory description of these autoionizing states. With
an increasing number of electrons and/or higher excitations such methods become however
intractable. Under certain special conditions (e.g. Y = 0), quantities (such as the low-energy
total cross section) which are determined by the available N particle phase-space can be de-
rived from a general consideration of the structure of the IV particle wave function. Apart
from these special cases, we are faced with the problem of how to construct approximate
many-body wave functions. It is the aim of this chapter to address this question for a system

consisting of N interacting excited electrons.

8.1 General remarks on the structure of the /N particle
Schrodinger equation

Before addressing the solution techniques of the many-body Schrodinger equation it is in-

structive to recall some general aspects of the many-body wave functions.

8.1.1 The Fock expansion

As discussed in previous chapters, the treatment of the two-body problem involves in general

the solution of a one-dimensional, second-order ordinary differential equation. Solutions of
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such equations can be expressed in terms of a power series in the relevant variables [1]. The
existence and convergence of such solutions are guaranteed by well-established theorems in
the field of ordinary differential equations [215]. In essence, a power series expansion for
regular solutions exist if, and only if, the potential has a power series expansion including at
most a weak singularity.

The treatment of non-separable, many-body problems requires the solution of higher di-
mensional partial differential equations. To connect to the theory of ordinary differential
equation one may convert the N particle Schrodinger equation into an equivalent system of
second-order ordinary differential equations, e.g. as done in the hyperspherical treatment. On
the other hand, one may attempt to solve approximately the NV particle Schrodinger equation
directly. For both routes, there exist, in general, no power series solutions analogous to the
one-dimensional case. The main reason behind this difference between the two and many-
body problems is that the Schrodinger equation for NV particle systems contains a multi-center
potential for N > 2, and a non-central interaction generates in the solution logarithmic terms,
in addition to powers in the relevant particle variables.

A prominent example of this situation is the fact that the ground state of helium can not be
expanded in an analytic series of the interparticle coordinates [216]. Bartlett proved the exis-
tence of a formal expansion including logarithmic functions of the interparticle coordinates.
A direct practical demonstration of this (anomaly) has been demonstrated by Fock [204], who
used the hyperspherical coordinates to show that the exact three-body wave function ¥ (R, w)

has, in the neighborhood of the three-body coalescence point (R = 0) the expansion
0o (k/2]
U(R,w)=> R* > (InR)” hyp(w) , (8.1)
k=0

p=0 IR|<1

where the upper limit on the second summation [k/2] denotes the largest integer that does
not exceed k/2. Substituting this expansion into the Schrédinger equation Fock obtained
a recurrence relation, involving differential operators, for the angular functions )y, (w) for
k = 0 and k = 1, and he obtained solutions which are in agreement with those of Bartlett.
Since the original work of Bartlett and Fock a considerable amount of studies on the Fock
expansion have been carried out (e.g. [217-224]). In particular it has been shown [220, 221]

that the Fock expansion can be extended to an arbitrary system of charged particles and to

states of any symmetry. In fact Leray [225] proved that every solution of the N electron
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Schrodinger equation can be written in the form of the Fock expansion. However, an explicit
numerical investigation of the expansion coefficients for an arbitrary number of electrons is

still outstanding.

8.1.2 The Kato cusp conditions

The Coulomb interaction between two charged particles diverges at their coalescence point.
On the other hand the normalization condition of the wave function ¥ implies that |¥| has
to have an upper bound everywhere. In fact Kato [140] has shown that all eigenfunctions
of a many-particle Coulombic system are continuous everywhere and hence finite, even at
the Coulomb singularities. This means the divergences of the potentials at the two-particle
collision points have to be compensated for by equivalent diverging terms in the kinetic energy.
Kato has shown that this behaviour is reflected in certain properties of the exact wave function
around the two-body coalescence points. Namely, he proved that if two particles of masses
m; and m; and charges z; and z; approach each other (r;; — 0) and all other interparticle
distances remain finite then the many-body wave function ¥ has to satisfy (the Kato cusp
conditions) [140]

0w

0 rij

=2z 1y ¥(ri; =0), VYV i,j€[1,N], (8.2)
;=0
where U is the wave function averaged over a sphere of small radius . < 1 around the
singularity 7;; = 0 and p;; is the reduced mass of the particles ¢ and j.
Later on Kato’s result has been extended [226] by inspecting the solution in the vicinity of
the coalescence points and requiring all the terms that diverge in the limit of r;; — 0 to cancel

each other. This yields an expansion for the wave function ¥ in the form (r;; = r)

co m=1
U= Z Z rl flnL(T) }/ZTYL(ea Qb), (83)
=0 m=-—1
where
fim(r) = £ (r) [1 + L 00)]. (8.4)

The function f; is the first term in the series expansion ! in powers of r

Fim(r) =" fhr.
j=0

IThe correct power expansion of the wave function around the two-body collision point is best illustrated for the
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8.1.3 Boundary conditions for the N-body problem

In addition to the regularity conditions (8.1, 8.2) certain asymptotic boundary conditions can
be imposed on the solution of the Schrodinger equation. As illustrated in the case of two
particles (page 14), according to the prescribed boundary conditions, appropriate solutions
for standing (i.e. bound) waves (2.54), outgoing waves (2.55), or incoming waves (2.56) have
been singled out. When carrying over this procedure to many-body systems one encounters
two problems: (1) For NV > 2 a variety of (mixed) boundary conditions (or channels) occurs,
e.g. one may consider a system of [V (indistinguishable) electrons, where few electrons are
bound and few others are in the continuum, as detailed in section 9.8. (2) For Coulomb
systems the boundary conditions, as such are difficult to derive. This is because the Coulomb
interaction has an infinite range and the particles are strictly speaking never free.

Since we know the exact form of the Coulomb two-body wave functions (2.54, 2.55,
2.56), the asymptotic behaviour is readily deduced in this case. This same behaviour is as
well easily obtained by considering the Schrodinger equation for the relative motion of two

charged particles (with charges z; and 22 having a reduced mass p)

2
A @ + k2| Ty (r) = 0. (8.5)

The position vector r is the two-particle relative coordinte and k is the momentum conjugate
to r. The distortion of the plane wave motion due to the presence of the potential is exposed

by the ansatz
U (r) = Nie™ U (r), (8.6)

where N}, is a normalization factor. The large relative distance (asymptotic) behaviour of (8.5)

is obtained by neglecting terms that fall off faster than the Coulomb potential. This leads to

HZ122
r

[ik V- } Ty (r) = 0. (8.7)

case of a one-electron hydrogenic positive ion with a charge Z. In this case the wave function behaves as

W ot [1 I (9(7«2)} Yim(0,6) = 8,0 [er — z¢l +(9(7'l+1)] Yim (0, ).

I+1

Thus, for [ = 0 we readily conclude

= —ZU(r =0).
o (r=0)
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This equation admits a solution of the form ¥ = exp(i¢), where

oE(r) = i#lnk(r;f{-r). (8.8)
Thus, the asymptotic wave function reads

Ty (r) = Nkeik‘r eiiaklnk(rq:R~r), (8.9)

which explicitly displays the Coulomb potential-induced modification of the asymptotic plane-
wave motion. The factor z12op/k = z129/v (v is the relative velocity) is the Sommerfeld
parameter that we introduced in Eq. (2.57).

The result (8.9) coincides with the asymptotic form of the wave function (2.56), i.e. in
the two-particle case the procedure of solving the asymptotic Schrodinger equation is redun-
dant. This solution strategy becomes however useful when considering many-particle systems,
where the exact wave function is unknown.

In fact it has been suggested [71] that in the limit of large interparticle separations, the
wave function ¥(ry,--- ,ry) for N charged particles (with charges Z;) moving in the con-

tinuum of a massive residual ion of charge Z takes on a generalized form of Eq. (8.9), namely

N N
Jim W(ryoeory) = @)Y [T vuy),  810)

Typ—>00 s=1 i,j=1
>0

vV Iym,n € [l,N];m >l

The functions &;(r;), ¥;(r;), ¥i;(r;;) are given by

§i(rj) = exp(ik; 1)), 8.11)
%’(I‘j) = exp |::|:i0lj ln(kj T + kj . I‘j) :| s (8.12)
'l/Jij (I‘ij) = eXp |::FZOZZ] ln(kij Tij + kij . rij) :| . (813)

The vectors k;; are the momenta conjugate to r;;, i. . k;; := (k; — k;)/2. The Sommerfeld

parameters o, o;; are given by

77 24
Qi = —, a; = .
Uij 'Uj

(8.14)

In Eq. (8.14) v; denotes the velocity of particle j relative to the residual charge whereas
v;j = vi — vj. While the functional form of Eq. (8.10) is plausible accounting for each pair

of interaction by a corresponding Coulomb-phase distortion, the actual derivation of Eq. (8.10)
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is not as straightforward as in the two-body case. This is due to the many-body correlation

between the particles, even in the asymptotic region.



9 The three-body Coulomb system

The classical three-body problem, e. g. the study of the dynamics of the system moon-earth-
sun, has been the subject of research since the early days of modern physics, yet there are still
some unanswered questions to be addressed [86,87]. The quantum mechanical atomic analog,
namely the Coulomb three-body problem is as well one of the first “many-body problems” to
be investigated quantum mechanically [88] and is still the subject of lively research, as de-
tailed below. From a formal point of view, the three-body problem is generally not solvable
exactly in the sense, that the number of integrals of motion is less than the number of degrees
of freedom. On the other hand, it has been demonstrated using several methods that, e.g. for a
system consisting of two-electrons and a positive ion, physical observables can be calculated
numerically and are in an impressively good agreement with experimental findings [92-97]
(see also [317,321, 322] and references therein for different types of three-body systems).
This kind of numerical studies, not covered in this work, is extremely important for predict-
ing reliably and/or comparing with experiments. On the other hand, it is highly desirable to
uncover analytically the features pertinent to the three-body motion and trace their footprints
when considering systems with a larger number or containing different types of particles. In
this context it should be mentioned that, from a conceptual and a practical point of view,
methods and tools that are developed for the three-body problem are not a priori relevant for
may-body (thermodynamic) systems. This is because, in contrast to few-body systems, in
an extended medium the fluctuations in the values of the single-particle quantities (such as
energies and momenta) are generally of a less importance for the mean-field values of the re-
spective quantities. This observation can be utilized for the description of phenomena inherent
to thermodynamic many-body systems, such as their collective response. On the other hand,
however, with increasing number of particles in a “small” system, a crossover behaviour is

expected to emerge that marks the transition from a small (atomic-like) to an extended, ther-
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modynamic behaviour, and vice versa (see Refs. [21, 105, 368] for concrete examples). It is
one of the aims of this and of the forthcoming chapters to address these issues using purely

analytical methods.

This chapter is devoted to the analytical treatment of the three-body Coulomb scattering
problem, which has received recently much of attention [71-77,79-82]. While, in contrast to
the two-body problem, exact three-body solutions are not available, under certain, asymptotic
conditions analytical solutions can be obtained. These solutions are found to carry some of
the general features of the two-body scattering, such as the characteristic asymptotic phases.
In section 7 we encountered another special situation, where the solution can be expanded in
a power series around the saddle point of the potential with the expansion coefficients being
determined by the properties of the total potential surface. Apart from such special cases,
the treatment of the Coulomb three-body problem is complicated, mainly because of the infi-
nite range of Coulomb forces which forbids free asymptotic states of charged particles. This
excludes the straightforward use of standard tools of scattering theory, such as the standard

perturbation expansion (more precise details are given in chapter 11).

On the other hand, one can always attempt to solve the Schrodinger equation directly.
An important prototype of three-body systems, where such an attempt has been undertaken,
consists of two electrons moving in the field of a massive nucleus. Such systems are realized
as the final state achieved in the electron impact ionization (the so-called (e,2e) process) and
in the double photoionization of atomic systems (this process is referred to as (-y, 2e) process).
One of the traditional method to solve the Schrédinger equation in this case is to reduce the
three-body system approximatively to two two-body subsystems which are uncoupled in the
configuration space. The correlation between these two subsystems is then accounted for
parametrically, e.g. by the use of momentum-dependent effective product charges [122—-124].
This results in a six-dimensional wave function of the three-body continuum state, which
is expressed in the coordinates r,, r; of two electrons a, b with respect to the nucleus. No
explicit dependence appears in the solution on the electron-electron relative coordinate r,, =
r, —rp. This means that wave functions provided by such methods do not satisfy the Kato cusp
conditions at the electron-electron collision point (the derivative with respect to r,; vanishes,

cf. Eq. (8.2)). Furthermore, asymptotically these solutions do not go over into the known
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asymptotic form. Therefore, it is necessary to address the full dependence of the Schrodinger

equation on the coordinate r,; that describes the electronic correlation.

Mathematically, the three-body Schrodinger equation constitutes an elliptical partial dif-
ferential equation in six variables with a non-denumerable infinity of solutions. Therefore,
to single out the physically meaningful solution, appropriate boundary conditions are needed
which are prescribed on an asymptotic five-dimensional closed manifold M. Unfortunately,
even the specification of such asymptotic states is an involved task. Redmond [71] and oth-
ers [72, 125, 126] proposed asymptotic scattering states valid in a subspace of M in which all
interparticle distances tend to infinity. Alt and Mukhamedzhanov [75] argued that a correct
description of the whole asymptotic region M requires the introduction of local relative mo-
menta. It should be remarked here, that asymptotic states are needed as boundary conditions
to select acceptable solutions of the Schrodinger equation. From a practical point of view,
however, the asymptotic wave functions are of limited value, for the evaluation of transition
amplitudes involves an integration over regions in the configuration space which are outside

the asymptotic domain M.

The next sections outline a strategy to construct three-body continuum states which are,
to a leading order, exact asymptotic solutions on the manifold M. The Kato-cusp conditions
are shown to be satisfied at all three two-body collision points. The finite-distance behaviour
is also studied and the analytical structure of the wave function at the three-body dissociation

threshold is investigated.

9.1 Appropriate coordinate systems

As well-known from classical mechanics the appropriate choice of generalized coordinates
is an essential step in the solution of the equation of motion. Thus, it is useful to inspect
the possible suitable choices of coordinate systems for the formulation of few-body Coulomb
problems. Special emphasis is put on the coordinate systems that will be utilized in the next

chapters.
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9.1.1 Separation of internal and external coordinates

In the center of mass system, six coordinates are required for the description of the three-body
problem. Since the total potential is rotationally invariant one usually decomposes these six
coordinates into three internal coordinates describing the size and the shape of the triangle
formed by the nucleus and by the two electrons (cf. Fig. 6.1). Further three external coordi-
nates are needed to specify the orientation of the principal axes of inertia of the three particles
with respect to a space-fixed coordinate frame [these coordinates are usually chosen to be the

Eulerian angles (v, B, Ve)l-

9.1.2 Spherical polar coordinates

The total potential depends only on the internal coordinates. Therefore, one can use the spher-
ical polar coordinates 71, 72 and 6, that are displayed in Fig. 6.1 (page 80), and write the wave

function in the separable form [143,227]

L
Uin(ryre) = Y tue(ri,ra, 0)dig (e, Be, ve)- ©.1)
k=—L

The finite rotation matrices dﬁ“(ae, Be,Ye) are eigenfunctions of the total angular momen-
tum operator!. The advantage of this separable form of the wave function is most clear when
considering S three-body states, in which case there is no need to consider the external coor-

dinates?.

9.1.3 Hyperspherical coordinates

Hyperspherical coordinates (R, w), as previously introduced in Eq. (7.12), are a prototypical
example of accounting for the isotropy of space, i.e. for the invariance of the system under
overall rotations. The advantage of this coordinate system is that it displays explicitly the
good quantum numbers resulting from this symmetry, namely the orbital quantum numbers.

Disadvantage is the complicated form of the potential energy C'(w)/R. The hyperspherical

I'See Ref. [228] for the complications that arise for N > 4 and appendix A.1 for further details.

2For S states the kinetic and the potential energy terms have a transparent structure in the coordinate system
(r1, 72, 0), e.g. the Laplacian reads [229]

Apreit = rf2(9r1 r%&rl + r;2aT2r§aT2 + [rfz + r;Q] (sin 9)7169(sin 0)0g. 9.2)
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coordinate system is very well suited for the study of collective phenomena that occur when
the system expands or condenses (recall Eq. (7.13) on page 95 and the discussion thereafter).
The Wannier threshold behaviour that we discussed in the preceding chapter is just one of

numerous examples.

9.1.4 Relative coordinates

An obvious coordinate system in which the potential energy is diagonal, is the relative coor-

dinate system [230]
rl) 7"2, T12' (93)

These quantities are scalar and hence can be regarded as the internal (body-fixed) variables.
The price for the potential being diagonal is that the kinetic energy term is not separable,

e.g. for S states the Laplacian reads

—24 2 —24 2 —2 2
Arel = a7”1 r187‘1 + L) 87‘2r287‘2 =+ 2T12 a7”12711287"12 +
2, .2 2 2, .2 2
r{+ 7T =13 T+ T =T
781‘1 87‘12 + 787"2 8T12 . (9'4)

T1T12 T2T12

+

The weights of the mixed derivatives have a simple meaning, namely

2 2 2
I +T12—T- i .
cosf; = ——=—T:i£j=12.
2r;ir12

The angle 6 is § = arccos(r] - '), whereas the angles 61, 6 are displayed in Fig. 6.1. These
angles are the internal angles of the triangle formed by the three-particles. The rotation of this
triangle in space may be described by Euler angles.

In contrast to the hyperspherical coordinates that emphasize the collective aspects of
many-body systems, the relative coordinate system underlines the two-body nature of the
Coulomb interactions. Thus, this system is useful when considering situations in which the
two-body dynamics is dominant, e. g. in the asymptotic region. A major shortcoming of the
relative coordinate system is its restriction to the three-body problem in which case the number
of internal variables coincides with the number of particles. In contrast, for N-body system
N(N — 1)/2 relative coordinates are present. Therefore, the definition (9.3) is unique only

for the three-body system.
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9.1.5 Elliptic coordinates

To account for the fact that a three-body electronic system has a definite symmetry under
particle interchange one may use the elliptic coordinates, defined as

s=ri+rey, t=ri—7ry, uU=r. 9.5)
As clear from this definition, ¢ (s) is odd (even) under particle exchange. The angular corre-
lation is described by the coordinate u. As readily verified, the potential energy has a simple
structure in these coordinates on the expense of having non-separable kinetic energy terms,

e. g. for S states the Laplacian has the form [231]

4
Aec = 2{8522 + 62522 + U728uu26u + m (883 — t@t)
9 (9.6)

* u(s? — t2)

For the three-body problem the elliptic coordinates turned out to be useful to exhibit the sym-

[s(u2 — t2)0,05 — t(u® — 52)6u8f} }

metry properties of the wave functions. For the N-particle case however we encounter the
same problem as in the relative coordinate case, because according to Eq. (9.5) one operates

with pairs of particles and the number of these pairs grows quadratically with N.

9.2 Coordinate systems for continuum problems

As discussed in details in Chapter 2 for a two-body Coulomb system there is a decisive dif-
ference between the generic symmetry operations associated with the bound (O(4) rotations)
and continuum states (rotation plus translation). This is clearly exhibited by the structure of
these states: While the bound states (2.26) explicitly indicate the isotropy of space (and hence
the use of spherical coordinates is appropriate), the analytical structure of continuum states
(2.55, 2.56) underlines the existence of a preferential direction (the polar vector k). Thus, the
appropriate symmetry operations are translation along and rotation around the quantum num-
ber k. The overall rotation symmetry is still conserved but in the sense that the position and
the direction k is rotated. As a consequence of this difference between bound and continuum
states we have seen that the most appropriate coordinate for the continuum (Stark) states are
the parabolic coordinate set (2.49).

For continuum NV particle systems additional complications arise: The potential energy de-

pends on (few) internal coordinates only, and hence, from a dynamical point of view, it seems
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reasonable to employ an internal body-fixed coordinate system, such as (9.3). On the other
hand, the structure of the two-body Coulomb continuum wave functions (2.55, 2.56) indicates
the necessity to account for the space fixed direction k. In addition, since N body continuum
states are labelled by a number of wave vectors {k;}, j = 1,---, N, the translational and
cylindrical symmetry around one specific direction, say ki, is generally lost. Therefore, for
the N-body continuum case there is not a uniquely preferential choice for the most appropriate

coordinate system, as in the two-body case (2.49).

9.2.1 Jacobi coordinates

A coordinate system which is most suitable to describe the kinetic energy terms and to treat
all particles (of different masses) democratically is the Jacobi coordinate system [232]. In
contrast to the relative coordinate system (9.4) where the potential energy has a diagonal term
on the expense of having cross terms (even for S states), in the Jacobi coordinate system,
the kinetic energy is diagonal whereas potential energy has a complicated form. Since we are
going to employ this reference frame intensively later on, we examine it in some details for the
case of three-particles. For the general case of IV particles the reader is referred to Ref. [233]

and references therein.

Having separated out the uniform center-of-mass motion, a system of three particles, with
masses m; and charges Z; ¢ € 1,2, 3, can be described by one set of the three Jacobi coor-
dinates sets (r;;, Ry); 4,7,k € {1,2,3}; €1 # 0; j > . An illustration of this coordinate
system is shown in Fig. 9.1. A priori, no preference is given to any of the three sets of Ja-
cobi coordinates, however physically the different sets correspond to different grouping of the
three-body system, e.g. if two particles are bound the third is in the continuum it is advanta-
geous to use the set in which one of the Jacobi coordinates is the relative position between the

bound particles. The Jacobi sets of coordinates are linked to each others via the transformation

ri3 . rio ra3 _ 2
(R2)_D3(R3) and (Rl)_nz(Rg), ©.7)
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Figure 9.1: The different sets of the Jacobi coordinates (r;;, Ri); i,7,k € {1,2,3}; €56 # 0; § > 4.
The coordinate r;; is the relative position between particle 7 and particle j whereas Ry is the relative
position of particle k with respect to the center of mass of the two particles 7 and j.

where the dimensionless rotation matrices are given by the relations

paz/ma 1
D; = , and
° < 1= iz - paa/mi  —paz/m )
—pa2/ma 1
D, = . 9.8
2 < —1+ oz - priz/m3  —paz/ma > ©8)

The reduced masses are defined as
pig = mymj/(m; +my) ;5 i, 5 € {1,2,3}; j > i.

In what follows we denote the momenta conjugate to (r;;, Ry) by (kij, K). These momenta
are related to each others in a similar manner as in the case of the positions vectors, namely
() - (i) (i)
where D% and D} are respectively the transposed matrices of Dy and Dy. With these inter-
relations between the three sets of the Jacobi coordinates it is straightforward to show that
the scalar product (r;;, Ry) - ( i(éz > has the same value for all three sets of the Jacobi
coordinates.
The special feature of the Jacobi coordinates is that the kinetic energy operator Hy is

represented in a diagonal form, i. el

3For brevity, here and unless otherwise stated, no distinction is made in the notation between an operator O and
its matrix representation { «|O|a’ ) with respect to the basis {a}.



9.2 Coordinate systems for continuum problems 115

1 1

HO = 72 Ay 9
Hij Kk

AR, Vo (rij, Re), (9.10)
where the reduced mass p is given by
e = mi(m; +mj)/(m1 + ma + ms).

The eigensolution of the free Hamiltonian (9.10) are plane waves expressed in Jacobi coordi-

nates with an eigenenergy

2
By S, Ki
2uij  2pk

Vo (ki Kg) - ©.11)

The full three-body time-independent Schrédinger equation

3
7.
Ho+> r"‘? —E| (rp,Rp|¥) =0 9.12)
s g
i35
has however a complicated form in the Jacobi coordinates, because the relative coordinates 7
occurring in the potential part have to be expressed in terms of the chosen Jacobi set (r;, R,,).

This done by utilizing Eq. (9.7). In Eq. (9.12) product charges have been introduced as Z;; =
Z;iZ;j5 5 >1i€{1,2,3}.

9.2.2 Parabolic coordinates

As discussed in the case of two particle scattering the appropriate coordinates for continuum
two-body states are the parabolic coordinates (2.49). Thus, it is suggestive to extend the
definition of the coordinate system (2.49) to the three-body case by introducing the curvilinear

coordinates [74]

&1 = mo3+Kkoz T3, M =7Ta3 — Koz - Ta3,
& = miz+kiz-riz, m =713 —Kkiz 113,
& = rip+kia-rig, N3 =T12 —kig 10 (9.13)
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The conditions for the uniqueness of this transformations are provided by the Jacobi determi-

nant

d§y Nd&a NdEs A dny A dng A dnz
dBI‘ij N ngk

= { {(1}12 X Egg) . I'23:| [f(w - (r13 % r23)}

+ [(RB X lA<12) : 1”13] {RZS - (r13 ¥ 1‘23)} } L (9.14)
723 T13 T12

This means the transformation (9.13) is unique if the vectors f{m and f{gg are linearly inde-
pendent. Note that in our case the vectors ng, f{gg and f{lg satisfy a triangular relation and
hence it suffices to ensure that f{lg and f{gg are linearly independent. The definition of the
coordinate set (9.13) does not include the variable ¢, which appears in the two-particle case in
Eq. (2.49). That is a consequence of the loss of the cylindrical symmetry around one specific
wave vector k;, due to the presence of the other wave vectors k;, ¢ # j, which are physically

relevant.

9.2.3 Parabolic-relative coordinates

The derivation of the two-body Coulomb bound states (2.54) in the parabolic coordinates
(2.49), as well as the analytical continuation of these states to the continuum (2.55, 2.56)
lead to an important observation: A plane wave state subjected to a Coulomb potential is
modified in a characteristic way. The Coulomb distortion effects are described by one coor-
dinate, either ¢ or 7, depending on whether incoming or outgoing wave boundary conditions
are imposed. For the formation of standing waves a (coherent) combination of incoming and
outgoing waves is required and hence the need for both ¢ and n for the description of the
bound states (2.54).

For the treatment of continuum states with well-specified boundary conditions, there is no
need to account, in the definition of the coordinates, for both incoming and outgoing wave
boundary conditions, as done in Eq. (9.13). Only n; or {;, j = 1,2, 3 are sufficient to account
for the Stark-like behaviour of the two-body Coulomb continuum states. This leaves us with
three other coordinates to choose.

A suitable choice is made upon recalling that the coordinates n; or §;, 7 = 1,2,3 are

pertinent to separate two-body systems. To account for a collective behaviour of the three-
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body system one has to introduce coordinates similar to, e.g. the hyperspherical, relative or

elliptical coordinates. Thus, we introduce the curvilinear coordinates [77]
€ = roz £ koz - 1a3,

+

&

+ . i,
&3 =ri2 ko - oo,

r13 £ kq3 - i3,

‘ 9.15)
4 = T23,
55 =T13,
§6 =T12 -

The coordinates (£4, &5, £¢) parameterize the shape and the size of the triangle spanned by the
three particles. The space-fixed dynamics is described by (£1, &2, £3). As in the case of (9.13),
the uniqueness of the transformations (9.15) is inferred from the Jacobi determinant
¢ Ad&y AdES A dés A dEs A dée
d3rij Ad3 Rk

0.8 {(R12 X 1A<23) R PX] [R13 : (1‘13 X 1‘23)]

+ (f{13 X f{lz) T3 [f{23 - (r13 % 1‘23)]} S - . (9.16)
T23 13 T'12
From this relation it is evident that the transformation (9.15) is unique if, e. g. | ng '1223 |# 1.

The =+ sign in the definition of the coordinates (9.15) indicate appropriate choices accord-
ing to the type of the boundary conditions.

An essential point which, unfortunately has not been yet thoroughly investigated, derives
from Eqgs. (2.53, 2.60, 2.61) (page 14). Assume we are able to derive approximate expressions
for the many-body continuum wave function ¥ with certain boundary conditions. Eqgs. (2.53,
2.60) suggest that the bound states wave functions can be obtained by combining wave func-
tions with incoming and outgoing wave boundary conditions. Continuing analytically the

normalization Ny of U one may be able to identify the bound state spectrum from the poles

OfN\p.

9.2.4 Parabolic-hyperspherical coordinates

A further important coordinate system, which makes use of the hyperspherical and the Ja-

cobi coordinates frame is the scaled coordinate system, called the parabolic-hyperspherical
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coordinate system [78]

1 R
€F = —(ras £ ko3 - ra3),

23
1 o
&F = —(ri3 £ kiz - r13),
13
1 R
+
= —(r12 £ k1o - r19),
&3 7‘12( 12 12 - T12) ©9.17)
¢ = arctan g,
Ry,
Y= ﬁk 'i‘j,

—2 .
p= (R +75)"%.

As will be shown below, the form of the Schrodinger equation is considerably simplified by

introducing the mass-dependent Jacobi coordinates

T = ng/z rj, Ry=u' Ry (9.18)
Again the introduction of the + signs in Eqs. (9.17) allows for the treatment of problems with
different kinds of boundary conditions. In Egs. (9.17) the coordinates &;, i € {1,2, 3} play
the role of Euler angles in a hyperspherical treatment where the laboratory reference frame is
specified by the directions of the relative momenta that are determined asymptotically. The

body-fixed dynamics is described by the coordinates (¢, v, p).

9.3 Approximate three-body states and the
parabolic-relative coordinates

Now let us inspect the structure of the Schrodinger equation in the parabolic-relative coordi-
nates (9.15). The potential energy depends only on &4, &5, &6 and is diagonal in these coor-
dinates. Thus, it remains to clarify the form of the kinetic energy. To this end we operate
in Jacobi coordinates and subsequently transform the Schrédinger equation to the parabolic-
relative coordinates (9.15). As we are considering continuum solutions of the Schrodinger

equation (9.12) at a fixed total energy (9.11) we make for the wave function the ansatz

\I/(I'ij, Rk) = Nkij,Kk exp(i r;- kij +i Ry - Kk-) \I’(I‘ij, Rk), 9.19)
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where N, r, is anormalization factor. Upon inserting this ansatz in the Schrodinger Eq. (9.12)

we obtain the following determining equation for the function ¥(r;;, R)

ij

1 1 (1 1
fArij + fARk + 2Z<kij . Vrij + —Ky - VRk)
Hig 22 Hij Kk

5 (9.20)

7.
_Q;ﬁ

n>m

U(r;;,Ry) = 0.

YR

The main task is now to transform this partial differential equation into the coordinate system

(9.15). Doing so Eq. (9.20) casts
[ Hpar + Hin + Huix] ¥ (&1,...,&) = 0. 9.21)

The key point is that the operator H,, is differential in parabolic (external) coordinates

(&1, &2, &3) only. It has namely the form

2 .
Hypor := [O¢, &1 O¢, + ikag &1 O, — 23 Zo3]
H23€4
2 .
+ [0¢, &2 Oc, + ik13 &2 Oy — p13 Z13)
11385
2 .
+ [0c; &3 O, + k12 &3 Ogy — pa2 Z12] . (9.22)
H12€6

It is important to note that the potential enters these equations as the constant product charges
Z;;. This means the eigenfunctions of the operator (9.22) diagonalize exactly the total po-
tential. Therefore, the terms H;, and Hy,;x in Eq. (9.21) must be due to parts of the kinetic
energy operator.

Inspecting the equation (9.22) one readily concludes that [, can be written as a sum of
three commuting one-dimensional differential operators, i. e.

2 2 2

T

where the operators he, satisfy the commutation relations

Hyor = hes, (9.23)
[he; he,] =0, i#j=1,2,3. 9.24)
The explicit form of the one-dimensional operators h; is
he; = O¢; & O¢; + ikt & O¢; — et Zris €5k # 0, (9.25)

which is readily deduced from Eqgs. (9.23, 9.22).
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Comparing Eq. (9.25) with the confluent hypergeometric differential equation (2.50) (on
page 14) leads to the conclusion that the eigenfunctions of the operators h¢; are the confluent

hypergeometric functions with zero eigenvalues. In other words we can write

he, [ 1F1 (iag, 1, =ik &5)] =0, € # 0. (9.26)
By virtue of Eqgs. (9.24, 9.23) one concludes that the closed form eigenfunctions of Hp,,

[Eq. (9.23)] with zero eigenvalues are
Hpar Vpar = 0, 9.27)

where W, is a direct product of the eigenfunctions of the operators he,,i.e

Upar(€1,60,63) = 1F1 (iazs, 1, —ikoz &)
1Fy (ians, 1, —ikis &)
1F1 (foae, 1, —ik12&3) . (9.28)
Here a;; = Z;ju;5/ki; are the Sommerfeld parameters.

The entire solution (9.19) is expressible in terms of the coordinates (9.15) because the

plane-wave arguments can be transformed into (9.15) and have then the form

3
m; +m;

kij-rij + Kig - Ry = Z Jr—;kij “Tij,

jri=1 T T M2 TS (9.29)

= &kgg (51 — 54) + ﬂklg (fg - 55) + &ku (53 - 56)
mq mo ms

The solution (9.28) coincides with the so-called 3C approximation [72—74,130]. The name
refers to the fact that this wave function consists of three two-body parabolic wave functions.
Due to Eq. (9.24) the normalization of the wave function (9.28) is readily obtained from the

normalization of the hydrogenic wave function in parabolic coordinates (2.58), namely
3
Ni, i, = @2m)7% [ e ™92 T (1 — ioy;). (9.30)
i>j=1
The operator H;, in Eq. (9.21) is differential in internal (body fixed) coordinates only and

depends parameterically on the coordinates &, /2/3. It is explicit form is

1 §1— &, |
H;, = — (94 84+22k 84

123 54 k. &4 0 gy ¢ |
1

+ — a&, €20, +2i ki3 &2 55 a&,
H13 55
1 & — & 56

+ 86 O +21 k 86 ) 9.31
H12 56 ¢ 56 . P &6 ¢ ( )
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It is remarkable that this operator possesses a structure similar to Hy,,,, namely Hj,, is the sum

of three commuting operators operating in a one dimensional space:
H;, = h& + hEs + hgﬁ, (9.32)

where he,,j = 4,5,6 are respectively the three terms in Eq. (9.31) (for example he, =
é O, &3 Oc, + 21 kog 515_454 O¢, |). From Eq. (9.31) it is readily deduced that the fol-

lowing commutation relations
[he, e, ] =0, i #j=4,5,6, (9.33)

apply. The eigenfunctions of the operators he;,7 = 4,5,6 can as well be found in closed
form. Since these operators are parts of the kinetic energy, their eigenfunctions will not show
the slow decay characteristic for the Coulomb potentials. In fact, if we inspect for example
the operator he, we arrive at the conclusion that the derivative f¢, of its eigenfunction is

determined by the differential equation

(€4 O¢, +2(1 + 1 kos&y) — 210 kos&al fe, = 0. (9.34)

This equation can be solved by the ansatz

fe, = Ne, eMéat e 111(54)7

which after inserting in the differential equation (9.34) yields
2ikas
feo=Ne, (&) et g2, (9.35)

This relation exhibits explicitly the fast decaying behaviour of the eigenfunctions of H;,, with

growing &4, which underlines the unimportance of H;, for the asymptotic behaviour. At short

distances however, the contribution of Hj, to the total solution is generally not negligible.
The remainder term H,,;x contains mixed derivatives resulting from off-diagonal elements

of the metric tensor and couples internal to external motion*

Hyix = Z {(Ve,€0) - (Ve &) + (VR &) - (VR o)} Oc, 06, . (9.36)
uFv=1

4Note that the operator Hjy, (9.31) contains as well coupling terms between the internal (£, 7 = 4,5, 6) and the
external (§;, j = 1, 2, 3) coordinates. This is also obvious from Eq. (9.35). If one wishes to construct eigenfunctions
that diagonalize H;,, and Hpara at the same time, it is more convenient to add the coupling terms, that appear in
(9.31) and depend on (§;, j = 4,5, 6), to the mixing operator H .
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The structure and the role played by the mixing term H,,;y is in analogy to what we discussed
for the non-adiabatic mixing term (4.6) that appears in the context of the Born-Oppenheimer
and the adiabatic approximations. The origin of this analogy is the parametric (adiabatic) de-
pendence of H,,, on the internal coordinates. It should be noted however, that this behaviour
appears naturally from the structure of the Schrédinger equation and is not the result of a spe-
cific ansatz for the wave function, as done, for example by making the assumption (4.1) for
the wave function when applying the BO approximation.

Recalling our discussion of the procedure that lead to the adiabatic solutions we conclude,
that the simplest approximation is to neglect the action of mixing (non-adiabatic) terms H,ix
on the wave function (9.28). If this doing is justified then the wave function (9.28) can be
employed as a good approximate expression for the exact three-body continuum state. For
this reason it is imperative to study the properties of the operators Hi,, H,ix and their action
on the wave function (9.28). At first it is instructive to explore the exact boundary conditions
for the three-body Coulomb continuum. This we will perform first in Jacobi coordinates and

then transform the results into the parabolic relative coordinate system.

9.4 Asymptotic properties of the three-body wave equation

The asymptotic behaviour of the three-body wave function (9.19) in the limit of large inter-
particle distances r;; is obtained by specializing Eq. (8.10) to three-particles which yields in

the Jacobi coordinate system [71,72,74,125, 126]

11@ \I’(I‘ij, Rk) — (27T)73 exp(i k,J ‘Tt i Ky, - Rk)

Ry —o00 3
X H exp (:I:iaij hl(kiij Tij + kij . rij) ) s \ (I‘ij,Rk).
(9.37)
This expression is sometimes referred to as the Redmond asymptotic. The *+’ and *—’ signs

refer to different boundary conditions. Note that the Sommerfeld parameters c;; depend only

on the relative velocities k;; /1;; of the three pairs
Ay
g = —,j/” (9.38)
i
i. e. these parameters have a pure two-body nature and do not carry any information on the

three-body coupling strength. As already mentioned above, for N-particle systems different
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types of asymptotics can be defined. E. g., for a three-body system described using a certain
Jacobi coordinate set (r;;, Ry), one can consider the case where one Jacobi coordinate tends
to infinity whereas the other coordinate remains finite [75]. For this reason in a three-body

system one defines the following asymptotic regions

L = {rij,Rk iTi; — o0 and Ry — oo, V (rij,Rk)}, (9.39)

L, = {rij,Ra;% — 0 and R, — o0, V (rij,Ra)}, (9.40)
Ry,

Lij = I‘ij,Rk;r — 0 and Tij — 00, v (I‘ij,Rk) . 9.41)
ij

In the region £ where the Redmond asymptotic is valid all particles are far apart and their
position vectors are not linearly dependent. In the regime £;; two particles (i and j) are far
away from each other and the third particle resides at the center of mass of ¢ and j. Thus,
in this region all interparticle distances are large (£;; C £ holds, but not the converse) and
hence Eq. (9.37) applies. An important region contained in the domain £;; is the Wannier
configuration for two electrons moving in the field of a positive ion (the two electrons are the
particles i and 7). In the asymptotic region L,, the particle « is far away from the compound
formed by ¢ and j. In this case Eq. (9.37) does not hold true [75], as explicitly demonstrated
below.

The asymptotic form of the wave function in the region £, derives from the Schrodinger
equation Eq. (9.12) which in £, has the leading order form
Zii n Zo (Z; + Zj)
Ty R,

<H0 + - E) Pa¥P=0; ¥V (r;;,Ra)€Ly. (9.42)

Since the kinetic energy operator is separable in any set of Jacobi coordinates it follows
that Eq. (9.42) is separable in the coordinates (r;;, Ro).
The solutions of (9.42) are simply a product of two Coulomb waves under the constraint

that R, — 00, i.e.
’L/)ZS = (27‘(’)73/2 exp(i kij . rij —+ 7 Ka . RQ)
XNij 1 Fy (iaij, 1, —2 [klj Tij + kij . rij] )
x exp [i7, In(Ky Ro + Ko - Ra)], (9.43)
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where the parameters 7, and IV;; are functions of the momenta, namely

Za Zz Z; a — _ - .
Vo = % Nij = (2m) 732 ™2 D (1 — o). (9.44)
[e%

The existence of a global analytic asymptotic defined on M = L, |J L;; derives from the
fact that the regions £, and £;; are not disjoint. In order to find such an asymptotic form
and to facilitate the investigation of the behaviour of the eigenfunctions of the operators Hpq,,
H;,, and H i« at finite distances, we consider Eq. (9.28) in Jacobi coordinates which has the

explicit form
U(r;;, Ry) = Usc(rij, Re),

= (271')3/2 exp(i kij . I‘ij +1 Kk . Rk)
X (9.45)

H Nmn 1F1 (iamnv 1a —1 [kmn T'mn + kmn : rmn] ) :

m,n=1
n>m

To unravel the contributions of the (non-adiabatic mixing) operators H,ix and H;, we make,

for the exact solution of (9.12), the general ansatz
\I’(I‘ij, Rk) = \Ifgc(rij, Rk)( 1-— f(I‘ij,Rk) ) . (946)

If H;,, and H,ix can be neglected then f = 0. In case only H,,; vanishes the function f can
be expressed in terms of the eigenfunctions of Hj,, that can be derived in parabolic coordinates,
as outlined above and then converted into Jacobi coordinates. Here we leave open the form
of f and derive a general determining equation in Jacobi coordinates. Later on we will show
how f can be incorporated effectively in the wave function (9.45).

To simplify notations let us choose the set (r13, R2) and insert (9.46) in (9.12). This leads
to the differential equation

1 1 .
|:A!‘13 + ——(ikiz + cuzkiz Fiz + aigkiz Fi2) - vr13:| - f
2p3 G

2423
—  aigkia Fia- (213 Fi3 — Zo3 F23) (1 - f) = Dpol(f) . (9.47)

1 1 .
+ [ Apyy + E(Zk% + agskas Fag — anakia Fig) - vl‘23:| - f

The terms F;; are expressible in terms of confluent hypergeometric functions as

1B (U tiagg, 2, =ik rig + ki o)) p

F;; = - - ki +1;). (9.48)
J 1F1 (ZOéij, 1, 72[]’»'”‘ Tij + kij . I‘ij] ) ( J j)
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This derivation of (9.47) underlines the fact that the kinetic and the potential energy terms
have different appropriate coordinates, i.e. while the generic coordinates for the Coulomb
potential are the relative positions r;;, the kinetic energy operator is diagonal in Jacobi co-
ordinates. Therefore, cross terms are in general inevitable if one treats at the same time the
kinetic and the potential energy terms. Here we transformed the Jacobi coordinates into the
relative coordinates (ris,ros3) (cf. Eq. (9.29)). This introduces the mass-polarization term
D01 in (9.47) which has the form

Dp(f) = (D1 (F = 1)+ D2 1), 9.49)

where the differential operator Ds has the explicit form

Dy = [oiski3 Fi3 + aizkiz Fig] - Vi,
+  [ogskes Faoz — a2k Fio] - Vi, + Vi, - Vi, (9.50)

The second operator D; that occurs in Eq. (9.49) is expressed as

D, = (CV13/€13)(0¢237€23) Fi3-Fa3
—  (oaski3)(ai2ki2) Fiz - Fio
(0423/€23)(0¢12k12) Fas3-Fia

2k12(ar2ki2) (i — a1a) (1 + kg - £12)

1F1 (2 +ioaa, 3, —ifki2 12 + ki - 112 )
11 (iang, 1, —i[ki2 12 + kig - r12] )

1F1 (L+iang, 2, —ilkiz ra + kig T12] ) 2
1Fy (iang, 1, —i[kia ri2 + ki -r1a] ) 7rio’

+  (o12ki12)
9.51)

The operators D; and D5 are negligible in cases where the mass of one of the particles, say
mg 1s much larger than the mass of the other two particles. This is, for example, the case
for two electrons moving in the field of a massive ion. As clearly seen from Fig. 9.1 in this
situation the relative and one set of the Jacobi coordinates coincide. This is also clear from
the structure of the polarization term (9.49) for (my/mg3) — 0.

Finding the solution of the Schrodinger equation (9.12) is equivalent to the task of solving
for the partial differential equation (9.47). As a first attempt we may ask when the expression

Usc(ri;, R) is a good approximate of the exact solution ¥ (r;;, Ry), or in other words when
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the function f is negligibly small (|| f|| < 1). Mathematically, the function f = 0 is a solution
of Eq. (9.47), if the inhomogeneous term
1
R = p12Z12 F12 - (Z13 F13 — Za3 Fa3) + m—D1 (9.52)
3
vanishes. If this were the case one obtains a manifold of solutions f = constant. The

acceptable solution out of this manifold is then singled out by the normalization requirement.

If R is finite the solutions f, as defined by Eq. (9.47), is obtained upon solving the equation

f="rfo— /d37“/13 /dSTég G(r1s — rig, Tog — rh3) R(riz, ras) - (9.53)
Here G(r13,r23) denotes the Green’s function of a Schrédinger type equation, namely

1 1
— A, —A,
[ 213 M 2oz P

7 7
+— K13 Vi + —Ka3 - Vi,
H13 H23

1 3 3
- — Dz] G(ri3,r23) = 0 (r13) 0" (r23).
m3
(9.54)
The quantities KCq3 stands for complex effective vectors defined by the relations
K13 = kiz —iaizki3 F13 —iai2ki2 Fia,
Koz = ko3 — iaazkas Fag +iaigki2 Fia. (9.55)

To specify the boundary condition of this equation we have to inspect the asymptotic
behaviour of the function R.

Obviously the behaviour of the inhomogeneous term R in Eq. (9.52) is dictated by the gen-
eralized functions F;; (9.48). Asymptotically, an expression is derived for F;; by inspection
of the asymptotic properties of the hypergeometric functions which leads to

kij + 1
kij - (kij + ) i
From this asymptotic form of F;; and from the dependence of expression R (9.52) on F;

+ O (|kij rij + kij - 13| 7?) - (9.56)

T 00

we conclude that the inhomogeneous term R decays asymptotically faster than the Coulomb
potential, only in the case when two independent Jacobi coordinates tend to infinity. This limit
can be expressed equivalently as 7;; — co V4,7 € {1,2,3}; 7 > 4. In this asymptotic regime

we have

lim R — O (|kyrij + ki -ri5|7%), ¥V ri,Re € L, (9.57)
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as is evident from (9.56). Since a negligible R is equivalent to f = 0 and f = 0 is equivalent
to the conclusion that ¥ — Wac we infer that, in the subspaces £ and £;; (where R — 0), the
wave function W3¢ is the leading order asymptotic eingenstate of the Schrodinger equation
(9.12).

In the asymptotic subspace L, only the function F;; takes on its asymptotic form (9.56).
From Eq. (9.56) it is then clear that the expression R (Eq.9.52) is of the order of the Coulomb
potential and hence can not be neglected. Accordingly, f = 0 does not solve (9.47) and U3¢
is not a global asymptotic solution of (9.12) in M.

Thus, boundary conditions for equation (9.54) are as follows

f(rij,Rg) = 0, vV ori,Rr €L, (9.58)
f(rij, Ry) = 1- ;jp_i

Due to the condition (9.58) the solution f; of the homogeneous equation is fy = 0.

A rij>Ra S ;Ca . (959)

An alternative (instead of solving for Eq. (9.54)) way for finding approximate wave func-
tion relies on the following observation [75,77]: In the Schrodinger equation (9.12) the total
energy and the total potentials occur as sums of single particle objects. As a matter of principle
however, only the total energy and only the total potential are of relevance for the dynamics
of the system. Any transformation leaving these quantities unchanged and not affecting the
boundary conditions should not have an influence on the exact solution of the Schrédinger
equation (9.12).

Therefore, one can write for the total potential the invariance relations

-

S oy .60
J

>t

Accordingly, the total energy Ey (9.11) is invariant under any transformation that satisfies

K2 (Re,ry;)  K2(Ryryj) k5 K2
uBoty) KiRerg) X0 KL gy k). o6
24145 24, 2pi5 24

These relations serve as a definition of the position-dependent product charges Z,;j and the

position dependent magnitude of the wave vectors K, Eij. The conditions (9.60, 9.61) ensure
that the total potential and the total energies are conserved for any choice of the functional

dependence of Zij and K, Rij.
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It should be emphasized that the splitting of the total potential and energy into two-body
terms is unique only when the exact wave function separates in a product of three two-body
wave functions. This is, for example, the case for the 3C approximation in its range of validity,

i. e. in the domain £. This puts on Z;; and Ky, k;; the additional constraint

Zij(tij,Ry)  —  Zij, Y ri,Ra € La, (9.62)
kij(Ri,rij) — kij, V ri,Ra € Lo, (9.63)
Kk(Rkvrij) — kijv N rij, R, € L,. (9.64)

At first sight it seems that Egs. (9.60, 9.61) are just a formal manipulation of the total potential
and the total energy and do not lead to any new insight into the solution of the Schrédinger
equation (9.12). To clarify the advantage of Egs. (9.60, 9.61) we note that there will be an
infinity of solutions satisfying Eqgs. (9.60, 9.61) and the boundary conditions imposed on the
functions Z;; and/or the functions Ky, k;;.

This additional freedom can be used as follows. Given an approximate solution of the
three-body problem one determines the parts R of (9.12) that are not described by this solution.
In a second step we can use the freedom gained by introducing Egs. (9.60, 9.61) and determine
Zij and Ky, f{ij in a way that the neglected terms R are minimized. This procedure is
not unusual in theoretical physics. In fact it is at the heart of the Fermi liquid theory of
Landau [50, 52]. There correlation effects, i. e. loosely speaking (correlation) parts of the
Hamiltonian not incorporated in a single-particle picture, are subsumed as a modification of
the single particle properties leading thus to the concept of quasi particles. We will elaborate
on this point in chapter 14. The difference here is that we are treating all two-particle (pair)
correlations to infinite orders. This we interpret as having three quasi particles, each of them
is formed out of one of the possible pairs in the system. (3-body) Correlation effects that go
beyond two-body correlations are then incorporated as modifications of the properties and the
interactions of the quasi particles. In other words our quasi particles are in fact quasi particle
pairs.

To formulate precisely the above statement we recall that in a three-body problem all
(isolated) two-body interactions are described by the wave function W3c. Higher order corre-
lation are isolated and assigned to the term R, given by Eq. (9.52). Therefore, we require that

the position-dependent product charges Z; ; are determined in such a way that the condition
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(9.60) is fulfilled and the remainder term R is minimized. The next requirement concerns the
asymptotic domain. As demonstrated above, the three-body system fragments in a set of three
two-body systems only when all particles are well separated, which leads us to the conclusion
that U3 is a correct asymptotic solution of the Schrodinger equation only in the region L. To

obtain asymptotic expressions in other asymptotic domains we require that

,R’[?U (rij; Ra)] — 0, A4 Tij, Ra € ;Ca, (965)
7@‘ is ﬁnite, A r;j, R.eLl. (9.66)

Leaving aside the question of whether or not we can satisfy in practice the above requirements
imposed on Zij (r;j, Rqa), a serious problem arises in this concept. Once we have determined
the functions 715 (r;j, Ro) we have to insert them into the Schrodinger equation (9.12). How
then can we solve the resulting differential equation? The key to resolve this question is pro-
vided by the observation that lead us to the introduction of the parabolic coordinates (9.15),
namely that the interactions (governed by the total potential) can depend on body-fixed coordi-
nates only. This restricts further the allowed functional dependence of Z;;(r;;, R, ) and call at
the same time for the use of parabolic-relative coordinates (9.15) for the actual determination

OfZij (I‘ij7 Ra).

9.5 Dynamical screening in few-body systems

To inspect how the position-dependent charges Z;;(r;;, R,) will affect the structure of the
Schrodinger equation let us recall our finding (9.21) (page 119) that the Schrodinger equation
in the parabolic-relative coordinate system possesses an approximate (asymptotic) separabil-
ity. Furthermore, the operator H,,, (9.22) depends only parametrically on the internal coor-
dinates (&4, &5, &6). This means, given a set of ‘parameters’ (€4, &5, &6) the eigenfunctions of
Hy,,, can be found exactly [cf. (9.45)]. This feature of H,,, persists if the product charges Z;;
depend only on the internal coordinates (€4, 5, &g), in which case the parametric dependence
of Hpar on (&4, &5, &e) is maintained. In view of this situation, it is appropriate to make the

ansatz

Zij = Z;j (€4, &5, &6)- (9.67)
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With this functional dependence the regular exact eigenfunction of H,,, with a zero eigen-

value has the explicit form

Upssc(€1:€2,83)|(eaesce) =  1F1 (i6823(64,E5,86), 1, —ikas &1 )
1F1 (i613(84, 65, 86), 1, —ikig &)
1F1 (i812(€4,65,86), 1, —ik12 €3 ). (9.68)

The functions (3,,,, play the role of position and momentum dependent Sommerfeld parame-

ters and are given by

7mn (547 557 56) Hmn ]

kmn

The modifications of the Sommerfeld parameters [3,,,, can be interpreted as a dynamic screen-
ing of the interaction of the two particles m and n by the presence of the third one. Therefore,
the wave function (9.68) has been termed the dynamically screened, three-body Coulomb
wave function (DS3C) [77].

The structure of the wave function (9.68) illudes to a separation in two-body systems, one
should note, however, that each of the hypergeometric functions occurring in (9.68) is gener-
ally dependent on all coordinates and looses therefore the two-body character. From a physical
point of view Eq. (9.69) states that the strength of the interaction between two particles ¢ and
J is no longer determined by their (constant) product charges Z;Z;, as is the case in two-body
scattering or in W3c (9.46). It is rather described by a dynamical product-charge functions
Z; (&4, &5, &) depending on the shape of the triangle formed by the three particles (regardless
of its orientation in space). In searching for the explicit functional dependence we require
a correct asymptotic behaviour everywhere and we seek a functional form of 715 (€4,&5,8)
that minimizes the part not diagonalized by (9.28). To preserve the scaling properties of the
Schrodinger Eq. (9.12) when introducing the functions 715 (€4, &5, &), we split the total po-

tential in three terms that have the structure
Vij=Zij/rij, j>i

Each of these potentials is assumed to be the most general linear superposition of the three

physical two-body potentials V;; := Z;Z; /r;;, with coefficients @;; that depend on the inter-
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nal coordinates. This is achieved by means of the linear expansion

Vas [ Ves
Vis | =A[ Vizs |, (9.70)
Via Vi

where A(&4, &5, €6) is a 3 x 3 matrix with elements a@;; = @;;(£4...6):

o ail Gz 413
A = Qg1 G2z Q23 . (9.71)
as1 Q32 G33

Since the relation 7Z-j = Vij r;; applies, the functions 71-3- (€4,&5,&6) can be deduced from
(9.70) once the matrix A is identified.
The requirement of the invariance of the total potential under the transformation (9.70)

imposes the condition

3
doa;=1; j=1,2,3. 9.72)

i=1
Any matrix A whose elements satisfy the three equations (9.72) leaves the total potential and
hence the Schrodinger equation and its exact solutions invariant. To uniquely identify the
coefficients @;; six further determining equations are needed, in addition to (9.72). These
conditions are chosen as to achieve certain desired properties of the resulting wave function.
The simplest choice for the matrix A, which is compatible with (9.72), is A = 1. The resulting
wave function ¥pgsc reduces in this case to W3¢ (9.28). From Eq. (9.70) we conclude that
A = 1 means that the coupling between any of the three two-body subsystems is disregarded.

Hence, the wave function W3¢ contains only two-particle interactions.

9.5.1 Two electrons in the field of a positive ion

The dynamic of the three-body system depends decisively on the mass and on the charge state
of the particles. Therefore, it is to be expected that the coupling matrix A is not universal
but specific to the three-body problem under study. This feature, while understandable and
unavoidable due to physical arguments, presents from a practical point of view a disadvantage
of the DS3C approach, for in each specific three-body case, the matrix A has to be determined
separately.

Presently, the properties of A have been studied for the case of two electrons moving

in the field of a massive positive ion which has a charge Z. It is customary in the field of
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electron-atom collisions to designate the relative coordinates of the electrons with respect to
the nucleus by r, and rp. In our notation this corresponds to choosing mgs as the mass of
the residual ion. The coordinates ri3 = &3, roz3 = & and r15 = &3 become then ry, r, and
Iy, = Ip — T, respectively. To connect with traditional nomenclature we further rename
correspondingly the conjugate momenta, product charges and Sommerfeld parameters.

The invariance condition of the Schrodinger equation under the introduction of the product-

charge functions Z;(4...¢) reads (here we use the notation z, = Z13, Z4 = Z23, Zba = Z12)

5 (Ea -z -z 1
yoalee) =2 =2 Lt bab). (9.73)
5 Tj Ta Ty Tab

The wave functions containing Z; must be compatible with the three-body asymptotic bound-
ary conditions. These are specified by the shape and by the size of the triangle formed by
the three particles (two electrons and the ion). This means, the derived wave function must
be, to a leading order, an asymptotic solution of the three-body Schrodinger equation when
the aforementioned triangle tends to a line (two particles are close to each other and far away
from the third particle) or in the case where, for an arbitrary shape, the size of this triangle
becomes infinite. The latter limit implies that all interparticle coordinates r, j o, must grow
with the same order, otherwise we eventually fall back to the limit of the three-particle triangle
being reduced to a line [77], as described above. In addition we require the Wannier threshold
law for double electron escape (given by Eq. (6.30)) to be reproduced when the derived wave
functions are used for the evaluation of the matrix elements. The conditions specified above
are sufficient to determine z; and thus the wave function ¥pg3c (9.68).

The applicability of the wave function Upg3c to scattering reactions is hampered by the
involved functional dependence leading to complications in the numerical determination of
the normalization and of the scattering matrix elements.

The normalization of the wave function W3¢ derives directly from the normalization of the
two-body Coulomb wave function. This is a consequence of the internal separability of the
operator Hp,,. This normalization argument holds true if the product charges Z; were position
independent or if they depend only parametrically on the internal coordinates. In the latter
case one has still to tackle the problem of normalizing continuum functions of complicated
functional form. This normalization problem is resolved upon making the approximation

i U
o 2

, (9.74)

i Y



9.5 Dynamical screening in few-body systems 133

in which case the position dependence of Z; (4, 75, ') is converted into velocity dependence.
This assumption suffices for the conversion because the coordinate dependence of the product
charges occurs, due to dimensionality arguments, as a ratio of positions. It should be empha-
sized that the approximation (9.74) is not a classical one, i. e. it is not assumed that the motion
of the particles proceeds along classical trajectories. In fact the whole problem is still treated
full quantum mechanically (by the wave function ¥pgsc). Equation (9.74) merely means that
the total potential is exactly diagonalized in the phase space where Eq. (9.74) is satisfied, as
readily deduced from Eq. (9.73).

Equation (9.74) renders possible the normalization of Upg3c since in this case we obtain

Zj = Z;(ka, kv, kap) and hence we deduce for the normalization Ny, the expression

Nupo = [Ny, j € {a,b,ba},
J

N; = exp[—Bj(ka, kv, kva)m/2] T[1 — i3 (Ka, kb, kpa)]- (9.75)

It has been shown [89] that the velocity-dependent product charges for Z = 1 possess the

form
Zba(vtuvb) = [1 - (f g)2 a/bl] a/b27
(9.76)
U1+a
Za(Va,vp) = —1+(1-— Zba)mv
a b a
,U1+a
Zp(Va, Vo) = —1+(1— Zba)m'
a b a
9.77)

The functions occurring in Egs. (9.76, 9.77) are defined as (v, v are the electrons’ velocities
and v, = vy — V)

3 4 cos? 4o Vg

f = ——  tana=—, (9.78)
4 Up
Vab
= , 9.79
g — 9.79)
20qvp c08(04p/2)
by = L2 9.80
1 UE—FUE ) ( )
by = ¢*(=0.5+ ), (9.81)
E
a = (9.82)

E+0.5’
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where E is the total energy of the two continuum electrons, measured in atomic units. i =
/2 — 1/4 is the Wannier index (cf. Eq. (6.30)), the value of & depends on the residual ion
charge value, the numerical value of i for a unity charge of the residual ion is @ = 1.127).
The interelectronic relative angle 6, is given by 6,, = arccos(v, - V;). With increasing
excess energies (£ > 1) one verifies that @ — 1 [Eq. (9.82)] and all dependencies of the
product-charge functions (9.76-9.77) which are due to incorporating the Wannier threshold
law, become irrelevant. The charges (9.76-9.77) reduce then to those given in Ref. [77] with
Eq. (9.74) being applied. From the functional forms of the charges (9.76-9.77) it is clear that
when two particles approach each other (in velocity space) they experience their full two-body
Coulomb interactions, whereas the third one ‘sees’ a net charge equal to the sum of the charges

of the two particles that are close to each other.

9.5.2 Dynamical screening via complex effective wave vectors

As documented by Egs. (9.60, 9.61) three-body effects can be captured by theory upon the
introduction of effective quantities, such as product charges and wave vectors. In the preceding
section we discussed how the dynamical product-charge concept can be exploited to derive
correlated three-body wave functions. Here we discuss the approach of local wave vectors.
The idea of dynamical effective wave vectors have been utilized in two cases, 1.) for the
incorporation of some of the short-range three-body interactions, not included in Hy,, [83],
and 2.) for accomplishing correct asymptotic behaviour in the entire asymptotic region [75].
In the latter case, and specializing to a system of two electrons in the field of an ion, local

wave vectors are derived to be [75]

ka - ka + f_(aaba kba; rb); (983)
ky = kp+ f(oab Kb, Ta), (9.84)
ko = Kap+ f(aa, ka,ronr) — flow, ke, Tom), (9.85)

where roar = (rq + 1) /2 is the electron-pair center-of-mass coordinate, o;, (j = a, b, ab)

are the Sommerfeld parameters and the distortion function f (o, k, 1) is defined as

= - 1 1F1(1+7;Oé,2,7i(k'7"+k'[‘)) ~ R
Hakr) = o | Filiaot, —itkr + k1) ] (k+1). (9-86)

The distance R = r, + 1, + 74, quantifies the “size” of the triangle formed by the three

particles. Using the position dependent (complex) momenta (9.83, 9.85) one can prove [75]
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that the wave function

Ua((re,rp,ray) = Nexp(iky -ry+iky-1p)
1Fy(ial, 1, —i [kl re + K, -1,])
1Fy (ia;, 1, — [k‘l/) Ty + kg . I‘b} )

1Fy (iady, 1, —i [kl ray + Koy - Tap) ), (9.87)

is (to leading order) correct in the entire asymptotic domain M. The modified Sommerfeld
parameters 04; are obtained from «; by replacing k; by 1_<j. In Eq. (9.87) the constant N de-
rives from the normalization of the wave function. Unfortunately, it has not been yet possible
to evaluate this factor. When the manifold M is approached the complex wave vectors (9.85)

turn real. This is deduced from the following behaviour of f in the domain M

fla, k1) — ki—i_lf
M, ER(1+k-1)
The difference between the DS3C approach and the wave function W 54 is the following. While
in both cases the total potential is treated to all orders and parts of the kinetic energy are
neglected, in the DS3C theory one tries to remedy this shortcoming by accounting effectively
for the short-range dynamics. In contrast when constructing the wave function ¥ only
asymptotic arguments are employed. The more important difference from a practical point of
view is that the DS3C wave function can be normalized, whereas the wave function Eq. (9.87)
has not yet been normalized. The importance of the normalization factor is most highlighted

when considering the threshold behaviour for the double electron escape and contrasting it

with the Wannier threshold law (6.30).

9.5.3 Threshold behaviour

In chapter 6 we showed that at very low energies the cross section for two-electron double
escape exhibits a universal behaviour, the Wannier threshold law, as given by Eq. (6.24).
Thus, it is of interest to establish the low-energy properties of the wave function W3¢ (r,, rp)
and ¥pgsc(rg, ry) and to contrast the findings with the Wannier predictions. Such an analysis
for the wave function (9.87) is not possible, for this wave function is not normalized. As can

be anticipated from the derivation of the Wannier threshold law (see in particular Eq. (6.24)),
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the normalization, which encompasses the density of states available for the two electrons, is
decisive for the value of the cross section.

From a conceptual point of view the key difference between the methods we employed
to derive the wave functions W3c(r,,rp) and Wpgsc(ry,rp) and those utilized to obtain
the Wannier threshold law, is that in the Wannier case the kinetic energy is treated exactly,
while the potential energy is expanded in a Taylor series around the saddle point and only the
leading-order terms of this expansion are included in the theory. In contrast, in the 3C or DS3C
wave function treatment one diagonalizes the potential exactly and neglects (cross) terms of
the kinetic energy, i.e. the short-range dynamic is not properly treated. This shortcoming is
reflected in a spurious threshold behaviour of the W3c.

The W3¢ leads to cross sections for the two-particle double escape that decreases expo-
nentially with decreasing small excess energy [89, 98]. This is at variance with the Wannier
theory and with experimental findings (cf. e. g. Refs. [91, 134, 138, 250] and further refer-
ences therein). The physical reason for this behaviour is the following. Since the U3¢ regards
the three-body system as three non-interacting two-body systems the three-particle density of
states (DOS) generated by W3¢ is directly proportional to the density of states of isolated two-
electron systems. The latter DOS decreases exponentially when the two electrons are close to
each other in velocity space.

To formulate this qualitative arguments more precisely and to show how the coupling
introduced by Z;, j = a, b, ba removes this deficiency we consider the cross section ot (E)

for double escape, given by the formula
o?T(E) / IT)?6(E — E;)d*k,d>ky, (9.88)

where E; is the total energy in the initial channel. The transition-matrix element occurring in

Eq. (9.88) has the form
T = (Ui, 1, |Wi|®i ). (9.89)

The transition operator and the initial state of the three-body system are denoted by W; and
|®; ), respectively. As discussed in the context of the Wannier theory, near threshold the
functions ®; and W; are in general hardly dependent on the excess energy I = E, + £}

(both energies E, and Ej, of the electrons are positive and small). Therefore, Eq. (9.88) can
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be written in the form of an expectation value as follows
o?T(E) o (®;|W; (DOS,) W;|®;) . (9.90)

In the context of the Green’s function theory, which the subject of chapter 11, the quantity

DOS, is called the local density of states per unit volume and is given as
DOS,(€,1q,13) = /d3kad3kb\llka,kb (ra:10)8(Ea + By — €)Wy, (Ta, 1) (9.91)

The density of states (DOS) is obtained from (9.91) as
DOS(e) = /draclrbDO&)(e7 Ty, Tp). (9.92)

Equations (9.88-9.92) make clear that the energy dependence of 02T (FE) is entirely deter-
mined by the energy behaviour of the two-particle density of states (Eq. (9.92)) that can be
occupied by the two escaping electrons °.

On the other hand, according to Eq. (9.91) the EZ dependence of the DOS is determined by
the normalization factor | Ny |? of the wave function W, provided the radial part of the wave

function W, is well behaved near threshold. To investigate how the energy dependence of

| Ny |? is reflected in the cross section behaviour we introduce the hyperspherical momenta
kg IS
K:=(k2+k¥)/2=E, tanf = T and cosfj =k, - ky. (9.93)
b

As far as the DS3C wave function is concerned we note that the dynamical product charges
are limited to the intervals, Z,, %, € [—Z,0]; Zp, € [0, 1], i.e. a two-body interaction can be
screened by the presence of a third charged particle, but it does not change its sign. For small
excess energies £ — 0, the wave function ﬁDsgc(ra, rp) [see Eq. (9.68)] can be expanded in
terms of Bessel functions [99, 139]. The leading order term with respect to the excess energy

reads

éiino Upsac(&1--6) = (21) 2 NpsacJo(2v/ —Zaé1) Jo(2v/ —Z0€2) To(v/2Zan€s), (9.94)

where Jo(z), In(x) are Bessel and modified Bessel functions, respectively. A similar equation

applies to W3¢ upon the replacement z, = —Z = Z,Z4 = 1. Expressing Eq. (9.88)

5Note that Eq. (9.90) can be written in the form
o (E) « / drg dry (;|W;|rery) DOS, (rhry |[W; | ;).

The trace of the local part of the non-local density of state DO.S,,; yields the DOS.
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in the hyperspherical momentum coordinates (9.93), one performs the integration over the
variable K. Furthermore, due to the overall rotational invariance of the system Eq. (9.88)

reduces to
oT(E) « E? /sin2 26 | Ny 2| T dB d(cos 0x) dpap dpa. (9.95)

Ny is the normalization of the function ¥, whereas ,; and ¢, are the azimuthal angles of
k.» and k;, with respect to an appropriately chosen axis. The quantity 7'. is the transition ma-
trix element 7' [Eq. (9.89)] with the normalization Ny of the final-state wave function being
factored out. As evident from Eq. (9.95) the excess-energy dependence of o(E) is directly
related to the excess-energy behaviour of | Ny |2, if for ¥ < 1 the variation of 7;. as function
of E is insignificantly slow. On the other hand, the function Ny is given, as a matter of defini-
tion, by the integral behaviour of the radial part of the wave function. This interrelation is best
demonstrated by the threshold behaviour of the cross section o+2 that is obtained by various
wave functions having the threshold expansion (9.94). E.g. the Bessel function Jy(x) has an
oscillatory bound asymptotic behaviour, whereas the modified Bessel function Iy(z), corre-
sponding to the electron-electron interaction, is unbound for large arguments x. Therefore,
the normalization | N, |? of the electron-electron Coulomb wave decreases exponentially with
vanishing excess energy. Specifically, one derives for the normalization factors the following

expressions
IN;[2 = 278, (2™ —1) 7", j = a,b,ab. (9.96)

For E < 1 the factors IN; behaves as

—27Zp

Np|? = 218y =——"—, V7 <0, 9.97

| N Bb VaE cos 5 b 9.97)
-2 70,

INoJ* = 278, = i Vza <0, (9.98)

V2FE sin67

oz
|Nab|2 = &ex

p (_271-&) ,
V2Ef (0, B) V2Ef (b, 5)

where the function f is defined as

f(0r,8) = /1 —sin2F cos by, . (9.100)

For Z,;, > 0 the behaviour (9.99) of | N,| results in an exponential decline of o>+ (E) when

VZap > 0, (9.99)

the excess energy is lowered (note that to obtain V3¢ we employ Z,;, = 1). Cross sections
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calculated with ¥pg3c do not exhibit this spurious behaviour as the term Io(1/2Z45€3) con-
tribute to the wave function only in a limited region of the Hilbert space (because z,;, — 0 for
&3 — o0). From this argument however, it is not clear whether the Wannier threshold law is
reproduced or not by Upgsc.

Depending on the employed dynamical mode the cross section o2+ (E) behaves as fol-
lows. In a free particle model, i.e. when the motion of the two electrons is described by plane
waves we have Npy = 273 = constant) and one deduces from Eq. (9.95) the threshold
law o(FE) E?. Inan independent Coulomb particle model, i.e. if Z,, =0, 2, = —Z = Z,,
we obtain N, = 1 and thus o(E) o< E. This is deduced upon substitution of Egs. (9.97, 9.98)
into Eq. (9.95). In the first Born approximation, i.e. 2z, = 0 = Zg, 24 = —Z, Egs. (9.95,
9.98) yield o(E) o< E15.

To address the question of the threshold behaviour of the cross section calculated within

the DS3C model we insert Egs. (9.97-9.99) into Eq. (9.95) and obtain

o(E)x E

Z”Jﬁb exp <2w é flwk,ﬁ))

[5i0.28 £~ (8, ) |T (8, B, 00, a)|*] dBdippdiog d(cos Br).  (9.101)

Equation (9.101) is valid for Zl-j # 0. Due to the structure of Eq. (9.101) it is convenient to
write the function Z,p in the form

Zap = (1 — 1 a”)a, (9.102)

where a = E/E; is a dimensionless parameter. Within the DS3C theory the functions b; and

by are determined to be

1 204 Oan/2
by xn where n:0,5+ﬁ___1; blzw(b/).

103
2 4 v2 + v} ©-109)

One verifies that with this functional dependence of Z,; the Wannier threshold law is repro-
duced and the integrand in Eq. (9.101) is a slowly varying function of E (note that

T, pssc(Ke, k) varies insignificantly slow with E), i. e.
o?t(E) = Er/21/4 / T, pssc (kp, ka) dop dp, d(cos b) dB. (9.104)
9.5.4 Kato cusp conditions

In the preceding sections we have seen that the properties of the three-body wave functions are

well defined in the asymptotic region. For short distances, the structure of the wave function
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can as well be deduced. For example, if only two particles are close to each other, the wave
function satisfies certain constraints known as the Kato cusp conditions [140, 141] (this is
valid in case ¥(r;;, Ri;) does not vanish at the two-body coalescence points). The Kato cusp
conditions have been introduced in section 8.1.2 (page 103). Here we inspect the behaviour of
the approximate three-body functions W3¢ pgsc(rij, Ry) around the two-body coalescence
points, i.e. the question is whether the relation

(W) = Zi s Wy = O.R), V(g Ry) (0,105

;=0

is satisfied by W3¢ ps3c, where \i’(rij,Rk) is the wave function averaged over a sphere
of small radius 7 < 1 around the singularity 7;; = 0. To investigate the behaviour of
Upssc(re, 1) at, e.g. the collision point (1, = 0,74 /1, — 00), we linearize Upgsc(rq, ry)

around 7, = 0 and find the leading order terms to be

\iIDSSC(rln ra) = NeXp(ika . ra) 1F1 (iﬁa; 17 —1 [ka rq + ka . ra] )

(9.106)
X 1F1(iBpay 1, —i[kba Toa + Kba - Toa) ) D(rs) ,
where N is a normalization constant and the function D(r) has the form
2 1
D(ry) = 7 7T2 / 72 dcos @ [ 1+ iky cos 0 + apky 7p(1 + cos 6) ] ,
e J-1
= l4+aykymy. (9.107)

To derive Eq. (9.107) one chooses the z axes to be along the direction k; and defines cos =
f{b - #p. In the limit (rp, — 0 ; 7,/r, — 00) the effective Sommerfeld parameter (3} tends to

the conventional parameter . Therefore, we obtain

9 Upsac (T, ra)
6 Ty 0

= 2N exp(iky - o) 1F1(iBa, 1, —i (ko 7o + Ko - T4 )
X 1F1(iBpa, 1, =i [kba Toa + Kba - Toa] ), (9.108)
=z Upssc(rs = 0,1q) .
It is straightforward to repeat the above steps and show that the Kato cusp conditions at
(ro =0, 1p/rq — o0)and (rpg = 0, 1, > 1, 7, > 1) are fulfilled. As far as the wave
function W3¢ (ry, r,) is concerned, one can use the procedure employed for Upgsc(ry, ry)

and show that W3¢ (rp, r,) satisfies the Kato cusp conditions and hence possesses a regular
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behaviour at all two-body collision points. This finding is not surprising since the 3C model

treats all two-body interactions to all orders [73, 82, 142].

9.5.5 Compatibility with the Fock expansion

Both functions ¥pgsc(ry, r,) and ¥3c(ry, r,) are not compatible with the Fock expansion
(8.1), i.e. these functions do not exhibit correct behaviour at the three-body collision point.
The conclusion is evident from the fact that at the three-body coalescence point all distances
are small. Hence, the confluent hypergeometric functions occurring in ¥pgsc(ry, ry) and
W3c(ry, 1,) can be expanded in a power series (2.51) in the variable 74,7, and 7,5. The
resulting expansions of the wave functions Upgsc(rp, ro) and ¥sc(ry, r,) do not contain any
logarithmic terms and hence are at variance with the Fock condition (8.1). The reason why
the wave function Upgsc(rp, r,) and ¥sc(ry, r,) do not satisfy the Fock expansion is that
at the triple collision point the collective behaviour is dominant rather then the successive
two-body collisions. To incorporate collective features of the system it is more convenient to
formulate the Schrédinger equation in an appropriate coordinate system, such as the parabolic

hyperspherical coordinates.

9.6 Parabolic-hyperspherical approach

In the preceding section the formulation of the three-body problem within the parabolic-
relative coordinate approach uncovered the approximate separable structure of the Schrodinger
equation (9.12). In particular, we were able to derive exact eigensolutions @par(fh &2.83)
(cf. Eq. (9.28)) of the operator (9.22) which is differential in the coordinates &; 2 3. The re-

maining coordinates &4 5 ¢ enter this solution parametrically, i. e.

V(& 66) & Vpar (81,2, 63) (e4,65.66) - (9.109)

This interrelation between the six degrees of freedom resembles similar situations encountered
in adiabatic treatments where some degrees of freedom are varied parametrically, or even
‘frozen’ (cf. section 4.1 on the Born-Oppenheimer and the adiabatic approximation). Thus, it
seems appropriate to treat the coordinates {4 5 ¢ adiabatically. The problem which arises when
trying to realize this suggestion is that the potential as function of £, 5 ¢ becomes singular at

certain points, these are the two-body collision points. This rules out a treatment of these
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coordinates as a slow varying variable in the whole Hilbert space. On the other hand we have
shown explicitly upon analyzing Eq. (7.14) (page 95) that when the problem is formulated
in hyperspherical coordinates, the motion along the hyperradius p is smooth and does not
exhibit any a singular behaviour. Therefore, for an adiabatic treatment one should switch
to hyperspherical coordinates. On the other hand we have seen that it is of great advantage
to include in the definition of the coordinate system the generic coordinates for Coulomb
scattering, namely the parabolic coordinates &; 2 3. For this reason we consider the three-body

problem formulated in the parabolic-hyperspherical coordinate system (9.17).

9.6.1 Parabolic-hyperspherical Schrodinger equation

Transforming the three-body Schrodinger equation (9.12) into the scaled Jacobi coordinates

(9.18) and making the ansatz (9.19) leads to the expression

(1 1
AFij + Aﬁk + 21 (Tw kij . Vfi]. + \/ﬁ K; - ka)
3
qmn T — ™
) Z e ¥(r;;,Ry) =0, (9.110)
nsm

where

Gmn = uif Zij.-
The task is now to transform Eq. (9.110) into the parabolic hyperspherical coordinates (9.17).
The Jacobi determinant for this transformation scales as p°sin® 2¢/4 and does not vanish
except for cases where a pair of the three vectors k;; or T;; and R, are linearly dependent.
Similar to the NN-particle hyperspherical formulation (Eq. (7.12)), in the curvilinear coor-
dinates (9.17) the six-dimensional Laplacian A := Az, + Aﬁk is the sum of a hyperradial

kinetic energy term and a centrifugal term, i.e.
5 5 A2
AFij‘f‘Aﬁk :p—o ppo 8P—F (9111)
The differential operator A2 is a self-adjoint scalar operator defined in the Hilbert space
Ly(w,dw), on the domain w = [0,2] x [0,2] x [0,2] x [0,7/2] x [—1,1], where w =

{&1,&2,€3,(,~v}. Since this domain is compact the operator A2 has a discrete spectrum and
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is associated with the grand angular momentum, i. e. the Casimir operator of the O(6) group.

The differential operator A2 can be decomposed further as

AP = AL+ A2+ A2 9.112)

mix

The operator A2 is differential in the internal angles {¢,~} only, whereas A2, operates
only in the subspace spanned by {&;; @ = 1,2,3}. The operator A2 . plays the role of a
rotational coupling term in the conventional hyperspherical approach. It contains the mixed
derivatives resulting from off-diagonal elements of the metric tensor and couples internal to

external motion. The explicit expressions for A2 is

4 . 1.
i2n — _M [ - 270, +(1—7) ai +sin2¢ cos2¢ O¢ + Zsm22ga§ ,
4 ~
Af = “an?o [624 sin® 2¢ Oy — L2 | . (9.113)

For a given Jacobi coordinate set (T;;, R;) the quantity IAJ% is the operator of the squared

ij
orbital angular momentum of the particle ‘k* with respect to the centre-of-mass of the pair

“ij°. This is concluded by expressing A2, in terms of the angle  := arccosy, which yields

the following expression for f;?,

L2 = —sin""0 9 sing . (9.114)

2

<« has the form

The differential operator A

1
Al =—p° { [20¢, &1 O, — Oc, &7 O, |

7"53 H23
1
r2 [2852 &2 862 - 852 gg 862]
13 H13
o [20e, &1 Oc, — D¢, &5 Oe. ]} (9.115)
7“%2 L2 3 3 3 63 3 ’

whereas the coupling term A2 . has the structure
A2y = -2 Y {(vﬂju) (Y, 0) + (Vi 1) - (vmv)} 04y
u,v € {51)527537(7’%[)} : (9116)

A key property of the operator A2, (9.115) is its parametric dependence on the internal

coordinates, and in particular on the hyperradius p. This is readily seen by expressing the
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function r;; that occurs in (9.115) in terms of (¢, 7, p), i.e.

T3 = psing,
m 1/2
Tog = p[c0s2C+(1)2sin2c+'ysin2(:} ,
mi + ms
1/2
o = p[cos2§+(7)2sin2CVSin2C} . 9.117)
m1 +ms3

The gradient terms occurring in the Schrodinger equation (9.110) have to be expressed in the

parabolic-hyperspherical coordinates. Having done that one finds the following expressions

1 1

% ——kij - Vs, +
<\/m R/

where the function D, has the form

Ky - ka) = Dext + Din, (9.118)

(ks 9
Dex = 23 281 — 0 N
' <T23#23( & El) ¢
k13 2
+ 285 — O¢,
7“13#13( 2 52) ¢
k
+ —2 (265 —53)663) (9.119)
T12/412

The differential operator D;,, depends only on the gradient of the internal coordinates

1 1
Din = 2i|—kij Vs u +—K; Vg u]au,
N Y/
ue {70} (9.120)

Using the above relations for the kinetic energy operators the Schrodinger equation (9.12) can
now be written as the sum of internal (body-fixed) and external (laboratory-fixed) differential

operators with an additional (rotational) mixing term

A2 ] —
Hin+Hext_ pn;lx \11(6176275354-777/)):0' (9121)

The differential operator H;, depends on body-fixed degrees of freedom and has the form

2

A
Hy=p50,p°0,— pg‘ + Din, (9.122)
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whereas the external differential operator takes on the form

A2 3 q
ch = =t Dcx -2 ﬂ?
t pg + t ; an
n>m
2 .
= 2 [0e, &1 Oe, — ¢, & Oc, + ikasras(261 — £7)0e, — pi23723¢23]
23 H23
2 .
+ 72 s [0e, &2 Oe, — B¢, &3 Oe, + ih13713(282 — €3)0¢, + pasT13¢13]
13 M13
2 .
+ i [0e, &1 Oey — Ogy &5 Oey + ih12712(283 — €3) 0, + p12m12¢12] -
12 H12
(9.123)
The various terms in this equation can be grouped as follows
2 .
Hewe = 5 [0¢, & Og, + ikasro3&10e, — p123723G23]
33 H23
2 .
+ 5 [Og, &2 Oc, +ik13713820¢, + p13713q13]
13 K113
2 .
+ 5 [Og, &1 O¢, +ik12712630¢, + p12712q12] + Hem-
T2 H12
(9.124)
The differential operator H,,, depends on &1, &, {3 only. It has the explicit form
Hp 5 [—0¢, & Oc, + ikasraz(&1 — £7)0k, |
33 123
3 [—0¢, &5 Oc, + ik13r13(E2 — £3)0,]
713 H13
3 [—0e, €3 Oc, + ik1am12(&3 — 55)353} .
T1g H12
(9.125)

The eigenfunctions of the operator Hoyy — H.y, have already been treated, these functions are

namely (cf. Eq. (9.22))
Hpssc
,—/\—_
(Hext — Hym) Vpssc = 0.
The explicit form of Upssc in the coordinates Eq. (9.17) is
Upssc(€1,€2,&3,C,7v,p) = 1F1 (iB23(C,7), 1, —i [kas m23&1] )
1F1(i613(C, ), 1, —i[kig r13&a])

1F1 (i612(C,7), 1, —i[k12 r12€3] ) . (9.126)
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The relative coordinates r;; have to be expressed in terms of parabolic-hyperspherical coordi-
nates using (9.117). The plane-wave part can as well be written in terms of (9.17) since the

relation applies
3
kij-rij + Ki R = Z
j>i=1
mg + ms3
= — = = — 1)kog 1
R p— (&1 — 1)k a3
my + ms3
mi +mg +ms3
my + mo
my + mg + mg

The Sommerfeld parameters appearing in Eq. (9.126) are expressed in terms of product charge

m,+mj

s
1] 1)
mi + mo + Mms

(&2 — 1)k r13

(63— Dkia 12 (9.127)

functions 7”-
Zijpig

The effective product charge functions Z; ; are dependent on the internal coordinates. Their

Bi; (¢, ) = (9.128)

specific functional dependence for a given system can be determined as done in the previous

section.

9.7 Parabolic-hyperspherical adiabatic expansion

Recalling the splitting Hext = Hpssc + Hym we rearrange equation (9.121) in the form
1 5, & A2 1 1 .
5P 20y p” 0p + 52 §HDSSC - Ef;'m V(&1,82,83,C,7,0) = 0. (9.129)

Here we have separated the function F.,, which is given by the formula

2

A“.
frm:Hrm_ n’211x +-Din~
p

In this section we outline how the ideas developed in the context of hyperspherical treatments
can be utilized to deal with the dynamics in the internal coordinates. To this end we discard at
first the mixing term ., and introduce the hyperspherical adiabatic Hamiltonian as
1
Ulp) = 5 [AL = p*Hosso (o wp)] (9.130)
where the collective symbol w,, stands for all coordinates but p. Now let us consider the

eigenvalue problem

U(p) — U, P (p,wp) = 0. (9.131)
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The eigenvalues and eigenfunctions of U/(p) depend parametrically on p. They are usually
called the hyperspherical adiabatic eigenvalues and channel functions, respectively. For a

given p the functions @, (p, w,,) form a complete orthonormal basis

(@0 (p, wp)| P (ps wp)) = o
Using this basis the solutions of Eq. (9.129) are expanded as
— 1
U(wp, p) = WZFV(p)CI)V(p,wp). (9.132)

The substitution of this expansion in Eq. (9.129) yields a set of defining equations for the
radial functions F),(p)
1 1
[235 + Wy(p>] F(p) =) [P ()9 + 5 Quur () | Fur(p), (9.133)
where the quantity W, (p) constitutes the so-called hyperspherical potentials and is given by

the equation
_8UL(p) 15
= e )

The non-adiabatic coupling terms that appear in Eq. (9.133) are given by the matrices

W, (p) 9.134)

Bou(p) (®w (P, wp) |0, Bur (P, 0p))
Quu’(p) = <‘I)V(P,Wp)|5§|q’u'(PaWp)> : (9.135)

The numerical task is then to include a sufficient number of expansion terms in (9.132) and
to solve Eq. (9.134) taking account of the appropriate boundary conditions. This task is sim-
plified greatly by truncating the expansion (9.132) after the first term which yields the known
hyperspherical adiabatic approximation (this amounts to operate within the spirit of the adia-
batic Born-Oppenheimer approximation that we discussed in chapter 4.1). The wave function

assumes then the form

_ 1
U, msalwp,p) = WFV(P)@v(Pv Wp)- (9.136)

The radial function in this equation satisfies the one-dimensional differential equation
1 1

For the present choice of the operator I/ the eigenfunctions @, (p, wp,) are expressible in terms

of the known eigenfunctions of Hpgsc and Afn.
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9.8 Three-body wave functions with mixed boundary
conditions

In section 2.3.3 (page 13) we considered the behaviour of the two-body Coulomb wave func-
tions when the energy varies from negative to positive values crossing the ionization threshold.
In particular, we discussed how the bound and the continuum energies and wave functions are
interrelated. For the three-body problem we considered separately the wave function below
(doubly excited states) and above the complete fragmentation threshold. The question which
will be addressed in this section is how the structure of the three-body wave function changes
when some of the particles are bound and the others are in the continuum. Clearly this situ-
ation is akin to many-body systems. The asymptotic boundary conditions are then mixed in
the sense that they consist of both, decaying and oscillating parts. As evident from Eq. (9.37),
for the case of three continuum particles, the presence of Coulomb potentials forbids a simple
asymptotic behaviour, such as plane waves in case of short-range potentials. Therefore, it is
not clear from the outset how the bound state is polarized by the presence of a continuum
particle and at the same time how the motion of the continuum electron is distorted due to the
structured residual ion.

For the sake of clarity we investigate systems consisting of one continuum electron moving
in the field of a electron ion. This means, the latter consists of a structureless core with
charge Z and one bound electron. In this case the laboratory frame coincides (to a very good
approximation) with the center of mass system. The wave function v describing the system at

the energy FE derives as the solution of the time-independent Schrodinger equation

27 27 2
Aa+Ab+_+7‘_ - — +2F iﬁ(ra,l‘b) =0. (9.138)

a b ab
As previously mentioned, the positions of the two electrons with respect to the residual ion are
denoted traditionally by r, and r;. The total energy E of the system is the sum of the energy
of the continuum electron E, = k2 /2 and that of the bound electron which resides in a state

specified by the principle, orbital and magnetic quantum numbers n, ¢, m, respectively, i. e.

Z? k2
E:—ﬁ—l—?“. (9.139)

As discussed in some detail in Section 2.3.3 the unperturbed (hydrogenic) state of the

bound electron ‘b’ has the structure [158, 161]

_ Zr .
G (6) = 75 () @xp(==2) Y (B) (9.140)
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where X, ¢(75), Yem(Tp) are, respectively, the radial wave functions and the spherical har-
monics. In view of the structure of Eq. (9.140) and of the general dependence of the contin-
uum wave functions, it is appropriate to write the solution of the full equation (9.138) as the

ansatz
_ o
Wit(ra,re) = P te PN g (9.141)
k=0

Here the distorted motion of the continuum electron is described by the (continuum) part of

the ansatz

P(ra, 1) = exp(iky - rq +i9) , (9.142)

where the distortion factor ¢ is generally complex and needs to be determined. On the other

hand, the expansion (coefficient) functions &, are assumed to have the form

1 .
& = r_an,Z(Tb)Yé,m(rb) . (9.143)
b

Inserting the ansatz (9.141) in the Schrodinger equation (9.138) yields the relation
27 2
[ — <—+—> Or, + Ap +2ik, -V,
n Ty

27 27 2 :
+ A+ S+ 5 ] <e’¢’25k> =0 (9.144)
Ty %

Ta Tab

Carrying out the calculations for the differential operators acting on e’ > « &k we obtain the

following determining differential equation for the functions &y,

Ag + Ay +i(Ag + Ap)¢ — (Vi) — (Vi)?

+2i(Vod - Vo + Vb - Va)2i<i+1> <3¢i3)

27 27 2
—2ka-Va¢+2ika-Va+—+———]Z&czo. (9.145)
Ty Ta Tab

Let us now inspect the asymptotic behaviour of this equation. First we note that the leading

order terms in the asymptotic regime are those which fall off faster than the Coulomb potential,
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i. e. asymptotically Eq. (9.145) reduces to

B 2 9 .0
87“1, (97“17

> 2k, V.o

27 27 2
+ 2k Vo+ ——+- 2= ng_o (9.146)
Ty

Since the functions &, and ¢ are independent and the equation (9.146) is valid irrespective of

the values of &, and ¢ we conclude that the function ¢ must satisfy

Z Z 1
290 g, ve-Z_ 2,1 g, (9.147)

n Ory Ta Tb Tap
For the solution of this equation we make the ansatz

¢t = —inln(r) + 07T, (9.148)
Z ~
ot = + k_ln(ka ra F ko-1q) + ¢i . (9.149)

a

The complex function (Zsi is arbitrary and will be determined below. Since ¢ describes the
distortion of the continuum electron motion, a distinction has been made between outgoing
(4 sign) and incoming (— sign) wave boundary conditions. The term —in In(r;) in Eq. (9.148)
results in a real exponential factor in Eq. (9.141). This exponentially decaying function is then
included in the functions &k, as introduced by Eq. (9.143). The term % In(kg ra F ko -14)
in Eq. (9.149) describes the phase distortion of the continuum electron due to the presence of
a residual charge (the core) with charge Z. This is basically, the Coulomb phase distortion
if the ion were structureless. The fact that the ion has a bound electron is reflected by the
presence of a second distorting factor in Eq. (9.149) namely the phase ai. Substitution of
of Eq. (9.148) in (9.147) results in the relation (only incoming wave boundary conditions are

considered for brevity)
Z 0dt 1
L2007 ., Va4 0. (9.150)
n or T Tab
The solution of this equation has the form
~ 1
ot = 1 In(Argp +¢-1ap) , (9.151)
where the independent complex quantities A and c are determined upon substituting (9.151)
in (9.150) which yields

Z
c = —k,+i— f‘b,
n

7 2
A= (ka—i—fb> ) (9.152)
n



9.8 Three-body wave functions with mixed boundary conditions 151

For outgoing-wave boundary conditions we can repeat the steps outlined above and arrive

at the final result
~ 1
¢ = DY In(Argp —C-ryp) - (9.153)

From EqS (9152) it follows that
( )

if 74>y, ko> Z/n ot =T

In(kyg ro F ko - Ta)-

a

(9.154)

This means if the bound system consists of a neutral atom, i. e. an electron and a singly charged
positive ion (so that Z — 1 = 0), and if the continuum electron energy is much larger than the
bound state energy then the distortion of the continuum electron motion can be neglected.
The effect of the polarization of the bound state and the phase distortion of the contin-
uum electron motion is best illustrated by considering the real and the imaginary part of the

complex function exp(ia’). This can be done by rewriting A in the form
A=zx+1y, (9.155)
where x and y are real functions and hence the function 5* takes on the form
~ A*
R

The real functions v and u are given by the equations

In [vz + u2] 1/2 + ¢ arctan (E) . (9.156)
v

v o= Irqp — Kg - Tap,
Z .

U = Yregp+ — Tp-Tap - 9.157)
n

Furthermore, we can express the complex function exp(z'%’) in terms of the real phase func-

tion ¢ and the amplitude function A by writing
exp(ip~) = Aexp(iC). (9.158)

The amplitude A is a measure for the polarization degree of the initial state due to correlation
effects between the bound and the continuum electrons. On the other hand ¢ quantifies the dis-
tortion of the motion of the continuum electrons. The explicit expression for the polarization

function A is

A exp(—S¢7),

2
= [v2+u2]y/2w exp —iarctanE . (9.159)
A2 v
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Following the same steps we derive for the phase distortion ¢ the expression

¢ Ro,

2 21%/2A° Y u
In [v +u ] + L)\P arctan v] . (9.160)

The expressions for « and y are then obtained by substituting (9.156) into (9.150).
This yields two coupled differential equations that can be solved and the solution is given in a

closed analytical form as

) 72 9 7 1/2 ) 22 1/2
r = 1 <k§ nQ> + 3 (Bo - kq)? +t3 <kc2l - nz) ; (9.161)
Z(ty - kg
y = 2k (9.162)
rn

This result concludes our analysis of the bound-continuum mixed asymptotic behaviour.
At finite distances one can proceed along the same lines followed for the derivation of the

asymptotic behaviour and derive for the term ¢/ in Eq. (9.141) the closed analytical expression

1;[}_$ = Nnorm eXp(ika : ra) 1 [iiaaa 1, Fik, (Ta + Ea : ra)

1By [Fiay, 1, Fi(Are F c-rep))] - (9.163)

The complex vector ¢ and A are determined by Egs. (9.152), N,orm is @ normalization
constant and vy = 1/, Physical processes involving the wave function (9.163) are numerous.
E. g., in the case of excitation of neutral atoms by electron impact a final state is achieved
that consists of one continuum electron and one excited electron. The latter electron is still
bound to the positive ion core. In fact it is for this case where the wave function (9.163)
has been successfully employed. The calculations have been performed [160] for the angular

correlation parameters of the 1s — 2p transition in atomic hydrogen.

9.8.1 Asymptotic states of two bound electrons

In the case that both electrons are bound one can as well find asymptotic solutions %Y (r, 1)
using similar method [234,235], as those outlined above. It should be noted however, that, as
explained in section (9.5.5), methods relying on separating the three-body system into non-
interacting three two-body subsystems will not be able to reproduce the correct behaviour

at the condensation point where the Fock expansion (8.1) has to be satisfied. For bound
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states, where the electrons are confined to a small region in space, the Fock expansion is
more relevant than for continuum states. From a physical point of view the problem becomes
clear when recalling that the centrifugal potential arises as a part of the kinetic energy and
hence will always falls off faster than the Coulomb potential. Thus, when seeking asymptotic
solutions of the wave equation only to the first order in the Coulomb potentials the effect of the
centrifugal terms (and further terms) is completely neglected. This is a decisive difference to
the treatment of the bound-continuum states in the preceding section, because the centrifugal
force on the bound electron is exactly taken into account, as seen from the ansatz Eq. (9.140),
when the continuum electron is well separated from the residual ion.

The treatment of two electrons bound to a structureless core with a charge Z employs the
same arguments of the preceding section. In brief, in analogy to Eq. (9.142), one makes for

the wave function ¢%%¥(r,, r;) of two electrons the ansatz
Y (rg,1p) = e Mo Ta" Moo Fe(ra re) (9.164)

Inserting this ansatz in the Schrédinger equation and neglecting terms that fall off asymp-
totically faster than the Coulomb potentials one obtains determining equations for A,/ and

©(rq,rp). The resulting form of the wave function %% (r,, r}) is

PO - Ap—
VY (ry, 1) :NasyA(ra,rb) T(LZ//\E 1rbZ/ p—1

F (9.165)
{[rab — F (Mafa — Mpitp)] - (10 — rb)} e Nara= Ny
where N, is a normalization factor and
F71 = | Afa — Nl (9.166)

The angular function A(#,, ) remains undetermined. At a given total energy F, the relation

E = —)\?/2 — A2 /2 applies.

9.9 Partial-wave decomposition of three-body wave
functions

Expanding wave functions in terms of partial waves is one of the most widely used methods
in quantum mechanics. In particular, for systems with a rotational symmetry an expansion in
terms of spherical harmonics is very effective. The method and its features are best illustrated

for the one-particle case.
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9.9.1 Expansion of Coulomb wave functions in spherical harmonics

Let us consider the scattering of one particle with charge Z; from the Coulomb field of a
second charge Zs. In spherical coordinates the relative motion along the radial variable r is
governed by the Schrodinger equation (cf. 7.12)

1 %2

S — (7"728,4"2@ — T72L2) + - E] =0, 9.167)
2 r
where 1., is the reduced mass and L? is the orbital angular momentum. Expanding % in the

form
YP(r,k) = Nwrﬂ;Fl(k,r)<2l+1> Z Vi (K) Vi (1),

= Nyr 'Y Fi(k,r)P(k- ), (9.168)
=0

where Ny, is a normalization constant and k is the wave vector conjugate to r. The expan-
sion coefficients F}(k,r) are determined by inserting the ansatz (9.168) into the Schrodinger
equation (9.168) which yields

20k
r

P+ E>—1(1+1)r 2~ ] Fi(k,7) =0, (9.169)
where o, = pi;, 21 Zo /k is the Sommerfeld parameter. Making the ansatz

Fy(k,r) = ™" (kr)T1 Fy(€), (9.170)

where ¢ = —2ikr and inserting it in (9.169) we obtain the Kummer-Laplace differential

equation (2.50) (pagel4)

[€0F + (21 +2 = £)0e — (1 + 1 +iac)] Fy(§) =0. (9.171)
Therefore, the solution which is regular at » = 0 reads

F=n 1 F(l+14ia.,2l +2,§), (9.172)

where n; is an integration constant. Inserting this equation in (9.170) we conclude that the
regular spherical Coulomb wave function has the (large ) asymptotic behaviour

2+ 1)1 emee/2Hion
20 T +1+ia)

Fi(k,r) == n ( sin (kr — 7 /2 — a. In(2kr) 4+ 07) .

(9.173)
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The quantity
op=argl'(l+1+ia.)

is the Coulomb phase shift and hence the Coulomb scattering (S-)matrix element S;(k) is
given by
; N+ 1+io)
Si(k) =¥ = ———— .
(k) =e T(+1—ia,)
Using Eqgs. (9.173, 9.170, 9.168) we obtain the Coulomb function in the following partial

wave representation
Y k) = (2m) ¥ 2(kr)7t Y (2 +1)it € Fy(k,r) Pk - £). (9.174)
1=0
The normalization has been determined by utilizing the orthogonality properties of the Le-
gendre polynomials. As to be expected the expression (9.174) reduces to the well-known

partial wave decomposition of the plane wave in the limit a. — 0, i. e.

oo

erk)| (2m) 732 3 (20 + )ity (kr) Pi(k - £), (9.175)
N 1=0

where j;(kr) is a spherical Bessel function.

9.9.2 Partial wave expansion of approximate three-body wave functions

Comparing the derivation of the two-body Coulomb wave function using the method of par-
tial wave decomposition with the derivation in parabolic coordinates (section 2.3.2), it seems
that the partial wave approach is more complicated and does not yield any further significant
insight. In addition, as the Coulomb potential drops off very slowly the partial wave expan-
sion of the scattering amplitude is expected to converge slowly (if at all). Nonetheless, the
partial-wave decomposition method is useful when the potential contains a short-range part
or when questions are addressed that concern the symmetry and the properties of excitation
processes, such as the presence of selection rules. In fact in chapter 5 we have demonstrated
how the selection rules for photoexcitation processes are derived using rotational symmetry
properties. More importantly we have seen in section 5.4 (page 58) that this approach can
be utilized to many-electron systems which is of great importance from a theoretical and ex-

perimental point of view (see also [239, 240] and references therein). The aim of this section
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is therefore to explore the possibility of expanding interacting three-body systems in partial
waves.

The partial wave expansion in spherical harmonics is best suited for systems with a central
isotropic potential force, as clearly seen from the derivation of the partial wave decomposition
of the Coulomb wave function (9.174). Therefore, one may expect serious obstacles when
carrying over the analysis of the preceding section to N correlated particle systems, because
in this case, for a single particle, there will be more than one force center, even though the
overall rotation symmetry is maintained.

In this section we inspect the possibility of expanding in partial waves the three-body wave
functions we have derived previously, such as the 3C and the DS3C wave functions. These

wave functions have the structure

U =1y (ra)¥y, (vo) Fy, (ra — 1), (9.176)
where the function ¢ (r;) = Nye*iTi | Fy(iaj, 1, —ilkjr; + kj - 1j]), (i = a,b)is a two-
body Coulomb wave as it occurs for example in (9.45). As demonstrated by Eq. (9.174) the

function wl; (rj), i = a,bcanbe expanded in terms of partial waves using the radial functions
f l (ka T)
Ui

> filk,r)Pi(k- 1),

!
> filk,r)Chry (k) Cln (8). 9.177)
Im

To simplify notation we introduced spherical harmonics normalized such that

4
O (8) =\ 57777 Yim (8). (9.178)

The (correlation) function Fk_a . (r, — rp) in Eq. (9.176) that depends on the interelectronic
coordinate can be formally expanded as

Fk:b (ra - rb) - Zgl(kab7 Tab)cfm(l;ab)clm(f'ab)- (9179)

l,m
The key point is that the function g;(kqp,74,) depends only on the body-fixed coordinate
Tab = |rq — rp| and carries therefore no total angular momentum. The factor Cj,,, (45) can be

expressed as a sum over bipolar harmonics [236]

l
Crm(Fa) = Y e rap oy ™ BV (#q, 1), (9.180)
A=0
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where the coefficients ¢; ) are given by

)l A (21)'

(20— 2\)1(2A)! ©.181)

ClA:(*

and the bipolar harmonics are obtained from the tensor product of two spherical harmonics,
namely

BN (0, 1) = Y (A (1= A)(m = v)[Im) Coy (£)Ca—n) (mv) (). (9.182)

v

A formal expansion in partial waves of the three-body wave function ¥ is obtained upon

inserting Eqgs. (9.177, 9.179, 9.180) into Eq. (9.176) which leads to the series expansion

U= > fi(kara) fio (ks 76) 91(Kab, ab)

li,l2, LA

- X\, l=X . %
Z CAXTap Ta Ty Ol*l mi (ka) Cl*g ma (kb)

mi,m2,MmM
Ci o (kat) Cry my (Fa) Cra o (80) B~ (B, B)- (9.183)
The next step is then to expand the expression
X = C1 my (Fa) Ciy my (80) B 07N (g, 1) (9.184)

in terms of eigenfunctions of the total angular momentum. To this end we use the definition

of the bipolar harmonics and deduce the coupling relation

Ot (i) Crui) = 3 (—1>M1(2L1+1>( oA Lﬂyl)

mq 1%
Ly My

li N L .
< 8 0 01 )CLI Ml(ra)'

(9.185)

Likewise, we write

) o Vear, b (-X L
Cly ma (B6) Cl1—2) (m—v) (Fb) LZZMZ (—=1)™=(2L +1)( me (m—v) —M, )

( lg (l B )\) IE)Q ) CL2 M, (fb)

(9.186)
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With these relations we derive for the function X (given by Eq. (9.184)) the expression

X = > v (L= X)(m —v)[lm) (—)MFM2(2L0, + 1) (2L, + 1)
Ly My Ly My v
ll A L1 l1 A Ll
miq 1% 7M1 0 0 0

(5 40 (55 5)
Cry M, (£a)Cry M, ().

(9.187)

The spherical harmonics in Eq. (9.187) depending on the orbital angular momenta L and Lo

are coupled to the total angular momentum L by virtue of the equation

Cry ay (Fa)CLy 1y (8) = Y (LiMy LyMp|LM) BAf? (fa, ). (9.188)
L M

Inserting this relation in Eq. (9.187) and performing the sums over v, M; and M; (see [237]

3.21) we derive the relation

X= Y (2)"m/@+1)(2L +1) (2Ly + 1)(2L2 + 1)
Ly Lo L

i AN L l l—)N) L A
< 5 0 01 )< 5 ( 0 ) 02 )Bfllélz(ravrb)

ll l2 112 112 l L
Z(2l12+1)( my ma  —(my +mo) > ( —(m1+ma) —-m M )

l12

ll 12 112
A (=N 1
Li L, L

(9.189)
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Substituting Eq. (9.189) into Eq. (9.183) we obtain the partial wave expansion of the wave

function ¥
U= E Jiu(kayra) fi,(ky, 7o) 91 (Kab, Tab)
11 mylgmog
Ilm X
LiLy L' Ml

Cl*l my (f(a) Cl*g mo (f{b) Cl*m (l;ab)

=1, ,.(=X)
CI\ Tab Tq Tb

(_)L+l+m (21 + 1)(2L +1) (2L1 + 1)(2L2 + 1)(2112 +1)
L A Ly la (l - )‘) Ly
( 00 0 > < 0o 0 0 )

ll l2 112 112 l L
my me  —(mq + ma) —(my+my) —-m M

l lo li2
A (=N 1 BEP(ELR).
Ly Ly L
(9.190)
To perform the sums over m1, my and m we consider the quantities
_ Lol e - -
T mlzm < my Mz —Mi2 )Cllml(ka)cbmAkb),
B (_)11*12+m12 l1o I L s o
V= V2l +1 -mi2 —-m M B}y (Ka: Kb),
l l L - PN
5= Z < —711212 -m M ) Crm (kap) Blllli'?’nlz(ka’kb)' 9.191)

mi2 M

Using Eq. (9.180) we deduce for the function S’

S = > ek Kk 8"
k

—mio2 —MmM M

5 = Z <kl/(l_k)(m—y)lm>( l12 l L>

mi2 mv

Cro(ka)Ci—k) (m—v) (k) B2 (ko ks),

lizmia
l l L
§ = ) ( ,,7112 —m M ) (limiloma|lizmaz)
myme miam 12

Cllml (f(a) Cl2m2 (l;b) Bk . (f(av lA{b)

lm

(9.192)
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For the factor
Ollml( )Clzm2(kb) k (l k)(kaaf(b)

that appears in Eq. (9.192) we employ the result (9.189) that we derived previously for X.

This yields the expression

"o LMttt -t | 2L+ 1) (202 +1)
S = Y () \/ L1 (2K1 4+ 1)(2K5 + 1)
K1 Ko

L k K lo (I—Fk) K

00 0 0 0 0

h la  le o

ko (I—-k) 1 3B (ka k). (9.193)
K, Ky L

With this equation we conclude that three-body wave functions that can be written as a product
of single particle wave functions and wave functions depending on the relative distance can
be written in the most general form

vo= > fiu(kasra) fio (Ko, mo) gi(Kab, Tab)

lilolig Al kLy Ly K1 Ko LM

kfj 7“2 kél_k) PN

( abrab) b
)

21+ 1)(2l2+1)(2L1 + 1)(2L2 + 1)(2K1 + 1)(2K2 + 1)
ll A L1 11 k Kl
0 0 O 0 0 O

(5 Y e )(e )

~

ll l2 l12 l1 l2 ll2
A=\ I b (—k) 1
Ly Lo L K Ky L

(9.194)

9.9.3 Three-body S states

For S states, i.e. for L = M = 0 the 9 — j symbol reduces to

L ( Iy ) ha | (patriagy g { bl }
AN o-N 1S = ——
Ly Ly 0 VI 1)(2L +1) bmA A D

(9.195)
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Furthermore, the bipolar harmonic simplifies to

Big " (Ra,t) = > (LymLy —m|00) Cpym(Ea) Cry—m (i),

m
Llfm

(-)
;\/2L1+1
= O i) (9.196)
- \/m Li\Yas1b)-: .

Cle(f'a) CLl—m(fb)v

With these simplifications we obtain for the wave function W the expression

v= > fuu(karra) fio (Ko, ) 91 (Kb, Tab)

1l NkE Ly Ky

(kabrab)_l kéf r?z\ klgl_k) T‘IEZ_A)
(

)MF (20 +1)(2L1 + 1)(2K; +1)
l1 A L1 11 k Kl
0 0 0 00 0

Ezg (ZBA) L01)<Z5 (sz) Igl)
{

(9.197)

9.9.4 Partial-wave expansion of two-center Coulomb functions

Having determined the formal structure of the partial wave decomposition for three-body wave
functions we turn now to the actual determination of the radially dependent expansion coef-
ficient functions. For the case of one charged particle moving in a central Coulomb field we
already derived the explicit expression (9.174). Thus, it remains the task to determine a sim-
ilar expansion for a Coulomb particle in a two-center potential. This situation is in fact the
generic case for many-electron systems whereas Eq. (9.174) is valid only for two charged par-

ticle systems. In this section we consider only two-center Coulomb waves. To this end let us
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inspect the function

Je(K, pr — 1)
lpr — |

1By (=i 1L K | pe — x| + K- (pr — 1)), (9-198)

1 ! : ,
= . ‘ / dtt— 11 —t)
0

I(—ia)T(1 + i) |pr — 1]
x explit[K|pr —r| + K- (pr —1)]}.

(9.199)

Equation (9.199) follows from the integral representation of the hypergeometric function
1F1(a,b, 2) [99,139]. Now we convert |p, — r| in the exponent of Eq. (9.199) into a vec-

tor form by using the formula

e—Alpr—r] 1 et (pr—r)

q2+A2'

3

dq (9.200)

e —x| 277
In the following calculations we introduce the convergence factor \; and use the abbreviation
A=)\ —itK. (9.201)

The final result is achieved by performing the limit \; — 0.
Using the relation (9.200) on can write Eq. (9.199) as
fC(K> Pr — I') 1

1
_ —ia—1 1— et .
lpr — | 2120 (—ia)T(1 + i) /0 dit (1= 1), ©.202)

where the function [ is expressed as the three-dimensional integral

s P et(a+tK)-pr—i(q+tK)r 903

By introducing the substitution
Q=q+tK

the function I is transformed into the form

L eiQer miQr
/ “Q Qo myp T A (9.204)
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For the plane waves in this expression we employ the partial wave expansion (9.175) and

conclude that

fe(K, pr — 1) 8 N ) A
e vE e D R RC
/1 it timil (1 _ t)ioz
0
/0 dQ @ jx(Qp.) 71(Qr)

/ 2 Y3, (Q) Y, (Q)
QT+ 2K2+ A2 —2tQ K
(9.205)

In this expression the product of spherical harmonics Y, (Q)Yl’jn(Q) can be simplified using

the relation

N+ 1)(20 +1)12
Yo (@Y (@ =Y Y1 {%ﬁﬂ}
I A L
“Lo o o
XAl LM) Y3, (Q).
(9.206)

Furthermore, we couple Yy, (4r) and Y}; (£) to obtain the bipolar harmonics VEM (py, F).

This is done via the tensor product (see appendix A.1.2)

VM (Be,®) =Y (IXmp| LM) Y5, (6e) Yii, (£).

mp
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Using the above relations we can express % in terms of the bipolar harmonics as
fe(K, pr — 1) 8 -\ 1/2
= : _ YoM Eea+ @i+ 1Y
lpr — 1| VAT (—ia)T(1 + i) Y

(00 0) o8t
1

/ dt =t (1—t)'

0

/0 dQ @ jA(Qp,) 31(Qr)

/1 du
1 Q2 +12K2 4+ A2 -2tQKu
27
/(me@»
0
(9.207)

Here we choose the quantization axis such that Q | K and introduce the variable u =

cos(fg). Noting that

A oL +1) (L— M) o
Y* = (-1 M ( P]\/I ime 208
m(Q)=(-1) ir (Lt M) L (u) e (9.208)
we evaluate one of the integral in Eq. (9.207) as
27
/ dp Yy (Q) =27 Y70 (Q) dpo = /7 (2L + 1) Pr(u). (9.209)
0
Therefore, Eq. (9.207) can now be written in the form
Je

> i@ A+ 1)+ 1)(2L + 1))
LAl

I AN L . s
(00 0 ) H0nnhlpnr K

lpr — 1| B

(9.210)

where the functions F'j;(p,., 7, K) are defined as

4 ! , ;
dt tfwzfl 1 — ¢)te
I(—ia)T'(1 + i) /0 ( )

/0 7 4Q Q2 1 (Qu) Q)
/1 du P (u)

1 Q2 H2K2 4+ A2 - 2tQKu’

F){Z(pTvTvK) =

(9.211)
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The integration over the ¢ variable can be performed upon the reformulation

Q* +PK*+ A —2t1QKu= Q>+ )\ —2t(Q +i\) K u,

which leads to the equation

Fh(ppr K) =4 /O > dQ Q% jx(Qp,) il(Qr)

@+ Al
/1 du Pr(u)
_1 D(—ia) T(1 + i)
Lagtmiomt (1—¢t)e
] _ 2tKu :
0 Q=i
The ¢ integration is readily performed by introducing the variables
2K
b=—ia,c=a=1, and z = u .
Q — i\
From the integral representation of the hypergeometric function
1 Ldtt=io=1 (1 —t)ie ,
= 2P (1, —ia,1,2) = (1 - z)™
T(—ia) F(1+m)/0 1—t2 2Pl —ian 1,2) = (1= 2)
we then deduce the relation for Fij
> dQ Q% ja(Qp,) Ji(Qr)
Fh(pr,r, K) =4 / br
Al (p ) o Q2 + )\%

1 2Ku \™
/4dupL(u) (1_Q—i>\1) .

Now let us examine the integral
1
Iéa)(z) = / du Pr(u) (1 — zu)"™.
~1
For Pr,(u) the following relation

1
T oL )

Pr(u) DF [(u* = 1)*]

165

(9.212)

(9.213)

(9.214)

(9.215)

applies. Therefore, the integral 1 gx) (2) can be evaluated by integrating L times by parts. This

leads us to the expression

L—-1 .
@, L j ia—j _Lliat+1)
RO Ry THE D DLt Dl o wy
=0

; ZLliatl) /1 du (1 — zuyob (u2—1)L}.

Iia+1-L) J_,

DL7j71 [(UZ _ 1)L]

(9.216)
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Making use of the equation

DM -1 |1, = DM (u—1)* (u+ )" |, 9.217)
Mo 1
= Y ( L ) D¥(u — 1)L DM=F(y 4+ 1)L
k=0 —1
9.218)

we obtain the following relation

, 1 M M L! _
DM[(UZ*D]L‘AZZ < L ) (L_k)l(ufl)ll k

k=0
B (u + 1)LHr=M 1 =0, if M < L.
(L+k— M)! 1
(9.219)
Thus, the integral 1 éa) (z) has the form
LT(ia+1) ! .
I(a) — o / d _ 1 L 1 L 1 _ za—L.

L (Z) 2LL!F(ia—|—1—L) = u(u ) (u+ ) ( Zu)

(9.220)

Shifting the variable according to
u=1-2t su—1=-2t, u+1=2(1-1¢)

we obtain

L . L+1 1

(o) z" Plia+1) 2 / L L ia—L

I = dittt (1 —t)l (1 — 2 + 22t :
L2 I(L+1)T(ia+1-1L) J, ( )P (- =+ 228)

(9.221)

The next step consists of introducing the abbreviations
b=L+1,c=2L+2,a=L—ia.

Recalling the integral representation (9.214) of the hypergeometric function 2F;(a,b,c, z)
and comparing with (9.220) we conclude that

L ; .
(@) _ W (I-2)Tlia+1) (L +1)
I7(z) = 2 (1_2) T(ia +1— L) (2L + 2)

9
X o F) (L—ia,L+1,2L+2,1 Z)
—Z

(9.222)
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If desired, this expression can be further simplified by making use of the fact that the hyper-
geometric function, occurring in (9.222), is related to the associated Legendre function of the

second kind [238] Q*(z) where

v=L,p=—-1—1ia, and

2 —2z 1—=z2 1
= =1—x= =l—--=z=1/z

1—2z 1—=2 . —z z . /%

(9.223)

Therefore, the integral 1 ia) (z) is expressible in terms of the associated Legendre functions of

the second kind. The result is

. 1+ia
[0 = () Q=20 TGa+h2 142\
L 1-2) T(ia+1-L)T(L—ia) 2
N |
(1 . Z) €(1+ia)i7r Qzl_la(l/z).
(9.224)
This expression is further simplified to yield
o (_1)L+1 2 o —ar N—l—ia
19(e) = L2 e e gpinieq ) ©9.225)
Noting that the relation
_1—ia 1 —ix —ia
(2L+1) Qy (1/2) 2 1=Qp % —QL
(9.226)
applies, we conclude that the value of the integral 1 éa) (z) can be written as
N 2(_1)L+1 (1 _ ZQ)ia/2 e—om Cia Cia
117 (2) = i) QL3 (1/2) —Q5(1/2)].
(9.227)

With this expression for 1 éa) (2) we end up with the final result for F5y(p,., 7, K), namely

dQ Q?

Pilorn =4 | 55

2K
N2 L \2 J/\(QPT) JZ(QT) IL (m) .

(9.228)
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Therefore, the object of interest, i. e. Eq. (9.207), has the following final partial wave decom-

position

[ee} 2
B fi i 4y it i 52@7& [(2\ + 1)(20 + 1)(2L + 1)]V/?
r LAl

><l)\L
0 0 O

K
VR et) (@) Q) 13 (5205 )

(9.229)

The one-dimensional integral over @) has not been performed analytically yet, but it can be

performed numerically.



10 Correlated continuum states of /N systems

In chapter 8 we investigated in full details a number of aspects related to the three-body
Coulomb problem. In particular, we have seen that the appropriate choice of the coordinate
system renders possible the theoretical treatment in a transparent and a direct way. The ques-
tion addressed in this chapter is, whether it is possible to extend the concepts developed for
the three-body problem to deal with the excited states of N particle systems? A quick glance
at the coordinate systems (9.13, 9.15, 9.17) (page 118) employed for the three-body problem
leads to a negative answer to this question. Leaving aside the spin-degrees of freedom, in
general, a system of interacting IV particles can be treated using a center-of-mass coordinate
system which has the dimension ngij,, = 3N — 3. The definitions of the coordinate systems
(9.13,9.15, 9.17) rely on the relative positions (momenta) r;; (k;;) between the particles. The
number of r;; (or k;;) is given by the number of pairs which is npairs = N(IN — 1)/2. Only
for N = 3 we have npairs = ndim Which makes clear the peculiarity of the three-body prob-
lem. Nevertheless, the structure of the three-body wave functions provides valuable hints on
what to expect for N particle systems. For N = 3 we were able to split approximately the
total Hamiltonian in a part [cf. Eq. (9.22)] having asymptotically oscillating eigenfunctions
[cf. Egs. (9.22, 9.37)] that incorporate the long-range inter-particle correlation. A second part
[Eq. (9.31)] has eigenfunctions that decay exponentially [Eq. (9.35)] with distance and ac-
counts for the short-range interactions. This situation bears a resemblance of the behaviour of
a prototypical many-electron thermodynamical' system, the interacting homogeneous electron
gas (EG) embedded in a neutralizing homogeneous background charge. In a series of funda-
mental papers Pines and co-workers [50, 84] pointed out that in an interacting electron gas the

long-range part of the interelectronic Coulomb interactions is describable (quantum mechani-

IThe term “thermodynamic” is used in this work for systems which have an infinitely large number of particles N
and occupying an infinitely extended volume V', while the particle density ne = N/V remains finite, i. e. the limits
apply V — oo, N — 0o, N/V — ne.
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cally) in terms of collective fields. These fields represent organized plasma oscillations of the
electron gas. The total Hamiltonian is then written in terms of these collective modes and a
set of individual electrons that interact with one another via short-range screened Coulomb
potentials. The short-range part of the electron-electron interaction can be parameterized re-
markably well by a Yukawa-type potential (exponentially screened Coulomb potential) with
a screening length depending on the electron gas density. There is, in addition, a mixing
term that couples the individual particles to the collective modes. This mixing term can be
eliminated under certain conditions [50]. As we will see later on in the chapter this formal
analogy between the EG and finite N electron systems (/N < 0o) persists in the sense that the
long-range part of the interaction can be disentangled from the short-range interactions, and a

mixing term between these two types of interactions can be identified.

10.1 The interacting electron gas

A finite electronic system S with N, electrons confined to the space volume V is expected to
reveal features akin to the EG when IV, and V increases while the density n. = N./V remains
finite. To clarify the analogies and the differences between the properties of S and EG it is
instructive to recall the main aspects of the EG relevant to the present work. Only a brief
introduction is given while a detailed treatment can be found elsewhere, e. g. [50,52, 84, 85].
In the interacting homogeneous electron gas (jellium) model one considers N, electrons

confined to a volume V' and interacting via the two-particle Coulomb potentials

1

i — ;|

hee = ZV(I'U‘), V(I’Z‘j) = (101)

J>i
The complete system is neutral. The charge neutrality is guaranteed by a homogeneous back-
ground positive charge with a constant (ionic) density n;,, = N./V that acts as a constant

crystal potential. The total Hamiltonian is then
H= he + h'L(m + he,vi(ma (10.2)

where the electronic part has the form

N,
1 Xe
he = 75 XJ:AJ + hee- (10.3)
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The operator h;,,, is the part related to the background charge and has the form

1 Nion (T)Nion (1! 21 N?
—/d3rd3r’(r)fr/|() exp(—\ilr —1'|) = CETa (10.4)

Here )\; is a convergence factor. Furthermore, the interaction of the electrons with the ionic

hion = lim
A;—0t 2

background is described by

on 47 N2
he.ion = }E%IZ/CF’ ro_r (e - = -5 (10.5)

From the preceding it is clear that the most appropriate non-interacting single particle states

labelled by the quantum numbers (wave vectors) k are the plane wave states

1 .
&(r) = We“”. (10.6)

Assuming boundary conditions sets a quantization constraint on the wave vectors ( k =
27 (ng, ny,n.)/L, where ng, . € Z and L?> = V). Using this basis, we can write the
electron-electron interaction h.. part in the second quantization (for clarity the spin indices

have been suppressed)

1
Nee = = Z v(ky, - ,k4)cilcli'zck4ck3, (10.7)

where cl'f (ck) s the operator for the creation (annihilation) of the single particle state labelled
by k. The symmetry of the particles is taken into account by the (fermionic) commutation
relations of clt and cy. The matrix element v(ky, - - - , ky) of the (two-body) electron-electron

interaction V is given by

e—)\ |ri—ra|

’U(kh... ,k4) = )\.IEI(l)+ d Tld Tgﬁ

4
T V(K - ke A2 0 ([k1 —ks] — [ka — ko). (10.8)

With this relation Eq. (10.7) can be written as

€1, (r1)€5, (12) s (1), (T2)

2T 1
= + +
hee - VA2 Z Ck Ck’ Ck'Ck + 7 Z ch—&-k” Ck,_k,/Ck/Ck,
1 kk’ kk’k’’
27 27 1
= )\2 V[ N + N N } + V Wcz+k”clt’7k”ck,ck7 (109)
Ik’ K/ £0

where N, is the particle number operator. The term in (10.9) proportional to NN, cancels
out with the two terms on the right-hand side of Eqs. (10.5, 10.4). Till this stage there were

no limitations on the number of particles. To neglect the term (10.9) that is proportional to
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N. we need however to operate in the thermodynamic limit, in which case this term gives an
energy per particle E/N = —27/(\?V) that vanishes for large V. With this restriction the
total Hamiltonian (10.2) is written in a second quantized form as a sum of single particle and

two-particle terms

k2 27 L+ o+
H o= Y ety D 2ot tiwi
m K,k k' #£0
— Hy W (10.10)

Here Hj is the (kinetic energy) Hamiltonian of the non-interacting EG (the Sommerfeld
model) which can be exactly diagonalized analytically. As a first attempt one can account
for the electronic interaction term W,. by means of perturbation theory. As clear from the
structure of (10.10) this approach is reasonable and in fact yields good results [84] when the
mean kinetic energy (or more generally the single particle energy contribution) is large as
compared to the average electron-electron energy. This is the case for an electron gas or when
the single particle confinement scatters strongly. This is for example the case for the ground
state of helium where the mean kinetic energy is considerably (roughly three times) larger
than the electron correlation energy contribution. For very slow electrons and shallow con-
fining potentials, such as in quantum dots [241] the electron-electron interaction becomes the
dominant factor and a preference to a single particle description is no more justified. Exam-
ples of the manifestations of the electron-electron interactions in this limit are for example
the predicted Wigner crystallization [242] in EG or the striking effects of correlation on the

structure of doubly excited resonance states in helium, that we discussed in section 5.6.

10.2 Excited states of IV interacting electrons

From the preceding discussion it is clear that when considering IV slow electrons moving in
the field of an ion (which we will do in the next section), special attention should be given
to the electron-electron interaction. Such states are realized experimentally by multiply ex-
citing or multiply ionizing atomic and molecular systems by electrons [244-249,251-260],
photons [261] or other charged-particles [262-268]. Measurements of the cross sections for
such reactions provide a tool to test the many-body excited state and may as well shed light
on the physics of low-density electron gas. From a theoretical (numerical) point of view there

are significant differences between the conventional treatment of the EG Hamiltonian (10.9)
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and that of IV slow moving electrons in the field of an ion. Most importantly, in the latter
case one has to deal with excited electronic states subject to a singular confining potential (the
Coulomb potential of the ion). The singularity problem of the confinement is absent when
considering the electrons in a harmonic trap, as usually done in the case of artificial atoms
(quantum dots). However, even with this computationally convenient confining potential only
the energetically low-lying excited states of a small number of electrons (N < 20) have been
treated full numerically [269,270] by means of the path integral Monte-Carlo method [243],
that will be outlined briefly later on. The approach followed in this chapter is to find approx-
imate solution of the NV electron state by directly analyzing the properties of the many-body

time-independent Schrodinger equation.

10.2.1 Formal development

Let us consider a system consisting of N charged particles of equal masses m and with charges
Zj, j € [1, N] subject to the Coulomb field of a residual massive charge Z with mass M and
M > m. With the assumption m/M — 0 the centre-of-mass system coincides with the
laboratory frame of reference. We seek eigensolution U (rq, -+ ,ry) of the non-relativistic

time-independent Schrédinger equation of the /NV-body system at the energy I, i.e.

N N
Z7; ZiZ;
H == =B U o =0 10.11
0+ -571 ", + E e n(r1, - ,rN) =0, ( )
! j>ist

where r; is the position vector of the particle j with respect to the residual charge Z and

r;; := r; — r;. The kinetic energy operator H is the sum of single particle operators

N
Ho=—) A/2m,
(=1

where A, is the Laplacian with respect to the coordinate ry. The energy F is chosen to be
above the complete fragmentation threshold. The /V-particle state is characterized by NV given

asymptotic momenta hky, i.e. the wave function satisfies the boundary conditions
_ihvf\PN(r17 e ,I'N)
Un(ry, -+ ,rN)

The total energy of the system F is then given by

— hk,. (10.12)

T¢—00

N
k2
E =) E, where E; = ﬁ (10.13)
=1
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The structure of the three-body wave function (9.45) and the realization of the importance of
electronic correlation for the desired states indicate that all interactions in the system should
be treated equally. Therefore, we make for the wave function U (ry, - -+ ,ry) the following

ansatz

U(ry, - ,rn) = N®r(ry, - ,en)Prr(ry, -+ ,rn)x(re, - ,TN)- (10.14)
The function ®; incorporates the interaction (to infinite order) of the particles with the ion
in absence of the correlation, whereas ®;; describes to infinite order all isolated two-body
interactions. The function x(ry, - - ,ry) encompasses all higher order interactions and N is
a normalization constant.

Mathematically this means that ®; satisfies the differential equation

N 727

; - F (I)](I'l,-'- ,I‘N) = 0. (1015)
="

This equation is completely separable. The solution can be written in the product form
q)I(rh"' arN):6 I‘], , T Hé-] I'j (1016)

where ®; (rq,--- ,ry) describes the effect of the ionic potential. The free-motion is charac-
terized by the plane waves £;(r;) = exp(ik; - r;) (cf. Eq. (10.6)).
Substituting (10.16) into Eq. (10.15) one concludes that the regular solution ®; is given
by the closed form
Or(ry, - rn) = [[&(rp)es(rs), (10.17)

Jj=1
where the function ¢;(r;) is a confluent hypergeometric function

pi(r;) = 1Filey, 1, —i(k;ry + kj - rj))]. (10.18)

The independent particle solution ®; is a good approximation for the total wave function

if |ZZ;| > |Z;Z;|; ¥V i,5 € [1,N]. If this is the case one can treat the correlation term

perturbatively, but keeping in mind the convergence problems of the perturbation series when
dealing with infinite range potentials (cf. chapter 11).

In the next step we capture the isolated two-body correlations to infinite order. This is

done by making for ®;; the ansatz

N
®yp(ry, - ,on) =Pyp(ry, o r H (r;). (10.19)
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The distortion factor due the inter-particle correlations is written as a product of pair correla-
tion factors, i. e.
Dr(ry,--,TN) = H ©ij(rij). (10.20)

j>i=1
The correlation within a pair of charged particles is described by the function

wij(rij) = 181 [oug, 1, —ikijri; + kij - 1ij)].

Note that ¢;;(r;;) describes the scattering events between particles ¢ and j to infinite or-
der. In fact the function ¢;;(r;;) Hl]il & (r;) solves for the Schrodinger Eq. (10.11) for ex-
tremely strong correlations between the particles ¢ and particle j, i. e. |ZZ)| < |Z;Z;| >
| Z Znl, V1, m,n # i, §, .. the relation applies
N
AVA

<H + E> wij(ri;) [] &(rj) = 0. (10.21)

i j=1

It is clear however that the function (10.19) does not solve for Eq. (10.11) when the correla-

tions between the particles are of comparable strength and Z = 0, i.e. in a situation similar to
the interacting EG. On the other hand from Eq. (10.21) it is readily concluded that the poten-
tial part is taken into account exactly by the function (10.19). Thus, higher order correlation
terms, which are neglected by (10.19), originate from the kinetic energy operator. Therefore,

we inspect the action of the Laplacian on the wave function ®;;, as given by Eq. (10.19)

AmEII = Z Am@lm H(PZJ + Z Am@mn H Pij + Am7 m e [1 N]
g e Jn
(10.22)

The differential operator A,, is given by cross gradient terms in the following manner

m—1 N N
22 VmSDlm)'< Z Vm‘zpmn>‘| H Pij

n=m+1 L3>

J#NI
m—1 m—1 N
+ (vm§0lm) : Z Vm‘;psm H Pij
=1 l#s=1 i>i
sF#IF£l
N N
n=m-+1 t=m+1 i>i
t#n JF#t#n

(10.23)
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As pointed out above the wave function (10.19) encompasses all multiple scattering events
within all (isolated) pairs of particles. What is left out are correlations between the pairs. To
extract a defining equation for these higher order correlations we switch off the Coulomb field
of the ion (i.e. we set Z = 0 in Eq. (10.11)) and insert the function (10.19) into the resulting
Schrodinger equation (10.11). Making use of the relation (10.22) we identify the term which

prevents complete separability to be

N
A=Y A, (10.24)

m=1
where the functions A,, are given by Eq. (10.23). As clear from Eq. (10.23) the term A,,
couples a pair of particles to all other pairs in the system. Thus, it is obvious that all the
terms in the sum (10.23) are absent for a three-body system since in this case only one pair
of interacting particle exist (recall we are considering the case Z = 0). Furthermore, Eq.
(10.22) evidences that the coupling term A,,, is a part of the kinetic energy operator and thus
should fall off faster than the Coulomb potential. This hints on the existence of an asymptotic
separability in the regime where A,, — 0.

The above remarks apply to the case where Z = 0, i.e. in the limit of interacting electron
gas (but without exchange). When switching on the Coulomb field of the residual ion the
particles will not only interact with the ion but all pairs of particle will couple to other pairs
formed by one particle and the ion. A mathematical description of this higher order coupling
term is provided by the function (ry,--- ,ry) that occurs in Eq. (10.14). A determining
equation for this function is derived upon the substitution of the expressions (10.19, 10.17) in

(10.14). Inserting this in the Schrédinger equation (10.11) yields

N
{Ho _ % _Zli(Vghl(I)] + Viln®;;) - Vg

11 =1

+ (Veln®g) - (Vg lnéll)} + E}X(rl, <-o,ry)=0. (10.25)
Rewriting x in the form
N
X, rn) = [[ € @)t = f(ry, -+, en)); (10.26)
j=1

where f(ry, -+ ,ry) is a function to be determined and inserting in Eq. (10.25) we obtain an
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inhomogeneous differential equation for the determination of f (and hence )

N
{Ho =Y Ve ®; + In®pp) + ik - Ve} f+RA—-f)=0, (10.27)
=1
where the inhomogeneous term R is
N
R := {(lenaj)(vmlnau)
m=1
m—1 N
22 D (Vemgm)  (Vin n@nmy)
=1 p=m+1
1 —1m—1
+§ (an In @lm) : (an In 9037n)
=1 s#l
;XN N

n=m+1n#q=m+1
Inspecting the structure of the function R it becomes clear that it contains the coupling terms
between all the individual N (N — 1) /2 two-particle subsystems. To explore the regime where

these coupling terms are negligible we have to analyze the norm of the term R. At first we

note that

Vg IHEI = azkg Fz(l‘z), (10.29)

where the functions F(r;) is explicitly given by

Fy[1+iday, 2, —i(kere+ ke re)] o N
F _ > 2 & , 10.30
e(re) 1Fufioy, 1, —i(kere + ke - 1y) | (ee 1 E2) ( )

Furthermore we calculate for the gradient of logarithm of ®;; the relation

N m—1
Vln®;; = Z Vi 1N @0 + valngplm
n=m+1 1=1
N m—1
- Z amnkmnan(rmn) - Z almklmFlm(rlm)-
n=m+1 =1
(10.31)
Here the functions F,,, (r;,,,) are determined by
Fy 140y, 2, —i(ki ri; + Kij-1i5) ] o« .
Fii(r;;) = 2 A Bk B G B B B M Ny YOO SR (10.32)
j( j) 1F1 [’LO&Z‘j, 1, 71(]’»'”‘ rij —+ kij . rij) ] ( J j)



178 10 Correlated continuum states of N-body systems

The function R (10.28) is written in terms of the generalized functions F;(r;,), F;(r;) as

N N
R = Z {amkmFm(rm)' l Z a7ankmnF7an(rnLn)

m=1 n=m-+1

m—1

- Z asmksmFsm(rsm)
s=1

m—1

N
§ almampklmkmpFlm : Fmp
=1 p=m+1

Apm Xsm klm ksmFlm ' Fsm

N N

1
+ 5 Z Z amnamqkmnkqumn : qu
n=m+1n#q=m+1

(10.33)

The properties of R are governed by that of the generalized functions F;;(r;;) and Fy(r;).
The asymptotic properties of these functions derive directly from the asymptotic expansion of

the hypergeometric functions [11, 12] which are

lim [Fy;(ri;)| —

Tij—

+ O (lkij rij + kij - ri5]72)

+ O ([kjrj + 1 x| 7%).

(10.34)

Since R is a sum of products of F;; and F; the expression R is of a finite range, and the

leading order term in the asymptotic expansion of R behaves as

lim R — O ([kij rij +kij-vij| % kor+ kv 72) ¥ j >4, 0€[1,N].

rij—
rl—>oo

(10.35)
From this equation we conclude that in the limit of large r; and large ry; the term R can be
neglected asymptotically. Consequently, the leading order solution of the exact wave function

of the Schrodinger equation (10.11) is

N
Ury, - oen) N [T &0 (0)um (Tim)- (10.36)

m>1l,j=1



10.2  Excited states of N interacting electrons 179

This wave function reduces to the wave function (9.45) which we have derived for the three-
body case and possesses the asymptotic properties (10.12) and (9.37). In fact, the above
procedure provides the mathematical foundation for the asymptotic form (9.37). From a phys-
ical point of view Eq. (10.36) states that the N particle system fragments asymptotically in
N(N — 1)/2 non-interacting pairs. The particles as such are not free because of multiple
scattering within the pairs. Furthermore, it is worth noting that, how fast the limit (10.35) is
approached is determined by the values of the momenta. For large inter-particle momenta the

asymptotic region covers a large portion of the Hilbert space, as inferred from Eq. (10.34).

10.2.2 Normalizing the IN-body wave functions

In the preceding section the normalization factor N remains undetermined. As a matter of
definition A derives from a 3N-dimensional integral over the norm of the function (10.36).
For large N this procedure is inhibitable for correlated (continuum) systems. Therefore, we
resort to a different method. We require that the flux generated by the wave function (10.36)
through an asymptotic manifold defined by a constant large inter-particle separations have to

be the same as that corresponding to normalized plane-waves, i.e.
Jpw =Ju, (10.37)

where the flux generated by the plane-wave is given by

. N
Iew = =507 (T[g v [Jae) - [Ja@v [Tae)| .
l

N
= (2m) V> "k,
=1
(10.38)

where the total gradient V := Zl]il V; has been introduced. The flux associated with the

wave function (10.36) is derived by utilizing Eqgs. (10.29, 10.31) and writing the total gradient
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of the wave function (10.36) as

N N
VU =N Z ik, U + ap b Fp, U + Z amnkmnfmn(rmn) H Pij
m=1 n=m+1 j>i
J#N

N
- Z alnLklmFlnL rlm H Sﬁzj H ﬁs(l‘
s=1

>

i#£l
(10.39)

Here the shorthand notation

an = an Pmn

has been used. As far as the asymptotic flux is concerned only the first term of Eq. (10.39)
contributes, as can be concluded from Eqgs. (10.30, 10.32). Making use of the asymptotic
expansion of the confluent hypergeometric function and accounting only for the leading-order

terms in the interparticle distances, the flux Jy is inferred to be

Ty = N2 H exp(may) H exp(mTaym )

. ky,
1 — ZOZ F* 1-— ZOZ] Sl— ZalnL)F (1 - Zahn)

n=1
(10.40)

where I'(z) is the Gamma function. From Egs. (10.37, 10.38, 10.40) we derive the final result

N
N=0@m) V2 ] expl—m(oum + ;) /2T(1 — i )T (1 — iouy).
j=1m>Il=1

(10.41)
As to be expected, for a three-body system this normalization factor reduces to the normaliza-
tion of the wave function (9.45) that has been derived exactly on page 124.
10.2.3 The two-body cusp conditions

Since all isolated two-body interactions are correctly accounted for by the wave function
(10.36) it is to be expected that the Kato cusp conditions introduced in section 8.1.2 are satis-

fied by the wave function (10.36). To verify the validity of this statement, which ensures the
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regular behavior at the two-particle collision points, we inspect the relation

o0
(1‘1,—,1']\[)‘| = ]{;iailll(r17~-~,TiZO,-",PN)7
’I‘i:O

8 T
Y (ri/r;) = 0,(ri/rim) — 0; m>1, i #j € [1,N].
(10.42)

The quantity ¥(ry, - - - ,ry) is the wave function ¥(ry, - -- ,ry) averaged over a sphere of
small radius rs < 1 around the singularity r; = 0. An equivalent condition guarantees
regularity at the coalescence points r;; — 0. To analyze whether or not the wave function
(10.36) satisfies the conditions (10.42) we linearize ¥(ry, - - - ,rx) around r; = 0 and average

over a sphere of small radius rs < 1. This leads to the equation

N
U(ry, - ,rn) = No D) [] &0i@)em(rm), cim #0,
Em
(10.43)
where Ny is a normalization factor and the form of the function D(r;) can be calculated to be
2 1
D(r;) = iz/ r3 dcosf [ 1+ ik; cos 0 + a;k; mi(1 + cosB) |,
drrs J_4
= l14okirg,
(10.44)
with cos 6 = IAQ - ;. From Eqgs. (10.44, 10.43) one concludes that
= N
OV(ry, - ,rN)
8—7“1‘ = ajk; Ny H gj@j (rj)wlm(rlm)v
ri=0 iF£j=1
I>m
= ok U(ry, -, =0, ,TN), €m # 0.
(10.45)

Similar considerations lead to the conclusion that the wave function (10.36) also satisfies the
Kato cusp conditions at the collision points (r;; — 0). As for the case of the approximate
three-body wave function (9.45), the N-body wave function (10.36) has a power series expan-
sion around the triple collision point, a behaviour which is at variance with the Fock expansion
(8.1).

Finally, it should be remarked that the wave function (10.36) has been successfully em-

ployed for the calculations of the scattering cross section of three and four-body collisions,
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e.g. in the case of electron-impact double ionization in which case a four-particle state is
achieved in the final channel (three electrons and the residual ion) (cf. Ref. [214] and refer-

ences therein).



11 Green’s function approach at zero temperatures

In the preceding we described a stationary, non-relativistic quantum mechanical few-body

system by diagonalizing its Hamolitonian H, i.e. by solving the eigenvalue problem
Hloy) = Alow),

Z |ow) (ou |

Physical properties of the system are then deduced from the spectrum A,. For example, ther-

L. (L)

modynamical properties can be obtained from the grand thermodynamical potential Q4p¢pr, =

J¥ . dX(XA = Ay) n()). Here the quantity
n(A)=> 6(A-\) (11.2)

is the density of states and  is the chemical potential. As demonstrated in the previous two
chapters, with a growing number of particles, solving directly for the Schrodinger equation
becomes increasingly difficult numerically, and only under some special conditions and lim-
itations approximate wave functions can be found analytically. Therefore, alternative, more
effective methods and techniques are desirable. One of these methods is the Green’s func-
tion (GF) approach which is widely applied in virtually all branches of many-body theoret-
ical physics. The GF strategy acknowledges, right from the outset the complexity of the
many-body problem and hence develops a systematic and a powerful machinery for carry-
ing out approximations. Consequently, the real power and usefulness of the GF becomes
more prevalent when processes and properties in many-body compounds are addressed. The
Green’s function formalism has been developed for the treatment of systems at zero temper-
atures [52, 84, 85, 107,279], at finite temperatures (Matsubara Green’s function [277]) and at
non-equilibrium conditions (Keldysh Green’s function [108,278]). There exist an extensive
literature on the GF theory and its applications (e. g. [52, 84, 85, 107,279]) here we provide

a compact overview with special attention to aspects related to interacting few-body elec-
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tronic systems and their excitations. Some selected properties and definitions of the finite-
temperature and the non-equilibrium GF methods are included in the appendices A.4 and A.5.
This chapter provides an overview of the single-particle, zero temperature GF and its use in

excitation and collision processes.

11.1 Definitions and general remarks on the Green’s
functions

The GF approach is rooted in the theory of inhomogeneous differential equations. The GF G
is introduced as a solution of a differential equation with a singular inhomogeneity (delta

function), specifically

[z — H(r)]G(r,x',2) =6(r — 1), (11.3)
which can be written in the representation-independent form

[z — H]G(2) =1, (11.4)

where H(r) is a linear hermitian and time-independent differential operator with a spectrum
given by (11.1) and z € C. If z is not an eigenvalue of H, which is the case for imaginary z

(H is hermitian), then Eq. (11.3) can be inverted to yield

Ge) = A
= Z—'i”ﬁfj‘- (11.5)

Since A\, € R we conclude that G(z) is analytic in the entire complex z plane, except for the
points on the real z axis that coincide with \,. This means that the poles of G(z) indicate the
positions of the eigenvalues A,. The Green’s function and the eigenfunctions ( r |, ) satisfy
the same boundary conditions on the surface of the domain where they are defined.

If )\, lies in the continuum the side limits
lim G(r,1', A, £ iln]) = GE(r,v',\,); nER (11.6)
T]‘}

are defined but they are different depending on whether the real z axis is approached from
the upper or from the lower half plane of the complex z plane, which signifies that GF has a

branch cut along the real part of the z axis that coincides with the continuous spectrum. From
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Egs. (11.6, 11.5) it follows that

G (r,r,2) = [GT(r),r,2)]"; = RG(r,r,2) = RGT(r,1,2),
3G (r,r,2) = —SGT(r, 1, 2), (11.7)
G*(r,v,z) = G@I',r,z%); = G(r,r',2) eR, for\, #2€R. (11.8)

According to Egs. (11.5, 11.6) we can write

+ _
GE(N) —hmzml,/\ /\im<”|'

n—0t
11.
Z la,) q lim Az A i 1 (o e
EPAL P TP WS W ERp I G W W el I (e
This equation can be simplified by means of the relations
lim z/(z* 4+ n%) = P(1/x), lim n/(z*+n?) = 7é(x), (11.10)
n—0+ n—0+

where P stands for the principle value and we obtain

Z' a”' Fin Y o) 5(A = A) (ol (11.11)

Comparing with Eq. (1 1.2) we realize that the density of states n(\) has a simple expression
in terms of the GF (or more precisely in terms of the discontinuity of GF at the branch cut),

namely

1
n(A) = F-StrGE(\),
m
1
= gt [GT(N) -G~ (V)] . (11.12)
s
The diagonal elements of the operator

Z\ay v) | = F— \SGi()\) [GF(A\) —G~(V)]. (11.13)

27r
which appear in Eq. (11.11) are a measure for the density of states per unit volume, as can be
seen from n(\) = [ d3r(r|p()\)|r). Furthermore, the following relations are verified

r|o, a1’
— _Zil)\>z<z_|>\ ,>/d3r”<a,,|r”><r”|al,/>,

f/d3r"G(r,r”,z)G(r”,r’,z);
9.G(r,r,z) = —{(r|(z—H)?r) <0.

(11.14)
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Further straightforward considerations lead to the useful inequalities
SG(z) <0, for S(z)z0.

Additional relations that are useful for practical applications, are obtained upon inspecting

Eq. (11.5) and performing the following operations
o 1
G(2) =/_wdA—AZ|aV> 50— A) (o,
(
- d)\p / dAJG (11.15)

G*
27r/ dA z—)\

The real and the imaginary parts of the Green’s function are not independent. This is a conse-

quence of the analyticity of G(z) which imposes the Kramers-Kronig relations

RG* () = 1p/oc AG+( Jax,
ot :_7P/ RGT(\)

(11.16)

As mentioned above the GF (11.5) possesses poles at the positions of the eigenvalues \,,.
The residue of G(r,r’, z) at the pole position A, is

Iy

> (rlawg){ anglt’).

g
The summation runs over all degenerate eigenstates |« ) associated with the level A,. The

degeneracy g, is obtained from the diagonal elements of G(z), specifically

o = / Pr Res [G(r, 1, \)] = tr {Res [GOW)]} .
For non-degenerate states one readily obtains
(rlax, Y an, [t ) = Res[G(r, v/, \,) ]2 (11.17)

The phase @), of the state ( r|a, ) is calculated from the relation

Res [G(r,0,)\,)]

©r, = —iln (11.18)

{Res [G(r,r,\)] Res[G(0,0,),)] }1/2

Here the phase convention ¢, = 0 at = 0 has been made.
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Having introduced the essential definitions and notations of the GF method we address

now its power in treating perturbationally the coupling of the system to an external field.

11.1.1 The transition (1) operator

Suppose that the Hamiltonian H in Eq. (11.4) consists of a solvable part Hy with a corre-

sponding Green’s operator Go(z) = (z — Hp) ! and a residual interaction V = H — Hy.

From
[z — Hy—V]G(z) = 1,
Go(2)[z — Ho — V]G(2) = Gol2), (11.19)
one obtains the Lippmann-Schwinger equation [271]
G(2) = Go(2) + Go(2)VG(2) = Go(z) + G(2)VGo(2),
= Go(2) + Go(2)VGo(2) + Go(2)VGo(2)VGo(2) + - - . (11.20)

This integral equation can be further reformulated as

G(z) = [L—Go(2)V] ' Gol2),

= VI VIL=Go(2)V] "} Golz),
T(z)
= V_l{V+V[Go(Z)+G0(Z)VGO(Z)+]V}Go(z),

= V'V +VG()V]Gol(z). (11.21)
Therefore, the relations apply
VG(z) = T(2)Go(2), G(2)V =Go(2)T(2),
= G(z) = Go(2)+ Go(2)T(2)Go(2). (11.22)
In the above equations we defined the transition operator
T=V4+VGR)V =V+T(2)Go(2)V =V +VGy(2)T(2). (11.23)
One of the reasons for introducing the 7" operator is that it disentangles the solvable part H
of the Hamiltonian from the residual interaction V' (cf. (11.22)),i.e. T =V [1 — G, (Z)V]71
From this relation it is clear that the practical task of calculating the matrix elements of 7'
consists in inverting matrices which are limited in size if V' is short ranged. This favorable
feature hints on serious complications in the case of the infinite-range Coulomb potentials, a

problem which will be discussed in the next sections.
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11.1.2 The Mgller and the scattering (.S) operators

We examine now the continuum eigenstates |¥g) of the Hamiltonian (11.19), i.e. we seek

solution of the inhomogeneous differential equation
[E— Ho||[¥g)=V|¥g). (11.24)

The energy E belongs to the continuum spectrum. Furthermore, we assume the solution of
the reference Hamiltonian Hy to be known, i.e. the general solution of the homogeneous part

of Eq. (11.24) is
[E — Hy)|¢) = 0. (11.25)

We note in this context that usually Hy and V' are chosen such that the energy F lies in the
continuum spectrum of both operators Hy and H = H( + V. The general solution of (11.24)

is then readily given in terms of the resolvent G (F)* of Hy, namely
WE) = |¢)+GF(E)V |VE). (11.26)

If E does not belong to the spectrum of Hy, this equation (11.26) turns homogeneous (|¢) = 0

in this case)
Wg) = Go(B)V [Vg), E<O. (11.27)

Equation (11.26) can be utilized for finding the continuum eigenstates and eigenvalues of
either Hy and/or H. In contrast, Eq. (11.27) is appropriate for deriving the discrete eigenstates
and discrete eigenvalues of H. To deduce the bound state wave functions and energies one
determines at first the eigenvalues ¢(F) € R of the operator G (E)V, i.e. we solve for the

eigenvalue problem
CE)Vg) = Go(E)V [¥g), E<O. (11.28)

Decomposing |¥ i) and V in partial waves we obtain from (11.28) a set of determining equa-
tions for the partial wave components U, (p, E) of the wave function. In momentum space
these equations read

C(E)\:[/g(p7 E) — Aw dp/ p/2 w(pap )\I’z(p ,E)

E—p?2/2

In practice the integral is replaced by a numerical sum and a matrix eigenvalue problem is

E <. (11.29)

obtained that can be solved numerically for a given E. In a second step Eq. (11.29) is solved
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for different F < 0 and one finds eventually the energy Fy for which ((Fy) = 1 applies.
The above procedure can also be interpreted as finding the bound spectrum associated with
the scaled potential V/{(FE).

Now let us inspect more closely Eq. (11.26) which is related to the continuous spectrum

and write it in the form
[U5) = 1¢) + G5 (B)V [¢) + G (BE)VGF(E)V |¢) +---
= { L+ [Goi(E)ﬂLGcT(E)VG?(EH“']V} ),
= [L+G=(E)V]|¢), (11.30)
—_——
QF(E)

—
TG @ ).

The operator QF (E) is called the Mgller operator [272]. It has the action of mapping the state
of the system |¢) (in the absence of the perturbation V') onto the state |¥) in the presence

of V. The operator
S =0 TQf (11.31)

is called the scattering operator or simply the S operator. To elucidate its physical meaning
let us assume the system to be in a state ¢, before switching on the interaction V' and to go
over into the state ¢, upon the action of V. The matrix elements of S;y of the S operator

can be expressed in terms of the discontinuity of the Green’s function at the branch cut, i.e.
Sif = <¢Ef |S|¢E1> = <¢Ej ‘Q_TQ+|¢E1> )
o= ot
= (W, 10, (11.32)

- <¢Ef V[GH(Ey) - G (Ey)] “I’E>

In deriving this relation we made use of the identities

St = 6is]”
(W Q7 (Ey) — QT (Ef)ldE,)]” (11.33)

{fei )

[t 1vg,) - g vg)]

|G~ (Bf) — GT(Ep)|V
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Using Eq. (11.11) the S matrix elements simplify to

Spi = 0p; — i2n0(Ey — B;) (g, |VIVE,),
= 0pi — 1210(Ef — E;) (¢p, VO (Ei)|¢g,),
=05 —i2n0(Ef — Ey) (¢p,|T" (Ei)|og,)
(11.34)
=0y —i2m6(Ey — E;) T; ( i)
=0y; —i2n0(Ef — E;) (¢p, |V + VG{ (E)V
+VGI(E)VGG(E)V + -+ |op,).
In deriving the last two equations we made use of Egs. (11.30, 11.23) which also show that
VOE(2) = T*(2).

Performing similar steps we derive the equivalent expression
Spi = 0pi —i2m6(Ey — Ei) (Vg [V|de,). (11.35)

Eqsuations (11.34, 11.35) illustrate the physical meaning of the S and 7" operators. The
state |¢g,) develops under the action of V' into ’gb Jop > The on-shell matrix elements of the
T operator describes this process as an infinite, coherent, sequence of multiple scattering of
|¢g,) from V. The first term in the Eqs. (11.34, 11.35) stands for the unscattered flux. The
first term in the multiple scattering expansion of the transition matrix elements in Egs. (11.34)

is identified as Fermi’s golden rule.

11.1.3 Transition probabilities and cross sections

The S matrix elements Sy; or the on-shell part of T;; yield the transition probability ampli-

tude. Thus, to obtain the probability Py; we have to evaluate |Sy;|?. For this purpose we

switch to the time domain by utilizing the relation
216(Ey — E / dt et Er—Et
and evaluating

Pfi = szs;l
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Upon elementary manipulations we derive for the transition rate, i. e. the transition probability

per unit time, the relation
dPy;
dt

= 207,STy; + 2n6(Ey — Ey)| Tyl (11.36)

210(Es — E;)|Tril?. (11.37)

This equation is valid for inelastic transitions, where ¢ 1= 0.

In scattering processes one encounters often the situation, where an incoming projectile
with initial velocity vy induces (via the projectile-target interaction V') a transition in the sys-
tem from a well prepared state (described by Hy) to an infinitesimal group of final states cen-
tered around a certain level. For example, the final state of the projectile can be characterized
by the density of states d°k, centered around an asymptotically measured wave vector k. In
collision theory it is customary to normalize the transition rate for this reaction to the asymp-
totic probability flux density j, of the incoming projectile (cf. Eq. (10.38) on page 179) and
to call it the multiple differential “cross section”! o (k) which is determined by the equation
dPy; 1

dt jp

o (k) &k, (11.38)

1
= (2w)4%\Tﬁ\25(Ef — E;)d’k. (11.39)

11.2 The Coulomb problem in momentum space

Having introduced the basic tools of the Green’s function approach we turn in this section
to the derivation of the Coulomb Green’s function. For this purpose it is advantageous to
consider at first the momentum space eigenfunction of a hydrogenic system consisting of an
electron and a massive ion with charge Z.

In principle hydrogenic orbitals ¢(p) in momentum space can be derived by Fourier trans-
forming directly the real-space wave functions [273]. Another approach is to utilize the O(4)
symmetry of the Coulomb potential (discussed in chapter 2) for the derivation of ¢(p), as
done by Fock [5]. The connection between the O(4) symmetry and the momentum-space
wave function ¢(p) is that ¢(p) coincides (apart from a normalization factor) with the hy-
perspherical harmonics defined on the compact unit sphere embedded in the four dimensional

space. These functions are also referred to as the momentum space Sturmians [274,275,280].

IThis definition entails that the cross section does not always have area units.
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We consider at first bound states with energy X where

The result for the continuum spectrum can be inferred by analytic continuation as, e.g. done
in section 2.3.3. In momentum space the Schrodinger equation for one electron in the field of

a massive ion with charge Z has the form

Z
[p* +p5] 6(p) - /d?’q% =0. (11.40)

An expression for ¢(q) is conveniently derived by scaling the momenta by p, and then embed-
ding the three-dimensional momentum space R3 in a four dimensional space R,. The (scaled)
space R is then projected stereographically onto the unit sphere S3 C Ry (see the illustration
in Fig. 11.1) . In what follows we denote the elements of R4 by & = (&, {) and the vectors
defining S3 by 1, i.e. the vectors 1 are those & = (&, {) which satisfy £2 + 52 = 1, where
5 € Rs and &y € R. For p > pg we project onto the upper hemisphere (cf. Fig. 11.1), whereas
for p < po the space Rg is projected onto the lower hemisphere of Ss.

From straightforward geometric considerations we express 1 by its components along the

directions 1 and p/po (cf. Fig. 11.1), i. e. we write

a = an+bp/po
A+t = 1, a+b=1, (11.41)
meaning that
a= p247p§ po 20 (11.42)
P>+ g’ P? + v}

—

In other words each point p/py in R3 is mapped onto (o, £) € Ry, where

_ P g 2P
p? + g’ p?+rg
The element of area on the sphere is given by

37 3 24 2\3
d3Q = d’¢ = (sziOpz) dp, or §(Q-Q)= (w) é(p—p').
0

o (11.43)

€0 2po
(11.44)
From Eq. (11.41) we conclude that the distance between two points
2 2 2 2
N it S 2po N i LN 2po
u= n+ p, and v = n -+ q (11.45)
P+pg D +p5 @+
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Figure 11.1: An illustration of the stereographic projection of the three-dimensional momentum
space R3 onto the three-dimensional unit sphere Ss in Ry.

on the unit sphere is

oo = i p - qf’ (11.46)
(p? + pg)(4* + p})

With this relation for the distance (|p — q|2) and expressing the volume element in R3 in terms

of the surface area on S3 [Eq. (11.44)] we can rewrite the Schrodinger equation (11.40) in the

form
5, 272 _ Z 3 (@ +p3)°s(@)
[p” + 5] ¢(p) Spon? /d Qu—|ﬁ F 0. (11.47)
Making the substitution
2 212
p°+p T
[45/20]¢(p) = ¢(1),
2p o (11.48)
qQ“+q Tn
%(MQ) = o(v),
4p,
we obtain the integral equation
o 4 30 @(Q)
= Qa2 11.4
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Introducing the spherical harmonics Y., defined on the compact manifold S5 C Ry (and

hence the quantum number Alm; are discrete) and noting that

1 « L o
e I Z o +2yﬂml( )V ium, (@) = D(Qa, ), (11.50)

the eigenvalue problem Eq. (11.49) is solved by inserting (11.50) into (11.49) an exploiting

the orthogonality properties of the hyperspherical harmonics to obtain

A(V) = Vaim, (V). (11.51)
The eigenvalues are
Z 3 Z?
Po=37T1° 2~ agae  tiEn (11.52)

The structure of the eigenfunctions (11.51) evidences explicitly the O(4) rotational symmetry
of the Coulomb problem, as discussed in chapter 22.

Equation (11.50) is a definition of the function D (2, Q') on the sphere. It is worth noting
that Eq. (11.50) has a similar form as the Green’s function of the four-dimensional Poisson

equation, namely (n = \ + 1)

1 A
DE&&E) = oz e € gﬂ; L st () Vi, (), (11.53)

—AD(§,€) =0(6-¢), (11.54)
where £ and £’ are being constrained to the sphere S.

In four dimensions a vector £ € Ss is uniquely characterized by three angles «, 6 and ¢

(for vectors off the unit sphere Ss the radius p is also required), where
& = cosa, E: sin a (sin 6 cos @, sin @ sin ¢, cos §).

The four dimensional spherical harmonics Vyim, (@, 0, @) are related to the standard three-

dimensional spherical harmonics Y;,,,, (6, ) via the relation [276]

ynlml (Oé, 9) 30) = Rnl(Oé)Yiml (95 QO)

(11.55)
= Ny (sin@)'CH - (cos @) Vi, (6, ¢),

2Note that the four-dimensional spherical harmonics V., are eigenfunctions of the Laplace operator acting in
the domain S3. Thus, these wave functions describe a free particle moving on S3. The principal quantum number
n is in fact a (hyper) angular-momentum quantum number. This demonstrates explicitly that the origin of the [
(accidental) degeneracy in R3 has its origin in a four-dimensional rotational symmetry.
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where C'™Lare the Gegenbauer polynomials [99]. The normalization constant is chosen

such that

/ daRy (o) Ry () sin? o = G
0

11.3 The Coulomb two-body Green’s functions

Similar to Eq. (11.40) the Green’s function G(p, p’) of the Coulomb potential in momentum

space satisfies the equation

Z 1
-3 [p? +pg] G(p. ') + o2 /dgpﬂmG(P”,P/) =d(p—p). (11.56)
Performing for the Green’s function the steps that lead to Eqgs. (11.46, 11.47, 11.48) one

transforms the Green’s function G(p, p’) to T'(€2, ') where the function I'(2, ') is given by

1
rQ,Q)=- ] (pg +p°)? G(p,P) (P} + 1) (11.57)

2(2po)?
As in the case of the wave function (cf. Eq. (11.49)) one obtains then the following integral

equation for I'(Q2, Q") [7]
Q) — 20 / Y D(E,€") T(Q, ) = 5(, ), (11.58)

where

v=2/po

The poles of the Green’s function can be obtained by using Eq. (11.50), i.e. we constrain &, £”

to Ss. In this case we readily derive the solution of Eq. (11.58) to be

re,o)=>" Dot (0 S, () (11.59)

o 1—v/n

From this equation we recover the (bound) spectrum as the poles of T'(£2, ) that occur at

Z/po = v = n. The energy levels are thus enumerated by n and occur at
E,=-p3/2=—2%/(2n?). (11.60)

The wave functions are recovered as the residua related to these poles in the energy plane as

45/2
o(p) = m%zml(ﬂ) (11.61)
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To obtain a general expression for the Green’s function we have to employ the solution
(11.53) of the Poisson equation instead of Eq. (11.50), i.e. we have to relax the condition of

constraining the variables in Eq. (11.50) to Ss. This yields, as in the case of the solution of
the Poisson equation in three dimensions, a function of the form
-1
pe 1
DE-€&)=> "=

— Y, Q * Q/
ol p7>z+1 2ny/lml( )ynlml( )a

(11.62)

where p is the length of €. If |€| is larger (smaller) than |£’| then ps (p<) is the length of

€] (|€’]). With Eq. (11.62) we deduce for Eq. (11.58) a representation in terms of a one-
dimensional integral

v 1 vt dpp™¥
I‘Q,Q’:cSQfQ'Jr—iJr—/ .
( ) ( ) 27‘(’2 (5 _ 5/)2 27‘(’2 o (1 _ p)2 + p(€ _ 5/)2
(11.63)
To obtain this relations the expansion has been utilized
2 : ne 27T2 i pnil y"lml (Q)y:l’ml (Q,)a
(1=p)+p(§—¢) T,
1 2t
= 1—|—K+V—/ dpp~Vp" Y Ywuv<l.
1—v/n n nJy
(11.64)
From Eq. (11.63) we obtain the Schwinger expression for the Coulomb Green’s function [7]
i(p—p') 1 z
G [ E)=—~——~"2 — 1 —
(pP.E)=—p—" + 7% CrIE—
1 —iv
. P 1
_4 d .
W/o ICnE 40} } E-T
(11.65)
In this equation the kinetic energies T and T” are given by
T =p*/2, T =p?/2. (11.66)
The function f has the form
2 2\ (2 _ 12
Po—P)\Pop—P
PG ! ) o ) (11.67)
pglp — p'l

The expression (11.65) is valid for bound states only (£ < 0) due to the restriction v < 0.

As Schwinger pointed out [7], this restriction is circumvented by analytic continuation. This
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is achieved by replacing the real integral over p in Eq. (11.65) by a contour integral. The
integration is performed along the path C that begins at p = 1 + i0" with a zero phase of
p and then moves to the origin encircling it once and then terminates at p = 1 — i0". The

Green’s function has then the general form

5(p—p) L —Z
'y =22 Y/
G0 E)=—p— + F7\ 2mp_pE

div /d p~ 1
T O | [ BT

(11.68)

Alternative representations are obtained from this expressions upon performing partial inte-

gration yielding

3(p—p') 1 —Z
/ E —
G P B) === * Fo7 \p_pP

4 s p 1
- d 27 .
) 1—62””/0 PO At | (BT

(11.69)

and

1 —Z

G "E) =
(p)p7 ) E*T 27r2|p7p/|2

4if v p(1—p?) 1
g u(e%v—l)/cd”p Y=o | [E-T

(11.70)

As discussed above the Green’s function as function of the energy has poles at bound-state

energies and branch cut along the continuum spectrum of the system.

Properties of the Coulomb Green’s function

The Coulomb GF has some peculiar features. In addition to the complicated asymptotic be-

haviour due to the long-range tail of the Coulomb potentia, the Coulomb Green’s function
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does not have a well-defined on-shell limit, i.e. the limits p — +v2F, p/ — +v2F, or
p—p — +v/2F are not well-defined [7,281]. As deduced from Eq. (11.23), this fact is re-
flected in a similar anomalous behaviour of the 7" matrix elements which are directly related to
the scattering amplitude. As demonstrated by Schwinger [7] the amplitude for the Rutherford
scattering can nevertheless be extracted from Eq. (11.70) by first removing singular factors
and then taking the on-shell limit. Later on a similar procedure has been applied when eval-
uating the (physical) on-shell 7" matrix elements for scattering processes involving Coulomb
interaction (see e.g. [282] and references therein).

The derivation of the above expressions for the Coulomb GF, which is due to Schwinger
[7] (see also [283]), utilizes the O(4) symmetry of the bound Coulomb system and then the
continuum spectrum is incorporated via analytical continuation. Equivalently, one can employ
the O(1,3) (rotation plus translation) of the continuum spectrum and obtains directly the
GF [284-287]. It should be also noted that Hostler [288] has provided an alternative derivation
of the GF starting from the spectral representation (11.5) and showing that the continuum
spectrum may be integrated over, such that the sum of the discrete states is cancelled. The
expression derived by Hostler [288] can be retrieved from Eq. (11.68) upon the substitution
v =(14p)/(1-p).

A further approach to obtain the GF has been put forward by Okubo and Feldman [281]

who solved the integral equation (cf. 11.20)

5(p—p’ 1
G(p,p',E):% + m/dgp” V(p,p")G(".p . E) (1171

using the integral transform method. The resulting GF is expressed in terms of a one-dimen-

sional integral

S(p—p 2 > 0, E
G(p,p’,E):ig) ;’/) + = T,/ de— Q(fp ) s, (11.72)
- — o 6 —p) +p— P
where the function ) is a solution of the differential equation
iZ Q&)

(11.73)

9:Q(&, 7', E)

ReNGE e

The solution of this equation is

Z | VEE+DE —ET" + ¢EVE v

_ ) 11.74
{\/£(£+1)E—£T’ —fvE} L

Inserting (11.74) in (11.72) results in an expression for the Green’s function that is shown to

be identical [289] to the Green’s functions (11.70).

Q&P E) =

T oon2
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A closed form expression of the Coulomb Green’s function can be obtained [290] by
decomposing the integrand in (11.68) in partial fraction and expressing the contour integral in
terms of hypergeometric functions. This is done as follows: in (11.68) the contour integral is

rewritten as

4iv d p—
i L
div 1 t—l—il/ t—l—il/
- " dt — , (11.75
Al {1tf+ ltf—} (7

where the functions f1 are defined as

2 2v1+
fr= <1+—>1F7f. (11.76)
f f
Recalling the integral representation of the hypergeometric function oF;(a, b, ¢, z) [99]
I'(c) b1 = p)et!
Fi(a,b = dt R R(b) >0, (11.77
oFilabe2) = o | i R0 > %) >0, (177

we can evaluate the integrals (11.75) in terms of the hypergeometric functions o F} (a, b, ¢, z)
and insert them (provided R(—ir) > 0) in Eq. (11.68) to achieve a closed form expression
for G. It should be noted that this same result has been also obtained [285] by expressing
the GF in terms of Gegenbauer polynomials and utilizing the relation between the Gegen-
bauer Polynomials and the hypergeometric functions, see [289,291-294] for further details

and references.

11.4 The off-shell T-matrix

From Eq. (11.22) it is clear that once the Green’s function is obtained the off-shell 7" matrix
can be derived according to the equation

d(p—p) T(p,p’,E)

Glp,p E)= [E-T][E-T]

(11.78)

The expressions for the Green’s function given in the previous sections can now be utilized for

the derivation of T'. E.g. using Eqs. (11.75, 11.77, 11.68) we derive for the off-shell transition
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matrix elements under the condition that f(iv) < 0

T(p,p,E) =

—Z 14— Fi (1, —iv,1 —iv, f_)
, =i, 1 —av, f_
2m%[p — p'? VI

- 2F1(1,—z'y,1—iu,f+)]}. (11.79)

The convergence properties of this expression are readily obtained from those for the hyper-

geometric function F}(a, b, ¢, z) which converges on the entire unit circle |z| = 1.

From Eq. (11.22) we conclude that, similarly to GF, the matrix elements T'(p, p’, E +1in),
1 > n € R possess an infinite set of simple poles for iv = n € N* associated with the
bound states of the spectrum. This follows directly from the properties of hypergeometric

functions 5 F} occurring (11.79) which have poles at [99]
Z
lim { ————— } =neNT.
n—0+ —2(E +1in)

11.4.1 The on-shell limit of the Coulomb 7" matrix elements

As illuded to above the Coulomb Green’s function does not approach a well-defined limit on
the energy shell. Due to the inter-relation between G and 7' it is expected that the 7" matrix
elements will show similar anomalous behaviour. This tendency can be explored [293, 295]

by transforming the hypergeometric functions in (11.79) according to [99]

T'(e)I'(b
2F1(a7ba & Z) = L(_Z)_a 2F1(av 1—c+ a, 1-b+ avz_l)
L®)L(c—a) (11.80)
T'(c)T'(a —b) —b -1 .
e Fi(b,1— b,1— b .
+1—\(a)1—\(0_b)( Z) 2 1(7 C+ ) a’+ 7Z )
With this relation Eq. (11.79) can be rewritten in the form
/ o / /
T(p7p ?E) - 27T2|p — p/|2 {Ta(pap 7E) + Tb(p7p aE) } ) (11.81)
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where

1 w . .
Ta(pvp/7E) = 1= {1+f;_V2F1(171+ZV;2+ZV7f+)

+2F1(17_iyal _iV7f+)}7

1 > :
= 1— 1
Vi+f +Z 2+V2

(11.82)
The function 73, is given by
p.E) = CI™ rg e 1+ iv),
_ f;w v (_)—il/
1+ f sinh7v ’
f_w 2mv

_ ) 11.83
VI+ [ et —1 ( )

To explore the on-shell limit we calculate, that near the energy shell the functions f and f.,

given by Eq. (11.67) and Eq. (11.76), are related as

fem fl4 fimfr/A (11.84)
In addition, the function 7, (11.82) tends to zero in the half-energy-shell limit, i. e. for p — pg
or p' — po. This is inferred from the definition of f (11.67), which also tends to zero half

on-shell, so that the function 7, (11.82) can be expanded in powers of f as [296]

32 f
2(14{V2) B 2(1+u2])c(4+y2) +0(f). (11.85)

With the help of Egs. (11.82, 11.83, 11.84, 11.85) we infer the behaviour of T'(p, p’, E) in the

Ta =

half-energy shell as well as in the on-shell limits. At first let us inspect the half-energy-shell

limit, i. e.

i, T(p, P, pp/2+i07) =

—-Z 2mv [ f -
2n2|p — pol? €™ —1 | 4 '
(11.86)

From a physical point of view this (half) on-shell expression should coincide with the Coulomb

scattering amplitude® — ﬁ f(p-Po), which obviously does not do. To isolate the source of this

3In the (first-order) Born approximation Wentzel [297] and Oppenheimer [298] derived the Coulomb scattering
amplitude as

27

, (11.87)
|p — pol?

fB(D- Do) =
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problem we rewrite Eq. (11.86) taking advantage of the definitions of f and 7, [Egs. (11.67,
11.82)]

lim T(p,p’,p3/2 +in)

P’ —Po P’ —Po

= Jim o) |-z 0 b a6, (1189

n—0+

with the off-shell factors g(p,) being defined as

2,24 ]
o) = [B=EEI] r( i) e
Po (11.90)

2 2 g W
g(p’) = |:p70 P 5 + ”7] (1 —iv) e~ TV/2,
4p;

In the on-shell limit p — py these functions are singular and contain divergent phase factors.

This is readily inferred from the relation

lim g(po) = (4p3)" T'(1 — iv) e~ Inm, (11.91)
P—Po, P’ —Po;

Obviously these factors diverge for  — 0. This means on the other hand that the physical
on-shell Coulomb scattering amplitude and the off-shell 7" matrix elements are related to each
others via singular factors that account for the absence of free asymptotic states in the initial
and in the final channels in two-body Coulomb scattering. This fact has already been noted
by Schwinger [7] who suggested to incorporate these singular off-shell factors into the free
Green’s function Gy.

Interestingly, in the high energy limit (py > 1), where conventionally the Born series
(11.20) is expected to perform well, Eq. (11.86) reduces to
—7Z

7 67il/ln(f/4)'
27%|p — pol?

lim T(p,p',pj/2+ in)
P —Po

=0+, po—o0

(11.92)
which yielded the correct Rutherford formula for the differential cross section
dop o doezact . Z?
dQ  dQ  4pEsint(9/2)

The polar angle 6 is measured with respect to the incoming beam. On the other hand a number of studies [299-303]
have shown that this coincidence of the Born and the exact result is due to the fact that the exact Coulomb scattering
amplitude contains only additional phase factors

27 [ 4p(2) i| - £2100 .
P —Pol? L|p — pol? ' (11.88)
oo = arg'(1 + iv).

femact(f) . 150) =
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This relation follows from

. 2y
pl;gllw — 1. (11.93)

This means summing up the complete Born series T = V 4+ VGoV + VGoVGV + - -
produces merely a modification of the Coulomb scattering amplitude by a divergent phase
factor which is irrelevant for the evaluation of the cross section (provided the on-shell limit
is taken after performing all calculations). This highlights at the same time the danger of
dealing with the perturbation expansions for Coulomb systems, e.g. such as evaluating only
certain terms in (11.20): when Coulomb potentials are involved one has to deal with divergent
factors that sum up to a single (irrelevant) phase in the final result. Thus, despite the fact
that the first order term produces the correct cross section (cf. Eq. (11.87), a truncation of the
expansion after certain terms may well lead to a situation where the divergent terms do not

sum up correctly and hence divergent cross sections are obtained [301].






12 Operator approach to finite many-body systems

In the preceding section we discussed the subtle features and difficulties related to the infinite-
range tail of the Coulomb potential. For “well-behaved” potentials, however, the Lippmann-
Schwinger integral equations (11.20) for 7" or GG are powerful tools for the treatment of two-
particle systems, because the kernel K = GV can be made square integrable' and hence stan-
dard results of the Fredholm theory of integral equations [308] can be utilized. For three-body
problem (involving “well-behaved” potentials) the situation changes. Even though we can for-
mally define the resolvent of the three-body Schrédinger equation as G = Go+GoUG (where
U is the total potential consisting of pair interactions) two difficulties arise when attempting
to derive state vectors or evaluate the matrix elements: 1.) In contrast to the two-particle case,
for a three-body system the Lippmann-Schwinger equations for the state vectors do not have
a unique solution [306,307]. 2.) As proved by Faddeev [304,305] the kernel K = GyU of
the Lippmann-Schwinger integral equations is not a square integrable operator for N > 3,
i.e. the norm |[K(E)|| = { tr| K(E)K'(E)] }1/2 is not square integrable, even after itera-
tions. The source of this problem is the occurrence of disconnected diagrams where one of
the particles is a spectator and does not interact with the other particles. Faddeev and Wein-
berg [304,305,309] also addressed the question of the compactness of K and found that the
kernel K is not compact. In view of this situation Faddeev and others [304,305,309-314,318]
proposed a new formulation of the three-body problem in terms of convergent integral equa-
tions. In particular, Faddeev has shown in details that the kernel of his equations is connected
after one iteration. In fact, with certain (weak) requirements on the potential it can be shown
that the kernel is compact for all but physical values of E/, which implies that the solution of

the Faddeev equations is unique at energies below the three-body breakup threshold.

UIn fact the kernel K(E) = Go(E)V is not square integrable, but it can be made so by iterating the integral
equation once or by multiplying by V' 1/2.
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In the next section we will outline briefly without going into the mathematical details the

main elements of the Faddeev theory.

12.1 Faddeev approach to the three-body problem

Let us consider a non-relativistic three-body system. The total potential V' is a sum of pairwise

interactions V;;, i.e.

V=> Vi=> W (12.1)

J>i k

Here we introduced the following notation for the pair potentials
Vk = ‘/ija €ijk 7é O, VO =0.
Accordingly, we introduce the total transition operator T, the auxiliary operators 7} and the

transition operator ¢; of the pair j by the following equations

T = V+VGT,
T, = V;+V;GoT, (12.2)
t; = V;+ViGot;, j=1,2,3.

(12.3)

From these definitions it is readily verified that
3
T = Z T;. (12.4)
j=1
Since V; = t; — t;GoV; we can deduce for the operator T the following relations

Tj = tj — tjGQV} + tjGQT — tjGo‘/jGoT7

=t +4Go(T - Tj),

Tj = tj +tjG0(Tk+Tl), €5kl 7&0
(12.5)
This relation constitutes the Faddeev equations that can be written in the matrix form
T1 tl T1
Ty | =t | +K[ T2 |. (12.6)

13 i3 13



12.1 Faddeev approach to the three-body problem 207

The kernel [K] is a matrix operator that depends on the (off-shell) two-body transition matrix

elements ¢, i.e.

0 t hH
K= ts 0 t2 |Go. (12.7)
ts ty O

While this kernel seems to contain disconnected terms, any further iteration of (12.6) is free
of expressions with disconnected diagrams. A careful inspection of the kernel matrix showed
[304,305] that it is square integrable, i.e. tr Z?jzl {[K]ij [K]L} < 00. As clear from (12.7),
the building blocks of the Faddeev equations are the off-shell two-body ¢; matrix elements.
The unitarity of ¢; ensures the unitarity of the solution T'.

Since the T operators and the Green’s operator G(E) are related to each other via relation

G = Gy + GoT Gy, we can write G(F) in the form

3
G=Go+ ) G (12.8)

Jj=1

Similar to T the auxiliary operators G; are expressed in terms of the pair Green’s operators
9i = Go + GoVjyg; (12.9)

via the relation that follows directly from (12.6)

Gi g1 — Go _ G1
G = g2 — Gy + [K] Gy . (12.10)
Gs g3 — Go Gs

The kernel of this matrix integral equation derives from the kernel [K] of (12.6) as
K] = Go[K|Gg "

Having established the relations for G and 1" we can write equivalent relations for the state

vectors [317], in a similar way as demonstrated in the preceding chapter.

12.1.1 The Lovelace operator, Lovelace equations and AGS equations

In a three-body system a variety of interaction channels exist. For example, let us consider
the situation that one of the particles, say particle 1, to be initially decoupled® from the other

two particles, which are bound to each other. This asymptotic three-body state we denote by

2We assume all interactions in the system to be of a finite range.
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|pa), Where « labels all the quantum numbers needed for the characterization of the state of

the system. |¢,,) is an eigenstate of the “channel” Hamiltonian H,, i.e.
H, |¢a) = [Ho+ Vo] = Eq4l¢a)- (12.11)

A collision of particle 1 from the bound system (23) may leave (23)*, which labels an excited
state of the system (23). It may also lead to three unbound particles (break-up channel).
Particle 1 may as well be elastically scattered from (23) or may substitute for one of the
bound particles (rearrangement channel). We designate the three-body state achieved upon

the collision by |¢3) and the corresponding channel Hamiltonian by Hg where

Hg|ps) = [Ho+Vsllop)=Egpleps) - (12.12)

As in Eq. (11.30), we define channel Mgller operators that select the (interacting) three-body
state that develops from (to) the asymptotic state |¢.) ( |¢g)) under the action of the pertur-
bation V,, (V,,)

vE) = Qf|¢a)=0+G"V,)|¢a), (12.13)
W5 ) = Q5 lds)=0+G Vp)los). (12.14)

The interaction potentials V,, and V, are those parts of the total potential that are not contained

in H, and Hg, i.e.
Vo=H—-H,, Vs=H— Hpg, (12.15)

where H is the total three-body Hamiltonian.

As in the two-body case (cf. 11.31) we define the S operator as
—0-ot
S=05 Q.

The matrix elements Sg , of the .S operator provide a measure for the transition probability

from the channel o to 3. Sg , are determined from

(U5 10E) = (05l Ulda ) = ( $p1S|da ). (12.16)

Reformulating Sg o according to the steps (11.32)—(11.34) we obtain the post form for the
matrix elements Sg o [315,319]

(08lS|¢a) = 0pa—2im6(Es— Ea) (¢pValUL), (12.17)
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as well as the prior form

(68lSl6a) = Opa—2im3(Eg = Ea) (¥5[Val¢a ). (12.18)
Comparing these two relations for Sg  with Eqs. (11.34, 11.35) makes clear that the matrix
elements 73, := ( ¢5|Vs| U ) and Tpo = (U5 |Va|¢a ) play the role of the transition matrix
elements, where

Too = (03|Vs Qi |ba ) = (0slVs (14 GTVa)|¢a ) = (¢6lUj, [ ). (12.19)
Similarly we deduce the relations

Too = (651 Valda) = {8sl(1+ Vs G¥) Valda ) = (dp|Useléa). (12.20)
The two-channel operators

Ug, Ve (1+GtVo) =V + Vs Gy Va+ V3 GE VG Vo +-++,  (1221)

Usa = (A4 VsG)Va=Vot VaGY Vat Vs Gy V Gy Vot -+, (12.22)
are called the Lovelace-operators [311]. From the above derivation it is evident that U, Ea and

Ug,, play the role of a two-channel transition operator.
The channel transition operators T, (v = «, 3), defined as
T =V, + TG (E)V,, (12.23)
yield in combination with Egs. (12.21, 12.22) the Faddeev-Lovelace equations
+ _ 7 + o+
Uja = Vs + D_ULGIT,
Riat]

— _ 7 + Jr -
Upa = Va + > TS G{UL..
v#B

(12.24)

Using Eq. (12.23) the potential V, can be expressed in terms of T’,, and if inserted in the
Faddeev-Lovelace equations, one obtains the so-called Faddeev-Watson multiple scattering
expansion [315]. A further variant of the Faddeev equations for the Lovelace operators (12.24)
are the so-called Alt-Grassberger-Sandhas (AGS) equations

Ul = (E—Ho)(1—dps)+ > TSGIUL,. (12.25)

v#B
From this equation we also obtain a multiple scattering expansion by iterating the 7" operator

(12.23) that occurs in (12.25) to obtain

U, = (BE—Ho)(1—03a)+ > TF+ > TIGITFGIUL,  (12.26)
VEBF YEB,OF£Y
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i.e. successive 1" operators in the last term of this equation should be different. The AGS
equations (12.25) link the operators for the elastic U, ; 5 and the rearrangement reactions U, [}La,
(8 # «). The break-up processes are also incorporated (the operator Tj G requires the
knowledge of U;La in the full Hilbert space). More details on the AGS scheme as well as on
the numerical realization of the Faddeev equations and of the various problems that arise in
this context can be found in Ref. [317].

The Faddeev approach to the three-body problem can be generalized to finite many-
particle systems. This has been done by Yakubovsky [316]. In the next section we outline

an alternative route to the four and many-body finite systems [101].

12.2 Reduction scheme of the Green’s operator of
N -particle systems

The Faddeev theory of the three-particle problem delivered the formula (12.10) for the deter-
mination of the three-body Green’s operator in terms of the reference Green’s function Gg
and two-particle quantities, the off-shell two-body Green’s and transition operators g; and
t;, which are the known input in the theory. In this section we address the question of
how to generalize this scheme such that we obtain the transition and the Green’s operators
of an interacting N-body system from the solutions of the N — M body problem, where
M=12--- N-2.
For this purpose let us consider a nonrelativistic system consisting of [V particles interact-
ing via pair-wise interactions v;;, i. €. the total potential U (V) can be written as
N
UM = 3" vy (12.27)
j>i=1
At this stage there is no need to specify constraints on the individual potentials v;;, because
we are going to perform only algebraic manipulations.
The essential point of what follows is that the potential (") satisfies the recurrence rela-

tions

N
1 _
U™ Z u;_N 2 (12.28)
j=1
N—

- 1 P
W= ST £k (12.29)
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The interaction term ug-N_l) is the total potential of the NV particle system in which only N —1

particles are interacting, while the particle labelled j is free. This means all interaction lines

to particle j are switched off. In terms of the pair potentials v,,,,, the interaction ug.N*l) casts

(N-1) _

N
u; Z Umn, M Fj#n. (12.30)

m>n=1

To illustrate the meaning of Eqs. (12.28, 12.29) we consider in Fig. 12.1 the interaction poten-
tial of a system consisting of six particles. According to Egs. (12.28, 12.29) the total potential
of the six interacting particles can be linearly expanded in terms of the total potentials of
five correlated particles. In the latter potentials the number of interaction lines can be further
reduced by mapping onto the total potentials of four interacting particles (cf. Eq. (12.29)).

6. 1

*3

Figure 12.1: A pictorial representation of the total potential expansion (12.28) for six inter-
acting particles enumerated and marked by the full dots at the corners of the hexagon. The
hexagon stands for the full potential U(® of the six correlated particles and is reduced ac-
cording to (12.28) to five pentagons. Each pentagon symbolizes the full five body potential
11;5) = (u;-s)) /4 of those five particles that are at the corners of the pentagon. Particles that
reside not at a corner of a pentagon are free (disconnected).
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This recursive procedure can be repeated to reach the case of the pair-interactions. From
Fig. 12.1 it is clear that all interactions are treated on equal footing. Furthermore, the N-body
potential is reduced systematically to sums of N — M potentials with M =1,2,--- /N — 2.

The total Hamiltonian can be written as

N
H™ = Hy+ U™ = Hy+ — Z (V=1
=1

The key question is now whether the N particle transition operator

T =y 4 g™ Ger™) (12.31)
and the interacting /N-body Green’s operators

GM) = Gy + GeUIGW) (12.32)

satisfy recursion relations similar to Eq. (12.28) [in Egs. (12.31, 12.32) we used Go(z) =
(2—Hg)~1]. To answer this question we proceed as follows: Making use of the decomposition

(12.28), we write the integral equation for the transition operator as

N
TN ZTJ'(N_I)’ (12.33)

Tj(N_l) _ ~(N 1)+T(N)G ~(N )7 j=1,---,N. (12.34)

(N-1)

The scaled potentials @; are defined as

Al = (u§.N*”) /(N —2).

It should be emphasized that the (auxiliary) operators T]-(Nfl)

, given by Eq. (12.34), are not
the T" operators of a system in which only N — 1 particles are interacting. This is evident from
the fact that on the right-hand side of Eq. (12.34) the N-particle T" operator reappears.

The transition operator of the N particle system in which all interaction lines to particle j
are switched off, while the remaining /N — 1 particles are interacting via the scaled potential

ﬂ;Nﬁl), has the form

(N=1) _ ~(N=1) | ~(N=1) ~ (N-1)
t =a" Y+ alN Gt (12.35)
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Using this relation we reformulate Eq. (12.34) in the following manner
t§_N71) + tEN—l)GOT(N) . tg_N—l)GO (ﬁg_Nq) n &§N71)G0T(N)) 7

= AVl NG (T YY),

(N-1)
T

N
_ N1 (V-1 (N—1)
= ¢ VG Y T Y.

k#j
(12.36)
In matrix form this integral equation can be expressed as
Tl(Nfl) thfl) Tl(Nfl)
T2(N—1) th—n T2(N—1)
: = : + KWV : : (12.37)
N-1 N-1 N-1
e || e iy
T](VNfl) tg\]]\ffl) T](VNfl)

The kernel [K(V=1)] is a matrix operator consisting of the (off shell) transition operators with

N — 1 interacting particles. It has the explicit form

0o VD NED V=D
A | N o i AR V=D
KOO = | R e (1238)
T 0 o 0
fV=D At A

According to the scheme (12.37) the lowest order approximation to the (™) operator of the

N interacting particles is given by
= (N-1)
(N _ N-—1
T = YN, (12.39)
j=1

For the potential depicted in Fig. 12.1 the first iteration of the integral equation (12.37) is
shown diagrammatically in Fig. 12.2. From this illustration it is obvious that the lowest or-
der approximation is a sum of N elements each representing separate systems with different

) can be evaluated indi-

interacting particles. Thus, the matrix elements of the operators t;N_l
vidually and independent of each other, which brings about a substantial simplification in the
numerical realization.

From the defining equation of t§N_1) (12.35) and from the structure of the related potential

Eq. (12.29) it is evident that the above procedure can be repeated and the operator t§.N_1) can
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(6)
. T
2 . .
3 1. iteration
4 —
5
6
(5) (5)
t t
1 L 2 2
2 1
i + 3 +
5 5
6 6
(5) (5
t
3 3 4 h
2 2
1 3
4 + 1 +
5 5
6 6
(5) (5)
3
a + 2
1 5
6 1

Figure 12.2: A diagrammatic representation of Eq. (12.39) for a system consisting of six corre-
lated particles (cf. Fig. 12.1). The hexagons and the pentagons (with a specific orientation) label
the same potentials as explained in Fig. 12.1. Each of the pictures stands for a transition opera-
tor of the six-body system (the particles are labelled by straight lines). The respective transition
operator is indicated on each of the diagrams.

also be expressed in terms of the transition operators of systems in which only NV — 2 particles

are interacting, i.e.

N—-1

(N—-1) (N-2)
ty V=) T
pay

and the operators T,SN_Z)

replaced by N — 1.

are deduced from a relation similar to Eq. (12.37) with N being

Now we focus on the corresponding relations for the N particle Green’s operator. Since

the 7" and the G operators are linked to each others via

G = Gy + GoT™N Gy
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we can deduce from the recursive scheme for the TN) operators that the Green’s operator

GW) can be cast in the form
N
N) _ (N-1)
G =G+ > G Y. (12.40)
P

)

As in the case for the transition operators 7N, the (auxiliary) operators G;N_l are related

(but not identical) to the Green’s operators g§N_1) of systems in which only N — 1 particles
are correlated by virtue of ﬁ;N_l), more precisely
Gngl) g§N71) — Gy Gngl)
G;N—l) géN—l) — Gy G(2N—1)
: = : + KV : : (12.41)
N—1 N—1 N-1
Gg\][v_11) gng_ll) G Gs\va_11)
GSV*) ggvi)—Go Gsv*)

where
[K(Nfl)] _ GO[K(Nfl)]Gal'

From Egs. (12.37, 12.41) the following picture emerges. Assuming that the Green’s operator
of the interacting N — 1 body system is known, the Green’s operator of the IV particles can
be evaluated by solving a set of N linear, coupled integral equations (namely Eqs. (12.37,
12.41)). This case we encountered in Fig. 12.2 for the first-order iteration of the operator
T@) | If, on the other hand, only the solution of the N — M problem is known, where
M =2,--- N — 2, we have to perform a hierarchy of calculations starting by obtaining the
solution for the N — M + 1 problem and repeating the procedure to reach the solution of the
N-body problem. Thus, the lowest order approximation within this strategy [first iteration of
(12.41)] is schematically shown in Fig. 12.3 for /N particles, where only the solution of the
two-body problem is exactly known (numerically or analytically). The first step (lower part of
Fig. 12.3) consists in constructing the three-particle Green’s function and from that the four-
particle Green’s function, going up in the hierarchy till the Green’s function of the interacting
N particle system is derived.

Figure 12.3 as well as equations (12.37, 12.41) suggest the existence of disconnected
terms. It can be shown however that any iteration of the kernels of Eqgs. (12.37, 12.41) is free

of disconnected terms since the disconnected terms occur only in the off-diagonal elements of
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[KN—M] and [KN~M]. Furthermore, it is clear from Eqgs. (12.37, 12.41) and from Fig. 12.3

that for N = 3 the present method reduces to the Faddeev approach.

9y
-(N-1)G,
(N-1) N-2) (N-2) N-2) (N-2)
1 91 1 > 1 93 1 N-1 1. gN
> 2 3 N-1 N
3 3 2 2 2
- I+ I+ ....... ¥ ¥ ;I-(Nmo
N-1 N-1 N-1 N-2 N-2
N N N N N-1
(N-2) (N-3) (N-3) (N-3) (N-3)
Loe? L ¢Y 4 B A -
2. 2. 2 2 2
3 3 4 N-1 N
41 23 +3 ek 3 +3 - (N-3)G,
N N N N N-
(3 (2) (2) (2)
gN-3 gN-Z gN-1 gN
1 1 1 1
2 2 2 2
N.-'a o N-é + N.é + N-é ° ZGD
V-
N N () N [ ] N-1 [ ]

Figure 12.3: A diagrammatic representation of the lowest order approximation to Egs. (12.37, 12.41)
that yields the Green’s operator G of N interacting particles. The total potential is labelled by the
black circle. The interactions between N — 1, N — 2, and N — 3 particles are indicated by ellipses with
different eccentricities. The particles are symbolized by the solid lines. Only those particles that cross an
ellipse are interacting. Each diagram stands for the Green’s operator (specified on top of the diagram).
The corresponding potential is indicated by the circles and/or the ellipses.
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12.3 Thermodynamics of interacting /V-particle systems

Strictly speaking, finite systems do not expose phase transitions [102]. For example, in a finite
system thermodynamical quantities have naturally an upper bound and so do their fluctuations
(which grow infinite in the thermodynamic limit). Nevertheless, we expect to observe the
onset of a critical behaviour when the thermodynamic limit is approached. The traditional
theory that addresses these questions is the finite-size scaling theory (e.g. [104] and references
therein).

The incremental scheme (12.37, 12.41) outlined in the previous section for the deriva-
tion of the Green’s function G() of an interacting N-particle system can be utilized to deal
with thermodynamic problems in finite correlated systems. In this context it is important to
note that our Green’s function expansion (12.41) is derived for a fixed number of particles
N. TIts essence is to dilute the interaction strength by successively mapping the interacting
system onto a non-interacting one. Therefore, it is appropriate to operate within the canonical
ensemble.

The canonical partition function® can be expressed in terms of the electronic density of

states (DOS) [defined by Eq. (11.12)] as [84]
Z(B) = /dE Q(E) e PE, (12.42)

The DOS, denoted by Q(E), can be deduced from the imaginary part of the trace of G V) via
[cf. Eq. (11.12)], i.e.

OE) = —%tr [%G(M(E)} .

An important feature of the recurrence scheme (12.41), and in particular of its first iteration
shown in Fig. 12.3, is that the Green’s function G(N) (E) is given as a sum of less correlated
GF’s. This is decisive for the calculation of the trace (and hence of Q(E)), since in this case
the trace of GV)(E) is directly linked to the sum of traces of the GF’s for systems with a
lower number of interacting particles [cf. Fig. 12.3]. This immediately leads (in a first order

approximation) to the recursion relation for the canonical partition function Z V)

N
Z(N) _ ZZ](N—l) o (N _ 1)207 (12.43)
Jj=1

3For the rest of this section 3 denotes the inverse temperature; in the units used, the Boltzmann constant is unity.
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where Z is the canonical partition function of a reference system consisting of independent
particles. This can be taken as the non-interacting homogeneous electron gas described by the
Hamiltonian Hy, but Hy and the associated Z can as well be chosen as any known reference
system. In (12.43) Z ](-Nfl) is the canonical partition function of a system containing N parti-
cles. The interaction strength in this system is however diluted by cutting all interaction lines
that connect to particle j.

Equation (12.43) that relies on the GF expansion (12.41) renders possible the study of ther-
modynamic properties of finite systems on a microscopic level. In particular, relation (12.43)
offers a tool for the investigation of the inter-relation between the thermodynamics and the
strength of correlations in a finite system. For the study of the onset of critical behaviour we
can utilize the ideas put forward by Yang and Lee [102,103]. As an example let us consider the
onset of condensation in a quantum Bose gas, the ground-state occupation number 7y (N, )

is given by

10,2M@B) 1500627 = (N - 1), 2
Jé] Z(N)(g) - 3 Z(N) )

(12.44)

UO(Nv 5) =

where € is the ground-state energy. Eq. (12.44) offers the possibility to study systematically
the influence of the inter-particle interaction strength on the onset of the critical regime. As
customary in the theory of Yang and Lee [102, 103], one may as well opt to investigate in
the complex 3 plane the roots of of the partition function, i. e. of Eq. (12.43). Zero points of
ZN)(3) that approach systematically the real 3 axis signify a possible occurrence of critical

behaviour in the thermodynamic limit.

12.4 Incremental product expansion of the many-body
Green’s function

The Green’s operator expansion (12.41) has been derived using formal relations between the
Hamilton operator and its resolvent as well as by utilizing an exact recursive relation of the
total potential. Thus, the expansion (12.41) is formally exact. From a calculational point
of view however, the first order approximation, depicted in Fig. 12.3 is of prime interest in

particular as it allows for a direct study of the thermodynamics of finite correlated systems.
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A close look at this first order term reveals however several deficiencies, e.g. 1.) The first-
order term [shown in Fig. 12.3] does not yield the exact solution in the case where the total
potential (12.28) is separable (for example, if the potential shown in Fig. 12.1) has the form
UN) = v + vsq + vse). This is clearly seen from the structure of the GF. For separable
Hamiltonians the total GF (and the state vectors) has to be a product of the GF’s (and state
vectors) of the individual separable parts. In contrast, we obtain from Fig. 12.1 an expansion
as a sum for the Green’s function (12.41). 2.) The applicability of our scheme to Coulomb
potentials will be discussed below. Here we note that the first order term of (12.41) does not
have the correct asymptotic behaviour (8.10) that results in the asymptotic separability. This
is evident from the three-particle case where, in a first-order approximation, the three-body
state vector is expressed as a sum of three two-body Coulomb states (and a free particle state).
This is at variance with the asymptotic form (8.10). To remedy this deficiency we develop in

this section a recursive product expansion scheme for the total Green’s function.

12.4.1 Expansion of the Green’s operator of uncorrelated clusters

To illustrate the idea of the product expansion let us inspect the properties of the GF of a
system consisting of N particles that are distributed between L clusters. The clusters which

are labelled by the index [ contain each m; interacting particles, i.e.
Z m; = N.
l

We consider the case where the particles within different clusters do not interact with each

other. However within each subdivision [, the m; particles are correlated via the m; interaction

)

potential vlm’ . The total interaction potential U") is then

L
v =3 o™, (12.45)
l

The total Hamiltonian H ") of the system has the form

HMN = Hy+ UM, (12.46)
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where Hj is a non-interacting operator. Now we introduce the Green’s operator G, of a

(my)

system with the total potential 37", v;"", m € [1, L], i.e.
2= Ho— Y o™ | Gn(z) =1, mell,L]. (12.47)

j=1

Thus, as clear from Eq. (12.45) the following relations apply.
-1
GL=GWN)  where GWN(z)= [z - H(N)}

is the Green’s operator of the total system. On the other hand Eq. (12.46) can be reformulated

as
m—1 L
Hy + Z vj(-mj) + Z vj(-mj) = HWM),
j=1 j=m
H(m—1)
[z H(mfl)} Gm-1(2) = 1
(12.48)
Furthermore, we conclude that
[z — gD v(LmL)} GL(z) =1,
= [1-GLa() o™ 6u(z) = GLa(2),
(12.49)
This equation leads to the recurrence relations
M =G = G4 []l +v(LmL)GL} ;
Gi-1 = G {11 +U(LniL1_l)GL_1} .
(12.50)

The Green’s operator G™)(z) can thus be written in the exact product form

G =@, []l + v§’”1)61] e []l + U(LTZL{I)GL—J [11 + UEmL)GL} .

(12.51)
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12.4.2 Green’s operator expansion of correlated finite systems

The decomposition (12.51) is valid for a system consisting of decoupled clusters each of
which contains a certain number of interacting particles. The question to be addressed now
is, whether the same or a similar product expansion for G) holds true when the interac-
tion between the clusters is switched on. To shed light on this problem we study again a
system with N particles that interact via pair potentials v;; and formulate the total poten-

tial UM = S

j>i—1 Vij according to the recursion relation (12.28, 12.29). Furthermore

we introduce the auxiliary Green’s operator Gg,J,V —b

S aN Y me [1, N ie.

of the system that involves the potential

j=1"Y%;
2= Hy— Y @M VG V() =1, melN]
j=1
(12.52)
In this notation we have
G%Vil) =G,
Since the total hamiltonian can be written as
N-1
HY = K+ Y a™ V| waly =, (12.53)
j=1
HYSY
we obtain for the resolvent of V)
- HYLY =V 6 = (12.54)
Employing Eq. (12.52) we obtain
(16l ad M e™e) = el (12.55)
These reformulations lead us to the recurrence relations
¢ =6y = G\ [1+ad e Y (12.56)
G\ = el e alh el (12.57)

Thus, the total Green’s operator is expressible exactly in the product expansion
G =Gy [L+a™ Ve [ Al Ve (A e ).

(12.58)
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While this relation is formally exact it is of little practical use since on the right hand side the
total Green’s operator appears again. Thus, a systematic approximation scheme is needed for
numerical realization. For this purpose we recall that according to Eq. (12.52) the operator
Gl(k), k,l € [2, N] is the Green’s operator of a system involving [ potentials (2221 ag.k)).
Each of these potentials (ﬁ;k)) describes the interaction between k particles. Therefore, ac-

cording to Eq. (12.40) the Green’s operator Gl(k) has the series expansion

l
=Gy + Z F;k).
=1

In an analogous way to relation (12.41) the operators I‘;k) are related to the Green’s operators
( )

g; ~ associated with the potentials (ﬂ;k)) via linear coupled integral equations

ng) g§k) - GO ng)
k k k

T 9" — Gy rg”
P = : +[KMT]
<f;> g%)l — G F%)l

F( ) gl( e Fz( )

(12.59)
As for the case of Eq. (12.41) the kernel [K(k)] of the integral equation (12.59) contains only

Green’s operators with a reduced number of interactions. For simplicity and clarity let us

consider the first order term (first iteration) of Eq. (12.59) from which follows

=Go+ Zg(k) —1Go. (12.60)

The central quantity in the product expansions (12.56, 12.57) of the total Green’s operator has
the form 1 + ul(k)Gl(k) =Gy ' (Go+ Goul(k)Gl(k)). The structure of this quantity is unravelled
by Eq. (12.60) which indicates that
Go+Gou"'G = Go+ GoulP g + Goug®, +
+Gulm>(—4mwl%,

)+ o [+ Gl )] +
-+ Gou™ [Go + G0U1k)g§k)} — (1= 1)Gou" Gy ,
Go + Goul(k)Gl(k) = + GOU (k) [Goulk)lgl(k)l R Gougk)ggk)} :

(12.61)
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From this relation it follows
1+ ul(k)Gl(k) = 1+ u(k) (k) + ul(k) [G'Oul(k)lgl(k)1 S Gougk)ggk)} )
Gl(k) = e ulk)lgl(k)1 -+ Gy u (k).
(12.62)
The leading term of equation (12.62) is identified as the Green’s operator gl(k). All other terms

are higher order multiple scattering between different subdivisions of the total system. Hence,

the first-order terms in the exact expansions (12.56, 12.57) attain the forms

) :G%\/fl) _ (N 1) []l—i—u( -1) (N )}7 (12.63)
g](vj\i_ll) _ gng 1) |:]l+~(N 1)gJ(VNf_11):|' (12.64)

The Green’s operator G(™) can then be expressed in the explicit form

eltd) :Gg\zfvfl) _ g§N71) [Ga1géN 1} [Go g(N 1)} [Galgngil)}'

(12.65)

The whole set of (flow) equations reads

GVY = Gy [t al™ Vg ]
[+ a5 RS [+ aliS eRE0] [ al Vel Y]
(12.66)
WP = Goftaal™ e a0 [ afnPens]
(12.67)
o = Go[t+a?9] 14300 [1+aP6].
(12.68)

The recursive scheme (12.68) is the main result of this subsection. Eqgs. (12.68) can be visu-
alized by means of Fig. 12.1 and 12.2. In a first step the total potential, say for six particles
as in the case of Fig. 12.1, is reduced to a set of six potentials ﬁ§5), (j = 1---6) involving

five interacting particles. For each of these potentials 115.5) the (off-shell) Green’s operator gj@
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is calculated. If this last step is possible the six particle Green’s operator is readily given by

Eq. (12.66). If the five-particle Green’s operator should be simplified we express each of the
(5) (
J J
particle Greens function gj(.i), k # j and obtain the five particle Green’s operator from (12.67).

five-particle potentials ;' in terms of four-particle potentials u ?, k # j, evaluate the four-
This procedure can be repeated until we reach Eq. (12.68) where the three-body Green’s op-
erator is written in terms of two-body Green’s operator which are generally amenable to nu-
merical (or analytical) calculations. In fact, for the three-body problem the present scheme
contains only one term (12.67) which is identical to the Mgller operator expansion suggested
in Ref. [73]. Furthermore, it is straightforward to show that on the two-body energy shell the
approximation (12.68) for the three-particle problem produces a state vector which is a prod-
uct of three (isolated) two-body states. For Coulomb potentials this state is identical to the

eigenfunctions of the operator (9.22) (on page 119) and possesses thus the correct asymptotic

behaviour (8.10) as detailed in chapter (8).

The expansion (12.68) has favorable features from the point of view of perturbation theory:
for clarity let us consider the three-body case, i.e. Eq. (12.68). Same arguments hold true for
the general case. For a three body system, in which the interaction ﬁéQ) strength between
two particles, say particle 1 and particle 3, is small compared to the other interactions in the

system. Eqs. (12.68) can then by expanded perturbationally as

o = Golt+ael?] [1+aGo+ a7 Goil Go +- | [+ gP]

" Gyl gs? + g7 iy g +

Q

(12.69)

. . ~(2
This means in the extreme case of ué )

= 0 we obtain a product of two two-body Green’s
operators, which is the correct result, for in this case the three-body Hamiltonian is separable

in two two-body Hamiltonians. While this results seems plausible it is not reproduced by the

(2)
2

first iteration of the Faddeev equations, where for @, ~ = 0 we obtain a solution as a sum of

two two-body Green’s operators. Further terms of the perturbation expansion (12.69) regard
the two interacting two-body subsystems as quasi single particles which are perturbationally

coupled by the small parameter agz)_
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12.4.3 Remarks on the applicability to Coulomb potentials

Originally the Faddeev approach has been developed for short-range potentials in which case
the kernel of the Faddeev equations is connected (after one iteration). Hence, according to the
Fredholm alternative [308], either the homogeneous or the inhomogeneous equations possess
unique solutions [305,317]. We recall that the solution of the homogeneous Faddeev equation
yields the bound or the resonant states depending on whether the energy eigenvalues are real
of complex. With this solid mathematical background the Faddeev approach has been suc-
cessfully applied to a variety of problems involving short-range interactions, in particular in
nuclear-physics the Faddeev equations have found numerous applications (see for example,
Refs. [321,322] and references therein).

Recalling that the kernel (12.7) of the Faddeev equations is given in terms of off-shell two-
body T-operators we expect serious difficulties when the infinite-range Coulomb potentials
are involved, for in this case the two-body 1" operators contains divergent terms, as explicitly
shown in section 11.4. The same arguments apply to the integral matrix equations with the
kernel (12.38). In view of the importance of the Coulomb interaction for physical systems
several techniques have been put forward to circumvent this situation (see e.g. [323—-328] and
references therein). Here we mention some of these attempts.

For a three-body system governed by short-range and Coulomb forces Noble [323] sug-
gested to include in the reference Green’s function G in Eq. (12.10) all the Coulomb inter-
actions, i.e. in this case G is a (three-body) Coulomb Green’s operator whose exact form
is generally not known. Having encapsulated the Coulomb potential peculiarities in G, one
obtains the “Faddeev-Noble” equations which are mathematically well behaved. To show
briefly the basics of this idea let us assume that the total potential (12.1) is a sum of two-body

interactions, each consisting of a repulsive Coulomb part V, and a short range part Vk(s), i.e.

V=Y v+ v =3 e+ v (12.70)
3> k
In the spirit of the Faddeev approach, the three-body state vector is split into a sum of three
vectors
3
W) = Jow), 12.71)

j=1
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where the state vector components are derived according to
k) = Goou(2)V W) (12.72)

The Coulomb Green’s operator is deduced from

—1

3
GCoul(Z) = [Z - HO - Z Vk
k=1

Each of the Faddeev components |1x) (12.72) of the wave function carries only one type of
two-body asymptotics. That is the case if G coyi(2) does not possess bound state poles*. The
integral equations deduced by Noble for the components | ) (12.72) are

k) = Geouk (VY 1), (12.73)

J#k
where the channel Green’s operator G ¢,y (2) is given by
5 -1
G oouk(2) = |2 — Ho — ZVJ - Vk(S)
j=1

Obviously, this procedure reduces to the standard Faddeev approach in the absence of Coulomb
interactions. However, it has the disadvantage that the (unknown) Coulomb Green’s function
is used as an input in the theory. Therefore, Bencze [329] has suggested to use instead of
the (unknown) three-body Coulomb Green’s operator the channel-distorted Coulomb Green’s
operator. This approximation brings indeed significant simplification in the practical imple-
mentation [331].

Using similar ideas employed in Noble’s and Bencze work, the recursive scheme (12.37)
can be applied to Coulomb problems. Recently, this has been realized numerically for a four-
particle system [101].

As briefly outlined above, Noble’s approach relies on a splitting (in the two-body con-
figuration space) of the total potential in Coulomb-type short-range interactions. One can
however perform the separation in the three-body configuration space, as done by Merkuriev
and co-workers [324,325]. This renders possible the treatment of attractive as well as re-

pulsive Coulomb interactions. The integral equations (with connected kernels) derived in

4This is valid for repulsive Coulomb interactions. This presents a limitation of the range of applicability of the
original work of Noble.
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this case can be transformed [324,325] into differential equations with specified (asymptotic)
boundary conditions. From the numerical point of view the resulting “Faddeev-Merkuriev”
integral equations are less favorable since their kernel contains the Green’s operators with a
complicated structure.

A further method to deal with the long-range tail of the Coulomb interaction is to screen
or to cut it off at some large distance Ry. A re-normalization procedure is then used to obtain

the results for the unscreened case (Rg — oo) [330].

12.5 Path-Integral Monte-Carlo method

In previous chapters we described the properties of a quantum finite system by certain ap-
proximate solutions of the Schrédinger equation. The Green’s function can be represented
using these solutions. Equivalently, one can transform the differential Schrédinger equa-
tion satisfying certain boundary conditions, into an integral equation and seek suitable ex-
pressions for the Green’s function. An alternative route to obtain numerically the propaga-
tor and hence the Green’s function has been developed by Feynman using the path integral
method [332, 333,335]. Here we outline the main feature of this method with emphasis on
numerical realization by means of the Monte-Carlo technique.

Using Eq. (12.42) we were able to describe the (equilibrium) thermodynamic of quantum
systems, after having determined the corresponding density of states using (approximate) ex-
pressions for Green’s function. On the other hand the expectation value of any observable O

derives from the density operator p as

tr(O _
(0)=100 e,

where Z is the partition function given by Z = tr(p), and H = Hy + V is the Hamiltonian
with a non-interacting part Hy and V is the potential energy. As mentioned in section (12.3),
the desired physical quantities are readily inferred from the partition function, e.g. the internal
energy F derives as E = —0g(ln Z). Since in general V' and H; do not commute the relation

for the density operator

o—B(Ho+V) _ ,~BHo ,~BV ,—B[Ho,V]/2 (12.74)

applies.



228 12 Operator approach to finite many-body systems

For a system of distinguishable particles the partition function has the explicit form

Z(B) = /d3r1<r1\€7ﬁH|r1 )
M

= [ [ @ Tl ),
j=1

(12.75)

For N fermions the partition function Zp(/3) reads

2e() = [ i [ dra gy S e ey )
S

ey e PHMP () ), (12.76)

where r;, j = 2.-- M are intermediate coordinates and M is the number of “time slices”.
Furthermore, P is the N-particle permutation (exchange) operator and the sum in (12.76)
runs over all permutations. The advantage of writing the partition function in this way is that
the contribution of the commutator in (12.74) becomes of a less importance with growing M

(or/and) increasing temperature [334], namely

M
o BHAY) {6 LHy o~V o~ s(Ho, V]} ’

Moo {e MHOe WV} +O(52/M2)

(12.77)

Thus, for the evaluation of the partition function of a system consisting of N polarized
fermions in D space dimensions one has to perform D x N x M dimensional integrals.
In absence of any spin dependent interaction in the Hamiltonian Takahashi and Imada [337]
have shown that for V interacting electrons with position vectors r; the partition function can

be written as

Z = (1>M/ HHdBrN Hdet (k,k+1))

i=175=1

(12.78)
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The matrix elements of A are given by

D/2 M
[A(k, k =+ 1)]1,] = <27‘(ﬁ) exp |:2ﬁ(ri7]€ — rj,k+1)2 . (1279)

Herer; ;, j = 1... M are the intermediate coordinates of the position vectors r; satisfying
the boundary condition r; /41 = r; 1. The numerical task is then to evaluate the (D x
N x M)-dimensional integrals (12.78). This is usually done using standard Metropolis Monte
Carlo techniques [336,338]. Accurate results are achieved with increasing the number of time
slices M and/or for higher temperatures.

With decreasing temperatures an enormous amount of time steps is required. An additional
difficulty is the so-called the “fermion sign problem” [339, 340]: the integrand (12.78) is
not always positive because of its dependence on the determinant det(A). Therefore, the

expectation value of a position dependent observable O is to be evaluated as

_ Zle Ojsign(I;)

@)
) > sign(l;)

(12.80)
In the j*" Monte Carlo step O, refers to the value of the observable O and I; is the integrand
in (12.78) evaluated at the step j. The ratio between the integrands in (12.78) having positive
signs (I*) and negative sign (I ) is given approximately by [341,342]

% ~ ¢ PBr=Es) (12.81)
where the energies Er and Ep are the ground state of the fermionic (antisymmetric ground
state) and bosonic (symmetric ground state) system, respectively. Obviously, for higher tem-
peratures the sign problem is of less importance but with decreasing temperatures the sta-
tistical error in (12.80) grows rapidly. Despite these difficulties (which can be partly cir-
cumvented, see e.g. [343]) the path integral Monte-Carlo method has been applied success-
fully to a number of electronic systems with a limited number of electrons (N < 20), e.g.

[269,270,343,344].






13 Finite correlated systems in a multi-center potential

In the previous parts of this book we studied the bound and the continuum spectrum of a
finite electronic system in a single external potential. Here we focus on the description of
the scattering of a finite correlated system from a multi-center potential, such as the crystal
potential of solids or surfaces. We begin with a brief summary of the relevant tools for the

treatment of the single-particle scattering in periodic potential.

13.1 Single-particle scattering from a multi-center
potential

The treatment of the spectrum and in particular of the ground state of a particle in an ordered
and disordered multi-center potential is a wide field with well-established techniques [51,
347,348]. One of the important tools for the description of the scattering of a particle from
a crystal potential is the so-called scattering-path formalism [350, 351], which is outlined
below. The scattering path operator offers a convenient way for the evaluation of the 7" matrix
elements. Of particular interest in the context of the present work is the generalization of this
single-particle (multi-scattering-center) scheme as to deal with the scattering of correlated

compounds (atoms, molecules, ...) from multi-center potentials.

13.1.1 Scattering-path formalism

Let us consider a non-relativistic particle scattered from a multi-center potential weys. We
assume that the potential weyt is a superposition of M non-overlapping potentials w; each

acting only in the domain §2; centered around the position R; i. e.

M
Wext(r) = Y _wi(r;), QNQ=0Vj#i, r=r-Ry (13.1)
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As discussed in details in the previous chapter, the complete information on the scattering

dynamics is carried by the 7" operator

tE:(2) = Wext + Wet Gy (2)t g (13.2)
where G? is the Green’s operator in absence of wey and the £ signs stands for incoming or
outgoing wave boundary conditions. For brevity we will suppress the & signs and the energy

argument z. As done in the context of the recursive scheme (12.36) we employ the expansion

(13.1) to deduce for (13.2)

M
tee = Y q", (13.3)
k=1
" = wp + wpGotexs (13.4)
M
g™ = wp+wGog® +> wiGog®. (13.5)
14k

The single site transition operator is given by

tr = wy + ka(N)tk.

int

Therefore, Eq. (13.5) is expressible as

M
q(k) =t + Zthoq(l). (13.6)
1#k
As done in (12.38) we can express this relation in a matrix integral equation as
q(l) tl q(l)
q(2) t2 q(2)
_ = : + K] : . (13.7)
gM-1) tar1 gM-1)
g tur g
The kernel [K] is given in terms of single-site operators ¢,
0 t1 t1 tl
to 0 to .. to
Kl=1 oo Go. (13.8)
th-1 t-1 0t

Alternatively, we can write

M M

text = Z tk + Z thO(tl + leOtext) . (139)
k l#k
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As pointed out by Gyorffy [350,351] a particularly useful way to represent .y is achieved by

introducing the scattering path operators 7V as

M M
Tij = tzém + ZtiGoTik = tzézj + Z TikGotj. (1310)
k#i k#j

A comparison with Eq. (13.6) yields

M M M
¢ =7 e = D =) 7. (13.11)
J ( ij

The operator ¢(*) describes the collision process of the particle from the site % in the presence

k! contain the details on the scattering and the propa-

of all other scatterers. The operators
gation process of the particle under the influence of the potential w;, following an encounter
of the particle with the potential centered around the site [. The matrix elements of the oper-
ators 7% can be written in a suitable form for numerical realization, taking into account that
the matrix elements of the single site operators ¢ vanish outside the domain 2 (note that

ty = wy + wpGwy, and wy(r) = 0 for r ¢Q)
(|7 ) = () = (ol ) +
+ Z / dPef dPe}! (vi| t; v} (v} + Rq| Go [r) + Ry) (x| 7 |r)),
k#i

r; :r'—Rj r;,=r—R,. (13.12)
The matrix elements of the free Green’s operator G§¥ = (r! + R;| Gy |r}’ + Ry,) are ob-
viously dependent on the structure of the crystal formed by the scattering potentials. They
can be evaluated, e.g. in an angular momentum basis which is particularly convenient if the
potentials wy, are spherically symmetric [352]. An important feature of the scattering path
operators (that follows from the special form of the scattering potential (13.1)) is that the on-
shell matrix elements of 7%/ are directly related to the matrix elements of the T" operator (and
hence to experimental observables). The above relations deduced for the 71" operator can be
employed for the derivation of corresponding equations of the Green’s function of a particle

in a multi-center potential.

13.1.2 Scattering of correlated compounds from multi-center potentials

The expression of the single-particle 7" operator in terms of scattering path operators plays a

central role in the calculation of electron scattering in ordered and disordered materials. Such
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calculations are required for the treatment of a variety of important processes in condensed
matter physics, such as the low, high and medium energy electron diffraction and scattering
from crystals [345,346], and single photoelectron emission from solids and surfaces [111].
For the description of the scattering of correlated compounds from multi-center potentials
the derivation for the single-particle case, as outline in the previous section, has to be recon-
sidered. This situation arises for example in the treatment of colliding atoms, molecules and
correlated electrons from surfaces (see [349, 353] and references therein). In this section we
will generalize the scattering path operator concept to the scattering of particles with internal
structure and expose how the internal motion of the compound is influenced by the scattering
from the external multi-center potential and vice versa. To this end we consider a compound

consisting of N particles that interact via the total internal potential U, ()

int - This compound is

scattered from the external potential W, with M centers, i.e.

M N

West = 3 > Wit (13.13)
k l

The interaction of particle [ with the scattering site k is described by the potential wy;.

The total Hamiltonian of the system can thus be written as

H = HY 4 W, (13.14)
HY = Ho+Uy). (13.15)

Hj is the Hamilton operator of the compound in absence of Ui(n]:) and Weyy. In the previous

chapter we discussed a number of methods for the description of the Green’s operator

G (z) = [z - H.(N)} o (13.16)

int
of the correlated compound in absence of Wey. We therefore isolate the problem of treating
Gi(li\p (z) from that of describing the scattering of N particles from a M center scattering

potential. This is achieved by writing for the transition operator 7oy

(N)
int

Text = Wext + Wexe G Toxs- (13.17)

Now we define the interaction of the compound with the scattering site k as

N
Wy =Y W (13.18)
=1
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With this definition we write for Ty

M
Text = Z Qka
k=1

Qn = wp+w,GL)

int

Text-

Defining the T" operator g, for the scattering of the compound from the site k as
G = Wi+ Gy W

we can write for the auxiliary operators Q)
Qr = qu+ax Gi(i\t[) {Text - ((ik + (jkGi(g)Text)}

M
= G+ @G > Q.
J#k
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(13.19)

(13.20)

(13.21)

(13.22)

From Eqgs. (13.18, 13.21) and introducing the 7" operator of the particle [ from the scattering

site k as

N
th = W + wlei(nt)tkl

we can write furthermore

§\
Il
M=

[wkl + wlei(r]:t[)Cjk

=1
N
= Zle
=1
N) -
Q. = Wp + wlei(nt)(Ik
N) [- N) -
Qe = t+ tlei(nt) [Qk - (wkl + wlei(nt)Qk)]
N) o
g = tg+ tlei(m) [Tk — qri]
N
N
Qe = t+ tlei(nt) Zij

L

(13.23)

(13.24)

(13.25)
(13.26)
(13.27)

(13.28)
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The above equation can be written in the compact form

M
Text = Z ka
k=1
Q1 Q1 Q1
Q2 G2 Q2
: = : + [Kq] : )
Qr—-1 qnm-—1 Qr—-1
Qum qm Qm
N
k= Z kil
=1
QK1 b1 qk1
qk2 tia QK2
- + [Kk:] 3
qkN -1 tkn—1 qkN -1
kN ten kN
N
thy = Wi+ wlei(nt)tkl' (13.29)

Thus, an essential part of the calculations is the evaluation of the single site transition operator
tx;. This operator describes the scattering of the particle [ from the scattering site k& under the

influence of the internal correlations in the compound, which are contained in Gl(rjl\t[ ), Depend-

ing on the nature of Ui(]g) one chooses the appropriate method for the treatment of Gfﬁ ). The
kernels of the integral equations (13.29) depend on (off-shell) 7" matrices and on Gfé\t] )
0 q1 a1 cen a1
D) 0 2 - @ )
[Kﬁ] e R Gint 5
qM-1 -1 0 qu—
am aM M 0
(13.30)
0 tr1 tr1 tr1
ko 0 ko ko )
Kip] = | oo G
teN—1 tev—1 0 fkn—a
tkN kv tkN 0

(13.31)
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As done in the preceding section one can formulate the above relation as well in terms of

many-particle scattering path operators [354].
The above formulations can be extended to the treatment of the single particle [51,347]

and the multi-particle [355] scattering from disordered (alloyed) potentials.






14 Excitations in extended electronic systems

14.1 Time-dependent single-particle Green’s functions

In chapter 11 we introduced the Green’s function associated with the time-independent Schro-
dinger equation for a single-particle. Analogously, we define the single particle Green’s
function g(r,r’,t,t") corresponding to the time-dependent Schrodinger equation with a time-

dependent source term f(r,t)
10y — H(r)] ¢(r,t) = f(r,1) (14.1)
as the solution of an equivalent equation with a point source, i. e.
[i0; — H(r)] g(r,x',t,t') = 6(r —¢')o(t —t'). (14.2)

The GF g(r,r’,t,t’) and ¢(r, t) satisfy the same boundary conditions. From the homogeneity
of the time space we conclude that g(r, r’, ¢, ') depends only on the time difference 7 = ¢ — ¢'.
The relation between g(r,r’,¢,¢') and the time-independent GF (11.4) is unravelled by ex-

pressing g(r, r’,t,t’) in terms of its frequency (w) components

1 o o
glr, v t—t' =71)= 2—/ dw'e Tg(r,r’, W) (14.3)
T

— 00

and inserting into Eq. (14.2). This yields for g(r,r’, w) the determining equation
w — Hr)]g(r.r',w) = 6(x — 1),

Comparing this equation with Eq. (11.4) we see that g(r,r’,w) is equal to G(r,r’, 2 = w).
On the other hand, as discussed in chapter 11, G(r,r’, z = w) is an analytical function of w
(w € C) with isolated singularities or a continuum branch cut along the real w axis. Therefore,
the integral (14.3) along the real axis is not well-defined and one has to resort to a (side)

limiting procedure as done in Eq. (11.6). The time-dependent GF is then obtained from the
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time-independent GF (11.6) via the Fourier transform (14.3), i.e.
1 [ -
gir ' t—t =71) = dw' e TGE(r, 1, W'); (14.4)

2 J_ o
g (e,r',7) = [¢t(r,—7)]" (14.5)
Since all singularities of G*(r,r’, w) (and g* (r,r’,w)) occur on the real w axis we can ex-

press the GF g% in terms of the discontinuity

namely
gF(r,1',7) = £O(£7)j(7). (14.6)
From Egq. (11.13) it follows for the propagator g(7)
1 [ -
ag(r) = — dw'e™™' T I:G+(CL)/) - Gf(w’)] ,
21 J_
= — Z/ dw'e™ ' o) §(w' — A) (o], (14.7)
= =iy e M) (aul,
= —ie O — Ut —t), (14.8)

where U (t —t') is the time-development operator. The solution of the inhomogeneous Schré-
dinger equation (14.1) is the sum of the general solution ¢ (r, t) of the homogeneous equation

and the particular solution given by the Green’s function, i.e.

é(r,t) = ¢o(r,t) + /dr’dt’g+(r,r’,t -t f(x',t), (14.9)

Po(r,t) = i/dr/g(r,r’,t —t")po(r',t'). (14.10)
In Eq. (14.9) we rely on the causality principle to exclude the solution involving g~ (the
response at the time ¢ occurs due to the action of the source at t' < t). For this reason the
GF g™ (g7) is often referred to as the single-particle, retarded (advanced) Green’s function
g1 (g9), because it describes the retarded (advanced) response of the system to an external
perturbation. Thus, from Eq. (14.7) one deduces for the non-local spectral density (per unit

volume) (cf. the time-independent case (11.12))

gi(r) —gir) = —iZ/ dw'e ™™ |a,) §(w' — A (au| (14.11)

giw) —giw) = —i2r Y Jon)d(w—A) (o] (14.12)
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Equation (14.9) makes evident the role of the GF: the wave function ¢ at the position r and
time ¢ emerges from the wave function at a previous time ¢’ < ¢ and all positions r’ with a

weight factor determined by the amplitude g.

The matrix elements of the single particle Green’s function (14.8) reads

—i(ale” =)

—i{0]cae el |0), (14.13)

{alg(7)B)

where ¢; (c;) are the fermionic annihilation (creation) operators and |0) is the vacuum state.
The GF (14.13) contains information on kinetic quantities such as particle density (cf. (11.13),
(11.12)) and is the analog to the so-called “greater” (correlation) function g~ (Egs. (A.35)),

which will be introduced in the context of many-body system (cf. appendix A.5).

Equivalently to Eq. (14.13), one can express the retarded and advanced GF (14.6) as the
expectation value of an operator describing a single particle creation, its propagation and

subsequent annihilation, i.e.
(alg™(t —t")|B) = FiO(£(t — t'))<0|cae*iH<t*t'>cg\o>. (14.14)

To derive an expression of these matrix elements in the frequency space one employs the

integral representation of the © function O(t — ') = 5= lim, oy [ dw’ m(p[:j,wiw and
obtains
1
(alg®(W)[8) =: g™ (a, B,w) = (0\camc};|0>. (14.15)

This relation offers a way for a systematic perturbational treatment. In case H can be
decomposed as H = Hy + V we can use the relation (A— B)™' = A=+ A"'B(A-B)~!
which is valid for any two operators A and B and deduce from (14.15) the Dyson equation

1
g5 (@, B,w) = (OJca—————0ch|0) +
w — o

1 1
0|cq ————c1|0){(¥|V]8)(0]cs ————— T10).

(14.16)
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14.2 Green’s function approach to excitations in extended
electronic systems

For strongly correlated systems or for multiple high excitations in extended systems (such as
one-electron or one-photon double electron emission, i. e. (e, 2¢) [356-360] or (v, 2¢) [112])
methods are needed that go beyond a mean field or a first-order perturbational treatment of the
interaction between the excited particles. This is because the (highly) excited particles have
access to a large manifold of degenerate states and will thus adjust their motion according to
their mutual interactions. This is contrast to a ground-state behaviour or to the case of small
perturbations where the effective mean field created by all the particles plays a dominant
role. For the latter case there are a number of theories available, like the hole-line expansion
or the coupled-cluster methods [52, 53, 106], however these theories can not cope with high
excitations. For the treatment of correlated excited states the Green’s function approach is
well suited, however the method as introduced in previous sections, becomes intractable with
increasing NV since in this case one works within the first quantization scheme, i. e. states have
to be (anti)symmetrized. In addition, as discussed in the previous chapter, the reduction of the
N-body Green’s function to quantities that are amenable to calculations becomes increasingly
difficult for large N. An attractive and a power method for the treatment of extended systems
within Green’s function theory has been put forward by Migdal and Galitskii as well as by
Martin and Schwinger [107,108]. Applying methods of field theory they developed [107,108]
a technique that connects, by means of Feynman diagrams, the single particle (sp) propagator
to higher-order propagators. In addition, a systematic approximation scheme is available [52,
84,85] that allows the efficient evaluations of the physical observables. The system symmetry
in this case enters though (anti)commutation relations of the operators [52, 84,85]. This route
has found extensive applications in various fields of physics. Here, we mention the aspects

that are of an immediate relevance to multiple excitations in electronic systems.

14.2.1 Single-particle Green’s functions for extended systems

In a many-body system the single-particle Green’s function g(«t, 8t’) is defined as an ex-
pectation value of the time-ordered product of two operators evaluated with respect to the

correlated, exact (normalized) ground-state |¥) of the N electron system (see appendix A.2
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for a brief introduction)
glat, Bt') = —i(Wo| T ana () aly4(t)]|Wo), (14.17)

where 7 is the time ordering operator. This definition is in analogy to the single-particle case
(14.13). The fermionic creation and annihilation operators ag 5(t') and anq(t) are given in

the Heisenberg picture, e.g.

apa(t) = et et (14.18)

The operators a}L{ 5(t") and amq(t) are represented by an appropriate basis, the members of

which are characterized by « and 3. If the system possesses translational symmetry it is
advantageous to employ the momentum eigenstates {k} as the basis states, as done below.

The time-ordering operator has the action

T lana(t) ajys(t)] = { “Hg(t) alig(t') (t>1)

14.19
— a5 (tana(t) (¢ <)) (14.19)

The effect of the chronological operator 7 can be described in terms of the step function

O(t — t'), in which case the Green’s function is given by

ig(k,t —t) = Ot —t')(Wolasm(t)ay, ()| o) — O’ — t)(Volaly, (¢')ax (1) o)
LEWNAD gy 2
=0 1) e N (V0 o )|
Y
. _ , _ 2
Ot — 1) Y e Y- ETTO (pVDaywg)|
)

\IIE,NH) and \I!gN_l) stand for a complete set of eigenstates of the (N + 1)- and the (N — 1)-
particle system, respectively. The energy of the correlated ground state of the N particle
system is denoted by E((JN), whereas EgNH) and E(gN_l) refer to the energies for the excited
correlated states of, respectively, the (INV 4 1) and the (N — 1) particle systems. The exponen-
tials with the energy arguments in Eq. (14.20) stem from the Hamiltonians in the exponential
functions in the definition (14.18) of the Heisenberg operators. Recalling the integral repre-
sentation of the step function ©(t) = —lim, o ﬁ S fooc dw%, the Green’s function in the

energy space can be obtained via Fourier transforming the time difference ¢ — ¢’ to the energy

variable w (homogeneity of the time-space is assumed). This yields the spectral or Lehmann
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representation of the sp Green’s function [109],

1
gk K\ w) = lim | (Uglal al,|We)
n—0 kw—[H—E(()N)]—i-i’r] k
1
+ (Wolal, al [T |, (14.21)
Yo B —H -
. Zjom 2R ZpsZE,
kK ,w) = lim e L N 14.22
g ) n*OlZ/:waﬁJrin %:wfwé_fin ( )
ey = (TN el W), wf = ENHY gV,
B = (O Vg |0y, wy = BN —ENY, (14.23)
(N+1)| ¢ 2
o = ]S (Y o] |w)|
g(k,w) = lim
=0 w - [BSYY — BN + i
B 2
> (5] o)
+ .
w— BNV —EN Y~y
(14.24)

Equation (14.21) is in complete analogy with the single-particle equation (14.15), except for
the second part of (14.21) which describes the propagation of the hole (naturally absent in
the single particle case). Relations (14.24, 14.21) highlight the significance of the sp Green’s
function for measurable physical quantities. The poles of g correspond to the change (w;r =
ESNH) — E(()N)) in energy (with respect to ESN)) if a particle have been added to the system

éN) - E(gN_l)) from

and occupies the excited state -y or if one particle is removed (wy = E,
the reference ground state with NV interacting particles, leaving the N — 1 particle system
in the excited state J. The residua of these poles are given by the spectroscopic factors zys
and Zjs, meaning that the measurable probabilities of adding and removing one particle with
wave vector k to produce the specific state v () of the residual system. Clearly, the latter
probability is of a direct relevance to the (e,2e) experiments [356-360]. The infinitesimal
quantity n in Eq. (14.24) shifts the poles below the Fermi energy [the states of the (N — 1)

system] to slightly above the real axis and those above the Fermi energy [the states of the

(N + 1) system] to slightly below the real axis.
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Useful quantities for the study of the influence of correlation are the so-called the hole and
the particle spectral functions which are obtained from the diagonal elements (14.24) of the

spectral representation of the single-particle Green’s function as

Sh(k,w) = %Sg(k, w)

= 3 [ a6 — (B - BYY)), forw < g
’ (14.25)
Sp(k,w) = %Sg(k,w)
= 3 |l o) 6w — (BOD — B, forw >
’ (14.26)

where
= BN B = B0 g

The diagonal part of the sp Green’s function can thus be represented as an integral over all

single hole and single particle excitations, i. e.

g(k,w) = lim (/F do k) /Oo dw’M> . (14.27)

n—0 \ J_ w—w —in w—w +in

In general (and in particular for finite systems) 6;5 and e, are different. For extended “normal”
systems' 6;5 and e are equal within an error of N1,
A quantity of a fundamental importance is the single-particle density matrix pg, which

derives from the sp propagator by means of the Lehmann representation (14.21) as
i W — —
Pa = o /dwe Tg(, B,w) = (Wolab| ¥ Y W Vaa| o )
= (Wolafaa|To) (14.28)

Furthermore, the expectation value for any single-particle operator O is obtained as <O> =

> apl@|O[B)pas, where (a|O[3) is the matrix representation of O in the basis o). The

'Normal systems are those for which there exists a discontinuity at the Fermi momentum % in the momentum
distribution. For non-interacting normal Fermi liquids this discontinuity is 1 and vanishes for systems with pairing
correlations, such as superconductors and super fluids.
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occupation (depletion) number n(«) (d(«)) of the single particle state « can be evaluated
from the hole (particle) spectral functions as

2 2

’ = / dwSh(a,w),

— 00

n(a) = { Wolakaa¥o ) = 3 [ WY ]| ¥0)
n

MM=LMM%@M,

n(a) + d(;) =1. (14.29)
The last relation follows from the anticommutation relation for af, and a,. As shown by
Galitskii and Migdal [363] the ground state energy (for a system with two-body interactions)
can as well be obtained from the hole spectral function and the expectation value of the kinetic
energy part Ty (ie. By = 150, 5 [ dw Su(a, B,w) [ |Tkin| B ) + wia,s]).

The above relations highlight the importance of the hole and the particle spectral functions
as well as the significance of the single-particle removal or addition spectroscopies, such as
single photoemission [110, 111] and (e,2e) processes [114, 116]. In fact it has been docu-
mented that the high-energy transmission mode (e,2e) spectroscopy is capable of mapping out

the hole spectral functions for a variety of condensed matter systems [364].

14.2.2 The self-energy concept

It is useful to split the total Hamiltonian H in a non-interacting (single particle) part Hy (with
known spectrum €, i.e. Hy = ) € al a,) and a part V containing two-particle correlations.
The Lehmann-representation for the uncorrelated single-particle Green’s function gg (v, 3, w)

associated with H), is readily deduced as

O(co —€r) | Oler — ca) } .

W—€y+1in wW—€q—1in

go(o, B,w) = dap { (14.30)

Employing the equation of motion (in the Heisenberg picture) for the operators a/, and a,

e.g. i0:ama = [ana, H] and Eq. (14.30) one deduces the relation [84]

g(a567t) = go(&,ﬂ,t)ﬁ’go(a,’}/,t*t/) [E(’y,(g,t/715//)]'9((5,5,#/), (1431)

g(a,ﬂ,W) go(O@ﬁ,M) +go(a77,w) 2(7767(“))9(5)&7“})7 (1432)

Here and unless otherwise specified, the following convention is used hereafter. For prod-

uct terms one sums over all repeated indices and integrate over the whole range of repeated
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continuous (time) variables. The operator X is called the mass operator or the irreducible self-
energy. From (14.32) it is clear that all the effects of the (non-interacting) residual part H are
encapsulated in gg, whereas all correlation effects induced by the interaction V' are accounted
for by 3. It should be noted in this context that (14.32) is still a single particle equation, i.e. X
does not contain full information on many-body processes in the system, such as double and
triple excitations (described by the two and three particle Green’s function). > describes (ex-
actly) however all (integral) many-body effects that are relevant for the single particle Green’s
function. The (simplest) first order approximation to ¥ is the so-called Hartree-Fock (static)
self energy

SHE(kK) = ——— lim [ do €™ Via s g(a, B,0), (14.33)

T n—0t

where V. 1/ are the matrix elements of the two-particle interaction including the direct and

the exchange term.

14.2.3 Hedin equations and the GW approximation

The role of X is elucidated by inserting the Lehmann representations for gy and ¢ into the
Dyson equation (14.32) and inspecting the residua of the poles w,j and w; . By doing so one
derives eigenvalue equations for the spectroscopic factors 2y~ and Zps (14.23), e.g. for the
hole pole wjy one obtains

> Ck[Holk' ) + S(k, K, w)] Zrs
"

w:wé
Expanding the Dyson equation in terms of w in the neighborhood of the pole w; and taking
only first order terms of this expansion one obtains the magnitude of the spectroscopic factors
as [365,366]

Z 2> = 1+ > (%as) (a S(k, K, )|w:wg) Zus. (14.35)

ke, k!
Eq. (14.34) makes clear that the self-energy plays the role of an effective, energy-dependent
(non-local) potential. In fact the (integral) Dyson equation converted into a differential form

reads
[i0, — Hol g(at, 3t') = 3 / dt"S(at, At")g (1", Bt') = 8(a — B)3(t — 1').

(14.36)
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As shown by Hedin [367] the self-energy is related to the Green’s function g by a set of
coupled integral equations, referred to as the Hedin equations (the symbol y = 2+ means

y = lim, o+ (z + [n]))

9(1,2) = go(1,2) +/d(3,4)g0(1,3)2(3,4)g(4,2), (14.37)
%(1,2) = z‘/d(3,4)W(1,3+)g(1,4)r(3,2,4), (14.38)
W(1,2) = V(1,2) +/d(3,4)P(3,4)W(4,2)7 (14.39)
P(1,2) = —i/d(3,4)g(1,3)1"(374,2)9(471+), (14.40)

§%(1,2)
59(4,5)Y

I(1,2,3) =6(1—2)6(2—3) + /d(4, 5,6,7) (4,6)g(7,5)1'(6,7,3).

(14.41)

In these equations the variables (at;) are grouped into a single index 1. These equations
reveal in a transparent way how the various physical quantities are interrelated: The polar-
ization function P, which describes the response of the system to an external perturbation as
a (de)excitation of a particle-hole pair, re-normalizes the bare interaction V' to result in the
screened interaction W (14.39). The screened interaction W and the vertex function I', which
describes the interactions between the holes and the particles, are the essential ingredients for
the determination of 3. On the other hand the change in the effective potential following the
excitation is decisive in determining I', as given by Eq. (14.41).

Obviously the practical solution of the Hedin equations is complicated and hence one
has to resort to approximation schemes. A widely used approximation is the so-called GW

approximation [367] in which one neglects the second term in (14.41), i.e. one sets
I'(1,2,3) = 6(1 —2)6(2 — 3), (14.42)
i.e. one discards the vertex corrections. The polarization function is then given by the
P(1,2) = —ig(1,2)g(2,11) (14.43)

which amounts to the random-phase approximation to the polarization propagator [84]. The

self-energy attains the form

W (1,2) = ig(1,3)W(3,1), (14.44)
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and hence the name GW for this approximate procedure. Comparing Eqs. (14.33, 14.44) one
sees that the GW scheme can be viewed as an extension of the HF scheme in that a screened
interaction W is used instead of the bare interaction Vi, irg. This is due to the influence
of the fluctuations of the medium (described by P) on the two-body interaction V. In con-
trast to X7 the self-energy X" acts as a dynamical effective potential. Such dynamical
screening effects can as well be incorporated within the HF scheme but on the expense of cal-
culating the particle-hole excitation, e.g. by means of RPA [21,368]. In principle, the Hedin
equations, even within the GW approximation have to be performed self-consistently. It turns
out however, that the first iteration provides useful results for a number of physical quanti-
ties (cf. e.g. Refs. [369,370] and references therein), whereas the second iteration does not
yield a systematic improvement. The (e,2e) experiments measuring the hole spectral func-
tions of aluminum have been reproduced by the GW fairly well near the quasi-particle peak
but substantial deviations have been observed for the satellite structures (plasmons) [371].
To circumvent this shortcoming of the GW the cumulant expansion2 [372] turns out to be a

computationally tractable method [371].

14.3 'Two-body Green’s functions

As mentioned above the self-energy carries (integral) information on many-body excitations
that are relevant for the sp Green’s function. These excitations are naturally described by
higher order Green’s function, which hints on the interrelation between the various many-
particle GF. In fact, by considering the equation of motion for the sp propagator one can

derive the relation [85]
iatg(aa 67t - tl) = §(t - tl) + Eag(a,ﬁ,t - tl) +

1 .
+5 2 Venarar (=G IT |aly, (D (s (Dalys(¢)] 167,

7]7]/77//

(14.45)

’In the cumulant expansion the hole spectral function is written as Sj(k,w) =
% fooo dr e etk T+C(kT) where ny, is the occupation number of the state characterized by the wave vector
k and the energy ex. C(k, 7) is the cumulant operator containing only boson-type diagrams describing the emission
and absorption of plasmons. Interactions between the hole and the particle-hole pairs are not accounted for. In prac-
tice one equates the cumulant expansion G (k, 7) = e~ *x7+CkT) = Go(k, T) [14 C(k,t) + C2(k,t) + -]
with the iteration of the Dyson equation (G = Go + GoXGo + ---), where ¥ = SGW s used (without
self-consistency). This yields for the cumulant GoC = GoXGp.
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Obviously the second term is a two-body Green’s function (go(5t1, 5't], vt2,7't5)) with a
special time ordering describing the propagation of a particle-hole pair, meaning that the sp
and the two-particle GFs are interrelated. Equation (14.45) is in fact the first cycle in a hierar-

chy that links the N-particle propagator to the (N + 1)-particle propagator [107,108].

Here we briefly discuss the two-body Green’s function which is of a direct relevance to
the two-particle spectroscopy, such as two-electron emission upon the impact of photons or
charged particles (for a review see Ref. [214] and references therein) . Generally the two-body

(four-point) Green’s function is defined as

g2 (ﬁtlv /Blt/la ’Yt27 'y/tl2)
= —i(uM|T [aH[y(t'l)aHg(tl)a;I,y(tg)aL,y, (tg)} 1wy (14.46)

As seen from this definition, depending on the time ordering the Green’s function g de-
scribes particle-hole, particle-particle and hole-hole excitations. Generally, the (four-time)
two-body Green’s function can be split into a non-interacting part consisting of two noninter-
acting single-particle (dressed) propagators [cf. Eq. (14.32)] and a second part involving the

vertex function I' [52]

gQ(ath O/tlh ﬂt27 ﬁ/t/Z)

=i [g(aﬁ,tl —t2) g(a/ Bt —t5) — glaf' t1 —t5) g(a'B,t) — tz)]

- /dta dty, dt. dtg [Zg(aa,tl —ta) g(a’ bt} —ty)
abed

+ (ab|T(ta, toi te, ta)led) g(c By te — t2) g(d B’ ta — t/z)l - (14.47)

According to equation (14.47) the kernel function I' can be considered as an effective coupling
between dressed particles. In fact, within the ladder approximation, I' can be expressed in

terms of the two-body interaction V', as done below.
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14.3.1 The polarization propagator

Assuming homogeneity of time space the Green’s function (14.46) can be reduced to the two-

time polarization propagator as [52]

(3,6 ,7,7,t,t' = 0)
= g2 (Bt*, 807, 4, 7'0) — (U5 |al, ag| WS V(WS |ada, (U ). (14.48)

Fourier transforming this equation into frequency space, as done in the case of the sp GF, one
obtains the Lehmann-representation of II as
N N N N
Haggay — 3 (0 lbaal B0 lad o 2"
aﬁv’)’ ’ ) - Z 0 (N) (N) j
0 —[En’ - Ey ] +in
N N
,Z W%\‘I’ (i e w5Y)
N N .
) B - B~ in

(14.49)

From this relation it is evident that the polarization function describes all particle-hole excita-
tions within the N body system, i.e. it accounts for the fluctuations with respect to the ground
state. While IT does not describe particle removal or addition to the IV particle system it still
may have a strong influence on such processes. This is because I plays an essential role in the
determination of the self-energy which in turn dictates the behaviour of the sp Green’s func-
tion and the spectral functions. For the electron removal from Cgg, this has been demonstrated

explicitly [368] using the random phase approximation? for II.

14.3.2 Particle-particle and hole-hole propagators

As discussed above the 1I describes particle-hole excitations without changing the number
of particles in the system. For the treatment of processes that involve the propagation of

two particles or holes different type of Green’s functions are needed. These are obtained

3The RPA for IT is obtained by considering the free ph propagator ITo(w), which couples two excitations of a
particle and a hole type that do not interact with each other. In the language of Feynman diagrams this corresponds
to two dressed sp lines propagating in time in opposite directions, i.e.

HO(aﬁ’ ’Y&w) = i /dw/lg(a7 v,w + w/)ig(57ﬁ7w/)‘

Interaction between the hole and the particle lines can then be included by means of an integral equation of the
algebraic form IT = I1g 4 I1o VII. g entering the definition of I1g stands for the (dressed) single particle propagator.
If the uncorrelated sp Green’s function is used g &~ go one obtains the random-phase approximation as well as the
Tamm-Dancoff approximation [52].
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from g2 (0t1, B't], vta, v'th) (14.46) using certain time ordering, e.g. the (two-time) particle-
particle propagator g'!(a, 3,7, d,t,#' = 0) is obtained in the limit

g a, B,7,6,t,t' = 0) = ga(at, tT,~0T, 60). (14.50)
The non-interacting part of go (14.47) results in a similar contribution g}l to g'' consisting

of products of dressed sp propagators. Using the spectral representation of the sp Green’s

function is it readily deduced that

(8,95 9) = o [ dolg(0,750) 9(0,5:9 — ) — gla, i) 9(5,750 ~ )]
oy 0N>|aa\w£év“ )i Vad [ W) (WY fag | W) (@ af W)
— O— {[E(N-H) . E(N)] [E(N-l-l) B E(N)H +in

N N— N— JV N N— N
(@S 1al Wy WD g [0y (W faf w0 >><@< Ylaglws™)
Q—{EN — BN+ BN - BESTV) i
— (ye—9).
(14.51)

Proceeding along the same lines, followed for the derivation of the Lehmann-representation
of the sp GF, one obtains the Lehmann representation of the (full) particle-particle Green’s
function in terms of energies and states of the systems with N and N +2 particles [the (N —2)
particle state of the system is achieved upon a (,2e) reaction], i.e.

N N+2 N+2 N
(05" Jagaal U5 ) (UL adaf w5

0— [E'r(LN+2) o E(N)] 4 177

N N-2 N—2 N

(g Jadaf v ) (Wi lagaa | WG")
Q- BN BN~y

9@y ) = Y

n

m

(14.52)

Egs. (14.47, 14.50) indicate the possibility of expressing g' in terms of g? and the vertex
function. This is achieved via the ladder approximation to the particle-particle propagator
which states that
g1 (aB,75:Q) = gi'(af,75;9Q) Z gt (B, en; Q) (en|V|6C) g1 (6, 76; Q).
enQC
(14.53)
V' stands for the naked two-body interaction. The integral equation (14.53) can be iterated

yielding a set of ladder diagrams. The corresponding ladder sum for the effective interaction I,
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as it appears in [cf. Eq. (14.47)], can be deduced from this result as

(a1 Be|TL(Q)|a)Bs) = (o Bo|V]a) B)
£ 3 (o BalVIen)gfi(em 6 G )T ()] 55).

enbi

(14.54)
From this relation it is evident that I" plays the role of the 7" matrix in the single particle case.
The ladder approximation (14.53) for the two-particle Green’s function can be employed to
define the self-energy > [85,107] which can then be used to obtain the single-particle Green’s
function via Eq. (14.32). On the other hand, this Green’s function enters in the definition of
the two-particle Green’s function, as clear, e. g. from Eqgs. (14.51, 14.53). Thus, in principle,
the Dyson Eqs. (14.32) and (14.53) for the one-body and two-body Green’s functions have to

be solved in a self-consistent manner.
For the single particle Green’s function we discussed the relation between the (hole) spec-
tral representation to the high-energy (e,2e) experiments. Similarly one can relate ¢'' to the
(77,2e) measurements by means of Eq. (14.52): g'I shows poles at energies (relative to the

ground state) corresponding to adding (the part containing [ET(LNH) — E((JN)]

) two particles to
the excited two-particle state n. g’ also describes the process of removing (the part involving
[ESN) - E,(LN_z)]) two particles from the unperturbed ground state leaving the system in the
excited state n. The residua of these poles are related to the measurable spectroscopic fac-
tors for the addition or removal of the two particles, e. g., as done in (v,2e) experiment. For
the independent particle part of g’/ one can establish [113] an exact relation between these
spectroscopic factors and the single particle spectral functions.

Utilizing the above GF formalism calculations have been performed [115,373] for the two-
particle photocurrent generated from surfaces in a (v, 2e) experiments [112]. The next section
provides the basic formulas for the calculations of the photocurrent and contrasts with the
Fermi golden rule (5.10), which is widely applied for photoexcitation processes in few-body
systems (see Ref. [239] for a review and further references).

In the context of comparing theory with experiment it should be noted that the GF formal-
ism outlined above is valid at absolute zero temperature. The finite temperature case poses
no obstacle due to the formal equivalence of the statistical operator and the analytically con-
tinued evolution operator [277] (see appendix A.4 for some details on the finite temperature

(Matsubara) Green’s function).
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In contrast, the treatment of non-equilibrium processes, such as the influence of a strong
time-dependent external perturbation, requires the use of the non-equilibrium (Keldysh) Green’s
function approach [278,374,375] (a brief summary of the basic elements of the non-equilibrium
(Keldysh) GF is provided in appendix A.5). As shown below the results for the (single and
many-particle) photocurrent can be expressed [113,376] in terms of GFs that we can handle

formally and computationally.

14.3.3 Single and many-particle photoelectron currents

In a seminal work Caroli et al. [376] showed how the Keldysh non-equilibrium Green’s func-
tion formalism can be applied to the process of photoelectron emission from extended systems.
Subsequently, based on Caroli’s ideas efficient schemes have been developed for the calcula-
tions of the single particle photocurrent (see Refs. [100, 111, 377-379] for more details and
further references). Here we sketch the main steps of the theory for a monochromatic photon
field described by the vector potential introduced in chapter 5 by Eq. (5.1) (on page 49). At
first let us re-consider the case of chapter 5 for a system consisting of a single electron sub-
ject to the confining potential V (r), i.e. Eq. (5.4) reduces to H = H + W(r,t), where (cf.
Eq. (5.6))

) =[5+ v 1 = el

and the time-dependent perturbation potential has the form
1 A(r,t)?
W(r,t)= —[p-A(r,t A(r,t)- —
(r,t) =, [p-Alr,t) + A(r,t) - p]+ —, 5

The properties of H and W have been discussed at length in chapter 5.

(14.55)

Upon the photoabsorption process a photoelectron is generated which is collected by a
detector positioned at a distance ry from the specimen, and it resolves the wave vector k of
the photoelectron. The quantity of interest for the calculation of the photoelectron spectra is
the current density j generated by the photo-excited state | ¥) at the position r. For a particle
described by the state | ¥ ) the current density is generally evaluated using the formula

(0] j(ro) |T) = % (VU - IVT)| . (14.56)
r=ro
Now one proceeds as discussed in the appendix A.3 (in the context of the adiabatic hypothesis)

by switching on adiabatically the time-dependent perturbation W (r, ¢). The unperturbed state
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i) at the t = —oo develops in time to the state |¥;(¢)) under the action of the perturbation W.
To a first order in the perturbation W the time-development of the state |¥;(¢)) is given by
t
[W.r(t)) = i) — i/ dt'Wi(t') |i) . (14.57)

The current density at r( associated with the state that had developed from |7}, is
(i(ro)) = (War(t) [jr(ro, 1) [ Wur (2)) - (14.58)

Neglecting the diamagnetic term (A?/2) and going over into the Schrodinger picture one

obtains the current in terms of GFs as
(Ji(ro)) = (i|Ogi(wi + w)j(ro)gi(wi +w)Oi) . (14.59)

The operator O is defined as O = (p-Ag+ A - p) /2¢, where A has already been in-
troduced in Eq. (5.1). The retarded and the advanced single-particle GFs are defined by
Egs. (11.6, 14.4). Recalling that the non-local spectral density operator > |n) é(w —wy,) (n]
is derived from the retarded GF according to (11.11) and inserting Eq. (14.56) into Eq. (14.59)

one obtains the following expression for the photocurrent
. k \
2 (j(ro)) = “ 3920 (D(wi + w)‘A [S g7 (wi)] AW@(wk +w)). (14.60)

Here the dipole operator is denoted by A, whereas the magnitude of the momentum £ of the
photoelectron is k = \/m , 1.e. the initial particle distribution at the energy wy, is
elevated upon the photoabsorption by the photon energy w. The state vector |®) is the final
state of the photoelectron obtained by back-propagating in time the asymptotic (detector) state

|<I>0>,i.e.
|®) = g1 (wr + w) Do) -

Using this relation we can re-write Eq. (14.60) to obtain the well-known expression for the

photocurrent
j o~ = (B g8 (wi + W) A [S g (wie)] AT g5 (wre + w) | @0) - (14.61)

According to this equation the single photoelectron current can be evaluated along the fol-
lowing lines: At first, beginning at the time when the photoelectron reaches the detector (we

may refer to this time instance as ¢ = —o0), the known detector state |®q(wy, + w)) is back
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propagated using the retarded Green’s function g¢j to the instance of the photoabsorption (one
may refer to this time as ¢ = +o00). During the back-propagation the external perturbation
(dipole operator) is switched on adiabatically. The adjunct dipole photon operator Af causes
the de-excitation to an initial distribution of states that is described by the non-local spec-
tral density operator ¥ gf (wy). The de-excited state is then re-propagated by means of g to
t = —oo, where the detector state is reached. This final state forms the conventional outgoing
photo-electron state. This (time) path propagation is to be contrasted with the time-loop con-
tour used for the definition of the Keldysh GF, as discussed in appendix A.5. In fact, in case of
a many-body target the (non-equilibrium) photoemission process can be described by means
of the non-equilibrium Green’s function method [376]. In this case the same formula (14.61)
for the photoelectron current is derived with the exception that the retarded and the advanced
Green’s function ¢g" and g are employed. These GF’s have been introduced by respectively
Eq. (A.38) and Eq. (A.39). On the other hand, for the single particle case one concludes [113]
that Eq. (14.61) reduces to the Fermi-golden rule (5.10) established in chapter 5.

For the one-photon induced two-particle emission the photocurrent j;; can be evaluated

using the relation [113]

JIr o< — <©110‘glla(wk17k2 +w)All [%grll(wkhké)} A}Iglh(wkhb +w)‘(1)110> .

(14.62)

Here A;; = Ay + Ay is the two-particle dipole operator, where A; is the dipole operator
acting on the particle j. The (quasi) two-particle energy wy, x,, before the photon has been
observed, is generally a complex quantity (due to the finite life time of the quasi particles).
This fact distinguishes the present photocurrent approach from the methods relying on the
Fermi golden rule (where wy, , is real). The state |®;7¢) is the detector two-particle state that
can be constructed from two single particle detector states. The GF g’/ is the particle-particle
Green’s function (14.50). Its first order approximation (14.51) and its ladder expansion terms
(14.53) can be constructed from the (dressed) single particle Green’s function. The latter
sp GF is needed for the calculation of the single particle photocurrent (14.61). Thus, the
single and the two-particle photocurrents should be (if tractable) calculated simultaneously.
This has been done in Ref. [373] using an approximate model for (14.50). The details of the
calculations and an analysis of the theoretical and experimental results will be presented in

the second volume of this work.
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A.1 Tensor Operators

A spherical tensor Ty of rank J and components M is defined according to its transforma-
tion properties under rotations generated by the angular momentum operator J. A rotation can
be specified by a rotation angle 1) with respect to an axis n. Generally, the state vectors are
rotated upon the action of the unitary operator Ug () = e~*¥®J. The rotated angular mo-
mentum state U |jm) is an eigenstate of J? with the same eigenvalue, because J? commutes
with any function of its components J;. The transform O’ of the operator O is obtained via

the unitary transformation

0" = U'OU =e ™10

N N
= 1\;21100{[1+i%ﬁ'J} O[l—i%ﬁ-J} }

oo

1
= Zm[iwﬁ-J,O]N. (A.1)

N=0

The commutator [A, B]y is defined as
[AvB]O = B, [Aa B]l = AB — BA7 ] [A7B]I/ = [Av [A7B]V—1] .

Spherical tensors 7'y are defined according to the special transformation properties
[JN,T]]\{] = J(J-i—l) <JM1/J | JM+[L> T],]\/[Jr#, (A.2)

where J,, are the spherical components of the operator J, i.e.

—%(Jm—i—i(]y) for pu=1,
Jy = J, for pu=0, (A.3)

%(JI —idy) for p=-1
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Here J,, J, and J, are the cartesian components of J. The relation (A.2) can also be formu-

lated as

[T Tna) =Y Tyngr (JM' 1], TM), (A4)
M’
which means that the relation

ipa-J, Ty = > Ty (JM' [ipia- J| M) (A5)
M/
applies and we can furthermore write for the N fold commutator
livha-J, Tily = Z Ty (TM' (i - I)N| TM) . (A.6)
M/

Combining this relation with Eq. (A.1) we conclude that spherical tensors transform under U

as follows

UTynU' = e 29Ty et 20 =N " Typp (JM|U| TM) = > Tyae Dipiag-
M’ M’
(A7)

The matrix elements D3, := (JM'|U|JM) are the called the Wigner functions [227].
Employing the Euler angles (., B, 7.) to characterize the most general rotation, one finds
Dl{mM(O‘&B&VE) = <JM/ |Uz(a6)Uy(ﬂe)Uz(’76)‘ JM) = e_i(M/ae-’—M%MJM/ |e_iBEJy| JM> =

e et M Al (B,).

A.1.1 Wigner-Eckart theorem

The Wigner-Eckart theorem is indispensable for the evaluation and the analysis of the matrix
elements (j'm’ |Txq|jm) of the spherical tensor operators Tk ¢ in an angular momentum

basis. Some examples we encountered in chapter (5). The Wigner-Eckart theorem states that

(G'm [Tl jm) = (GmKQ | j'm’) (7' | Tk || 5) (A.8)
with the reduced matrix elements being given by the relation

G Tkl G) = Y GmEQ | 'm') (§'m’ |Ticql jm) - (A9)
mQ
The proof of this theorem can be found in standard books on angular momentum theory,

e.g. [144,236].
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A.1.2 Tensor products of spherical tensors
For two spherical tensors Sy, and T}, we define the tensor product Py as

qu = [Skl ® Tkz]kq = Z(Iﬂlz <k1Q1k2Q2 | kq> Sk1Q1Tk2qz' (A.10)

The quantity Py is as well a spherical tensor. This can be seen as follows.

At first we note that

k
USko U = ZSquiinlql’
a
UTkyp,UT = ZT,%D(’;;@. (A.11)
a5

Furthermore, since Sk, 4, and T}, q, are both spherical tensors the transformation applies
USkllh Trzqs Ut = USlel U UTT/C2¢12 Ut

_ k1 ko
- ZsquiTkﬂé inlh Dqéqz

919
= ZSqu;Tkzq; Z (k1qikads | kay + ¢5) (kiarkags | ki +d2) DYy or 010,
195 k

(A.12)

Multiplying this expression with (k11 k2ge | kg) and summing over ¢, g2 we find

Z <k1Q1/€2(I2 ‘ kQ> USkl(IlTk2q2 o

49142
= Z Z (k1qikadh | kq') Squ{Tkzq’Q Dg,q. (A.13)
¢ \414%
With this finding we deduce the tensorial transformation behaviour of the product Py, (A.10)

as

U [Sk, ® Tyl UT =[Sk, ® Thyliyr Dy (A.14)
q/



260 A Appendices

A.2 Time ordering and perturbation expansion

The Green’s function of a many body system is defined as the expectation value of a time-
ordered product with respect to the exact correlated ground state | V() which is generally
unknown. In fact, the computation of |¥() is one of the purposes of the Green’s function
theory. Thus, it is imperative for any progress in practical application to express the GF in
terms of known quantities, such as the ground state of a non-interacting system. Also, it is of
great advantage to develop a systematic scheme for obtaining approximate expressions. This
appendix sketches the main steps to achieve this goal, more extensive details can be found in
the standard books on many-body theory, e.g. [52, 84, 85].

Let us consider a system described by the Hamiltonian
H=Hy+V,

where Hj is a reference (non-interacting) Hamiltonian and V' is the interacting part of H.
The time evolution of the system is described within the Schrodinger picture via the time-

dependence of the state vector
(W (t)) = e~ (0)) = U(t,0)|¥(0)),

whereas any observable O is time-independent. In the Heisenberg picture the wave functions
do not change in time (| (¢)) = |¥x(0))), whereas the time dependence of the operator O

is given by
Oy = etHtOe—iH?,

In the interaction picture the operators evolve in time under the influence of Hy, i.e.
Or(t) = ot Qe ot 9, 0r(t) = [O1(t), Hy).

The time development of the state vectors in the interaction picture is given by
[Ty (t)) = e "ot W (1)) = e~ Hole =W (0)) = Uy(t, 1) |W1(to)).

Using this equation and noting that A and H( do not commute it is straightforward to show
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that the time-evolution operator! in the interaction picture satisfies

Ui(t, tg) = eHote=iHl (t—to) g—ifloto

Further important (group) properties of the evolution operator are

Ul (t, to)Ur(t, to) = Ui(t,to)USl (t,t0) = 1, U7 Yt to) = Uj (£, t0),  (A.16)
Ui(ty, t2)Us(ta, ts) = Ui(ty,ts), Uity t2)Ur(ta,ty) =1, (A.17)
i Ur(t,t') = Vi(t)Up(t,t'). (A.18)

Since U (t, t) = 1 one obtains thus

t
Ur(t,to) =1 — z/ dt'Vi(t"Ur(t', to).

to

Iterating this integral equation one obtains the perturbative expansion in powers of Vi:

Ul(t,t()) = 1+ (_Z) /t dtl Vvl(tl) +

to
t t1
+(—i)2/ dty VI(tl)/ dta Vi(ta) + .. .. (A.19)
to to

This relation can be rearranged [84] using the time ordering operator 7 as follows

X A\n t t
Ut to) = > ( n") /dtl.../ dt, T [Vi(ty) ... Vi(tn)]. (A.20)
n=0 : to to

The time ordering operator 7 moves the operators with the latest time farthest to the left.

A.3 Adiabatic switching of interactions

Adiabatically switching the interaction V is the decisive step in making use of the uniqueness

of the ground state to obtain quantities related to the exact correlated ground state from those

associated with the non-interacting Hamiltonian using a perturbative expansion in V.
Operating within the Schrodinger picture the perturbation V' is “switched off” at times

t = —oo and t = +o00, in which case H reduces to Hy. As the time ¢ = 0 is approached, the

IThe following steps can as well be formulated in terms of the scattering (S) operator which is defined as

St =U@UutE). (A.15)
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interaction V' is turned on adiabatically. This is can be formulated mathematically by writing

the time-dependent Hamiltonian H in the form
H.(t) = Hy + e "' Hy, (A.21)

where € is an infinitesimally small positive real number. Thus, the eigenstates of the hamil-
tonian H. coincide with the eigenstates of the unperturbed hamiltonian H at |t| = oo and
evolve to the fully correlated eigenstates of the total H as ¢ approaches zero. Since the ex-
plicit time-dependence introduced through the definition (A.21) commutes with all relevant
terms occurring in the expansion (A.20) one finds for the time evolution operator Uy, (t,t’)

associated with the hamiltonian H, the corresponding equation

oo _Z n t t
Ule(t,to)=2(n.) / dt; ... / dtpe” Wl HD T Vi) Vi)
to to

n=0

(A.22)

Denoting the time-independent (non-degenerate) ground state of Hy by ®( one obtains by

means of (A.22) the exact fully correlated ground state of H at time ¢ = 0 according to

where |Wo.(t = 0)) is an eigenstate of H,(¢). The Gell-Mann and Low theorem [361] states

that if the limit
Vo) - [Woe) . Ut (0, —00) | @)
Yoy = 1m = lim (A.24)
(@o|Wo) e=0 (@g|Wpe) =0 (@g|Ure(00, 0)Ute (0, —00)[Pg)

exists for all orders in the perturbation theory then the state |Uq)/({®o| ¥y }) is an eigenstate of
H. This result is in so far important as in general the numerator and denominator of Eq. (A.24)
do not exist separately. The practical importance of the Gell-Mann Low theorem is that the
expectation value of any observable with respect to the correlated ground state can now be
expressed in terms of the uncorrelated (asymptotic) state |®¢). In particular one employs the

expansion (A.22) for the time evolution operator to prove that the matrix elements for any
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time-ordered product of two Heisenberg operators ayy and byy are evaluated using | D)

(Yo|T (an(t)bu(t'))[Yo) - >
< \I/0|\1/0 > - l—»O \I/0|\I’0 Z TL'

n=0

(o)
x/ ity .. / dt,, e—<(ltrl+-ltn])
o0

x(@o|T [Vi(tr) ... Vi(ta)ar (£)br(t)] |20 )

(A.25)

y 77/

This reduces the problem of evaluating | V() and then the matrix elements of the operators
to the calculations of matrix elements of time-ordered products with respect to the ground
state |®() of the known reference hamiltonian Hy. For the evaluation of the matrix elements
of time-ordered products of field operators one utilizes the Wick’s theorem [84, 362] and
visualizes the various contributions using Feynman diagrams. Wick [362] showed that the
time-ordered product of any set of operators ai, - - - , ar, is equal to the sum of their normal
products with all possible contractions. The normal product (symbolized by : a1, - - ,am )
means all destruction operators are ordered to the right of the construction operators®. The
contraction (also called pairing and symbolized by M) is the difference between the time

and the normal-ordered product, i.e.?
/ N T . .
AImQIn = [almaln] — . QImQIn -

A particularly important example for (A.25) is the single-particle Green’s function

glat, B) = =i Wo|T [ama(B)afys(#)] [0 ). (A.26)

which is the expectation value for the time-ordered product of two operators calculated for the

exact ground-state and can thus be expressed according to Eq. (A.25).

2Destruction operators are those operators that yield zero when acting on the unperturbed ground state; their
conjugates are the construction operators. Therefore, as a matter of definition, the ground state average of the normal
product of the operators ayy, - - - , ar, vanishes, i.e.

(®ol : a1, ,am : |Po) =
3If arm and ayy, are both annihilation or both creation operators the contraction of ar,, and ajy, vanishes. In

addition, due to the simple time-dependence of the Heisenberg operators, the contraction of an operator with its
conjugate is a number.
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A.4 Finite-temperature equilibrium (Matsubara) Green’s
function

Originally, the Green’s function theory has been developed for equilibrium systems at zero
temperatures taking advantage of the uniqueness of the ground state. When attempting to
apply this technique to excited states one is faced with the problem of how to average over
the highly degenerate excited states. This question is addressed in the next section for non-

equilibrium systems.

For systems in thermal equilibrium and at a finite temperature 7' Matsubara [277] pointed
out that the formal equivalence of the statistical operator and the analytically continued evolu-
tion operator can be exploited to develop a Green’s function theory valid at finite temperatures
and has the desirable properties of the zero-temperature GF. Here we sketch briefly the main

ideas of this approach.

The normalized, equilibrium statistical operator is given by p = e~ /7 (T is the temper-
ature), whereas the time evolution operator has the form U(t',t" = 0) = e~ *# (' is the

time). p satisfies the Bloch equation

d-p(7) = —Hp(7), (A27)
where the formal variable 7 has been introduced and its range is restricted to

0<7<1/T. (A.28)

Using the (Wick) complex rotation ¢ <~ —¢7 the Bloch equation (A.27) can be mapped onto a

Schrodinger-type equation, i.e.
iOp(it) = Hp(it), 0>t > —ir,

which explicitly shows the formal equivalence between the structure of the evolution operator
U and the analytically continued p. Considering the time as a complex variable and rotating

by 90° (¢ — it = 7) the Heisenberg creation and annihilation operators become
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The finite temperature sp (Matsubara) Green’s function [277] is then defined as 4

gular. ) = —(T Jaa(r)al 5] )
= —tr {e*U’*Q)/T (TT [aMa(T)ajWﬁ(r’)D}, (A.29)

where 7 is the (inverse) temperature ordering operator. It orders the field operators depend-
ing on 7 in the same way as 7 acts in the time space. In Eq. (A.29) (Q refers to the grand
potential. Higher order (two-particle, three-particle,. . .) finite temperature GFs can be defined
in a similar manner as done for the case T' = 0.

As for the zero temperature case, the Matsubara GF (A.29) depends only on the difference
7 = 7—7' [84]. On the other hand, due to (A.28), 7 can change only from —1/7 to 1/T which
means that the Matsubara GF is a periodic function in 7 with a 2/T period. Consequently,
in frequency-space, the Matsubara GF can be expressed in terms of discrete frequencies, the

Matsubara frequencies
wn, =nr/(1/T), (A.30)

as the Fourier sum
0 .
gu(e, B,7) =T gur(a, B,wy)e 7.
— 00

For fermions (bosons) the integer number n in (A.30) takes on odd (even) values only, i. e.
n=142v; (n=2v), n,velZl
As for the zero-temperature GF, for the Matsubara GF an efficient diagrammatic technique

based on perturbation theory has been developed [84].

A.5 Non-equilibrium Green’s function: The Keldysh
formalism

The Gell-Mann and Low theorem (A.24), which is of a central importance for the evaluation
of the GF, requires that at long times ({ = +o0) the system will return to its (known) initial
state (at t = —oo). This assumption, however does not hold true for a variety of important
physical non-equilibrium processes. For example, an ion impinging on the surface may well

be neutralized and the resulting atom can be detected at large times. Thus, the initial (¢ = —o0)

4We recall that the statistical average < ) > of any observable O is given by < O >= tr(e~ H-/T ),
For the zero temperature sp GF this means < g(at, 3t') >= —itr {e*(H*Q)/T (’T [ala(t)a;ﬂ(t’)} ) } .
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and the final states (f = +o0) are very different. To circumvent this difficulties one avoids
the use of the final state |¥(+00)) reached at t = +oo by propagating back [374] to the
initial time ¢ = —oo where the state is well defined. This time-loop method introduces several
Green’s functions that are briefly mentioned in this appendix, further details can be found in
Ref. [84] and references therein.

The single-particle casual non-equilibrium GF is defined as (for simplicity, statistical av-

eraging is suppressed)
g~ (at, Bt") = —i(V|T [ana(t) aly(t)]|0), (A31)

which is in complete formal analogy to the equilibrium case (A.26), except for the fact that
the expectation value is taken with respect to an arbitrary fully correlated (unknown) state
| ), which may differ substantially from the ground state, e.g. due to the presence of external
sources. The main consequence of this difference to the equilibrium case is that the Gell-Mann
and Low theorem (A.24) does not apply and a diagrammatic perturbation expansion in terms
of an uncorrelated (known) state |9 ) is not possible. Nevertheless, one can propagate the

initial state |®() specified at t = —oo (in absence of the interactions) to obtain
g~ (at, ') = —i{¥(t = +00)|TS (00, —00)[ata (1) alys(t')]|Bo(t = —o0)),
(A.32)

where (U (¢t = +00)| # ( Po(t = —o0)| and Egs. (A.32, A.24) are thus different. Therefore,
considering ¥(t = +00)|, one reverses the time propagation from +o0o back to t = —oo,
where the state of the system is well defined, i.e. one utilizes the relation |U (¢t = +00)) =
S1(+00, —00)|Dp) (S is the S operator given by Eq. (A.15)). This introduces a time ordering
along a (single) contour running from ¢ = —oo to enclose t = +oo (this part is called the
— branch) and back to ¢ = —oo (this part is referred to as the + branch of the contour).
The mapping of the state |¥(¢ = +00) ) onto the known state |®) renders possible the use
of the Wick theorem. The time-ordering operator 7; orders the field operators on the entire
time-loop with earliest times occurring first. More specifically, let us consider the operators
aye(t) and aL 5(t'). If t and ' belong both to the + branch, where the time direction and the
contour direction coincide, the action of 7; is identical to the conventional time-ordering 7 .
On the other hand if ¢ and ¢’ are on the — branch, the operator 7; acts as a conventional anti-
time-ordering operator T . In the case t and ¢’ are on different branches then the operators are

automatically ordered.
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Therefore, we obtain four Green’s functions g~ ~, g~ T, g7~ and g defined depending

on the pairing of the operators on the + and — branches, i.e.

g~ (at,Bt") = (T |ana(t)ajz(t')|) =: gelat,Bt’), called casual GF,
(A.33)
g T (at,Bt") = —i{ana(t)alz(t')) = g7 (at,Bt'), greater function,
(A.34)
g (at,Bt)) = i(afj4(t') ana(t) ) =t g=(at, Bt'), lesser function,
(A.35)
gttt Bt) = (T [ana(t) aly()] ), (A.36)
[g7F (Bt at)]” = —g~(at,Bt). (A.37)

The brackets indicate average with respect to the ground state of the interacting system in-

cluding, if necessary, statistical average. The Keldysh GF is then defined as
gx (at, Bt') = g~ T (at, Bt") + gt (at, Bt') = g~ (at, Bt') + g (at, ft').

Furthermore, the retarded ¢" and the advanced g* GF are obtained as

g = g —gt=—(¢g"t-g"), (A.38)
9" = g —gt ==t -g ), (A.39)
9 -9° = g —g°. (A.40)

These quantities are of direct relevance to physical observables and processes, e. g. the parti-
cle density is given by —ig<, whereas the spectral density A(1,2) is described by (note the
analogy to Eq. (14.12) for the single particle case )

A(la 2) =1 [g>(17 2) - g<(17 2)] =1 [gr(l’ 2) - ga(lv 2)] . (A.41)
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