Proof

Proof of Theorem 3.1

Using Assumption 3.1, the closed-loop fuzzy system (3.5) can be expressed as
follows:

#(t) = Sy 5oy mons ([ + BoKjla(t) + Bra() - (AD)
where
By, = [6I 141 By,],

and the disturbance @(t) is

LF(a(t),t) Hy,x(t)
w(t) = | , L@@ ) Hyw(t)

;F(x(t)at)(ﬂ).gin:ﬂ(t)
w(t

>

Let consider a Lyapunov function
V(x(t)) = yal (t)Qux(t)

where Q = P~!. Differentiate V(z(t)) along the closed-loop system (A.1)
yields

V(x(t)) = 7" ()Qx(t) + v2T (1) Qa(t) =
D i1 et ikt (WT(L‘)(Ai + By, K;)"Qu(t) +ya" (H)Q(A; + Bo, Kj)(t)

i (1) B, Qu(t) + 2T (NQBy, (1) ). (A.3)

Adding and subtracting —z7 (£)Z(t)++* >._, D im1 Dmet Dt Mk i i X
[@T (t)1w(t)] to and from (A.3), we get
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N =D D> mattipmpn [27 (1) @7 () ] %

i=1 j=1m=1n=1

(Ai + B, K;)TQ + Q(A; + By, K;) r
Jr(Cli+D12iKJ-)T((JI,,,L+D12W Kn) (%) x(t)
v w(t)

BTQ —~I

)+ 72 Z Z Z Z :uzluj/im:un ( Jo(t)]  (A.4)

i=1 j=1m=1n=1

where

= ZZMM[CL + Dyo, K;]a(t) (A.5)

i=1j=1
with C1, = [22HT 0 vV2\pHT V2ACL]" and Dy, = o WHg; V2ApH{,

T Q00
\/EADQI} . Pre and post multiply (3.7)-(3.8) ( 07 0) yields

001
(Ai + B2, K;))TQ + Q(A; + By, K. (%)
BfQ <0, (A.6)
Cl + Dlg K;

i=1,2,---,r, and

{ ((Ai + B2, Kj)"Q + Q(A; + By, Kj) (%) (*)T)
BfQ =1 (%)"
Ch, +D12 K; 0 —I

(Aj + By, Ki)"Q + Q(Aj + By, K;) (%) (%)7
+ BTQ —I (%)T <0, (A7)
Cl +D12 K; 0 —I

1 < j < r, respectively. Applying the Schur complement on (A.6)-(A.7) and
rearranging them, then we have

(Ai 4+ B2, Ki)TQ + Q(A; + By, K;) T
QRN 0.

+(éli+D12iKi)T(c~'1i+D12,3K'i) (A8)

_
BlTlQ —~I

i=1,2,---,r,and
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<(Ai+Bzin)TQ+Q(Ai+B2in)> ()7

+ (C~'1,3+D12,3 K])T(éli +D12in)

K]
BTQ —~I

(Aj + By, Ki)"Q + Q(A; + By, K;) T
*
+ +(Cl +D12 K)T(Cq J+D12 K) ( ) <0, (A9)

BlTj Q —~1

1 < j <r, respectively. Using (A.8)-(A.9) and the fact that

DD D0 D Hibtibmbn ME N

i=1 j=1m=1n=1
1 T I
< §ZZMM[M5MH + Ny Nijl, (A.10)
i=1 j=1
it is obvious that we have

(A; + B, K;)TQ + Q(Ai + By, K;) .
(C1 +D12 j)T(Cli+D127’,Kj) (*) <0 (A].].)

]
BliQ -1

where i,5 = 1,2,--- ,r. Since (A.11) is less than zero and the fact that p; > 0
and >0, p1; = 1, then (A.4) becomes

V() < -2 020 + 2 3 33 pitts im0 ()], (A12)

i=1 j=1 m=1n=1

Integrate both sides of (A.12) yields

e [T [0 E_jzmi_jgwumu x
wT(t)w(t)} dt
V(2(Ty) = V(2(0)) < OTf [ -2z ++° Z Z z_j Zijlmujumun x
wT(t)w(t)}dt. I

Using the fact that (0) = 0 and V(z(T})) > 0 for all Ty # 0, we get

[ s | [1SSTS S il Gatoar| . (413

i=1 j=1m=1n=1
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Putting Z(¢) and w(t) respectively given in (A.5) and (A.2) into (A.13) and

using the fact that ||F(x(t),t)|| < p, A2 = (1—i—p2 Sier g | Ha, Ho, ||]) and
(A.10), we have

T; T
/ ZZMM( 20227 (1)[Cy, + D2, K] [Ch, + D1, K;](t)

=1 j=1

+2020% " (O Hy, + Ho, K] [Ha, + Ho K ]a(t)) dt

Ty
<422 l/ w’ (t)w(t) dt] . (A.14)
0
Adding and subtracting
N2t —AQZZMM( )[Cr; + F(2(t),t)Ha, + D12, K
=1 j=1

+F (), 0)Ho, 1) [C1, + F(a(), ) Ha, + Di, K,
Fa(t), ) e, K;) (1) )

to and from (A.14), one obtains

T
/ ' {>\2 T(t +ZZN2MJ (2)\2 T()[C1, + D2, Kj]T %
0

=1 j=1
[C1, + D12, K;a(t) + 2X°p°a” (t)[Ha, + He, K] [Ha, + He, K] (t)
—X2z(t)[Cy, + F(x(t), t)Ha,
+Dio, K + F(x(t),t)He, K;]"[Ch, + F(x(t),t) Ha, + D12, K;

FF(a(t), ) H K (1)) | dt < 42N / Y Tl dt] . (A.15)
0

Using the triangular inequality and the fact that ||F'(x(t),t)]] < p, we have
XIS iy (xT(t) [C1, + Fx(t),t)Hy, + D1o, K; + F(a(t), t) Hg K]
X [Cr, + F(a(t), ) Ha, + Duo, K + F(a(t), 1) Ho, ;) 0(1))
< ET: ET: Hi b (2>\2$T(t) [C1, + Dio, K;]" [Ch, + Dio, K] a(t)
i=1 j=1
+202p20T () [Hy, + He, K;]" [Ha, + Hs, K] x(t)). (A.16)

Using (A.16) on (A.15), we obtain
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Ty Ty
/ 2T(t)2(t) < 72/ w? (H)w(t) dt. (A.17)
0 0
Hence, the inequality (3.3) holds. [

Proof of Lemma 3.1

The state space form of the fuzzy system model (3.1) with the controller
(3.13) is given by

Bt =i mzug(u (1) + Bija() (418
2(t) = Zi:l Ej:l pip Co £ (t)

where &(t) = [27(t) iT(t)]T and the matrix functions A%, B and C*7 are
defined in Lemma 1 and the disturbance is

$F(x(t), t)Hy,z(t)
F(a(t), t) Ha,w(t)
(t) _ (((t()ta t)‘[;{[?-i[lg)cxf()t) . (A.19)
w(t)
F(a(t), t) Hr,w(t)

Let choose a Lyapunov function
V(a(t) = 2" (H)Q(t), (A.20)

where Q = P~!. Differentiate V(Z(¢)) along the closed-loop system (A.18)
yields

V(a(t) = T (t)QE(t) + &7 (1) Qi(t)
—ZZM( JADTQi(t) + 7 (1)QAY (1)

+a” (OB Qa(t) + & (HQBY (1)), (A.21)
Add and subtract

O+ D0 DD hittitmpn[@() D (L)]

i=1 j=1m=1n=1
to and from (A.21) yields
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) = ZZ Z Zﬂiﬂjumﬂn [jT(t) wT(t)]

=1 j=1 m=1n=1

(™) er) [z

)+ Y00 3 im0 ((0). (A22)

i=1 j=1m=1n=1

Now suppose there exits a matrix P > 0 such that (3.15) holds, i.e.,

AP+ PADT ()T ()7
(B”) 21 ()T ] <0 (A.23)
C”P 0 -1
Q00
Pre and post multiply (A.23) 010 | yields
001
(ADTQ+ QAL ()T (%)
(sz)_ Q —2I (*)T < 0. (A.24)
cY 0 -I
The Schur complement of (A.24) is
(ADTQ+QAd + (e (0T
< ol (BZ{Z)T ol ol ey < 0. (A.25)

Using (A.25) and the fact in (A.10) together with the fact that p; > 0 and
i, i =1, then (A.22) becomes

V() < -0 +12 330 S0 ST ttttmpin 07 (). (A.26)

i=1 j=1m=1n=1
Integrate both sides of (A.26) yields

Ty Ty roor r r
e [T (00 +7 LY Y minimin

i=1 j=1 m=1n=1

[ () (1) )t

Tf r r T T
Var) - Vo) < [ (=00 +7 LY 30 Y wmimin

i=1 j=1m=1n=1

[wT(t)w(t)])dt.
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Using the fact that #(0) = 0 and V(&(Ty)) > 0 for all Ty # 0, we have

Ty T; v T r T
/0 2T ()5(t)dt < [ /0 SN Zuiujumun[wT(t)w(t)]] dt. (A.27)

i=1 j=1m=1n=1
Putting 2(¢) and w(t) respectively given in (A.18) and (A.19) into (A.27) and
using the fact that |[F(z(t),t)] < p, A2 = (1 + P 2 [HH2TH21|| +
||H%’;H7j||]> and (A.10), we have

Tf T I R .
/ ZZMM(”‘%T(Q[CM D1, Cj)T[C1, Dra, Cjl(t)
0

i=1 j= A A .
RN (O Ha, Ho, G [Hi, Ho,C)Ja(0)) di < X l /O W (Hyw(?) dt].
(A.28)

Adding and subtracting

(020 = 23S (&7 W], + Fla(t), )i, Dz, €

i=1 j=1

FF(x(t), t)HGiéj}T

(C1, + F(a(t),)Hy, D12,y

FF(z(t), t)HGiC'j}zﬁ(t))

to and from (A.28), one obtains

/0 N {A%T(t)z(w+i§jmuj(2vﬂ<t>m D12,Cj)7(Cy, Dia,Cjli(t)

+202p*&" (t)[Ha, Ho,Cj)" [Ha, He,Cyli(t)
~N2&"(1)[C, + F(a(t),t)Ha, D12, C; + F(a(t), ) He, C5]" x
[C1, + F(x(t),t)Hy, Dia,C; + Fla(t), t)H@éj];z(t))} dt

S 72)\2

Ty
/ wT (t)w(t) dt] ) (A.29)
0

Using the triangular inequality and the fact that || F(z(t),t)|| < p, we have



A iimuj (iT(t) [Ch + F(2(t),t)Hy, Dia,Cj + F(x(t),t)Hg,C; T
[ch. + F(x(t),t)Hy, Do, C; + F(a(t), t)HGiéj} ;E(t))

< leluuj (2227 (1) [, Dmiéjf 1 DG

2022 () [, Hﬁiéjr [y, 16,0)2(0). (A.30)

Using (A.30) on (A.29), we obtain

Ty Ty
/ T()2() < 42 / w” (Hyw(t) dt. (A.31)
0 0
Hence, the inequality (3.3) is guaranteed. [ |

Proof of Theorem 5.1

The closed-loop state space form of the fuzzy system model (5.1) with the
controller (5.6) is given by

B(t) =) iy ([Ai (1) + B, (1) K (1) (t) + [AAi(2) + ABy, (1) K; (1)) (t)

+[B1,(0) + ABy, (0)]w(t)), #(0) =0, (A.32)

or in a more compact form

i(t) = S0y X5 paty ([4:0) + Ba, K (0 (t) + Br, (VR()a(0))

(A.33)
where
Bi,(0) = [I 11 By,(v)] (A.34)
g
- 1 x(t),2,t)Ha, (2)w(t
O =R Plat), o, 1) Hs, (1) (0)a(t) (A.35)
w(t)
Consider a Lyapunov functional candidate as follows:
V(x(t),1) = vaT (1)Q()x(t), Vi€ S. (A.36)

Note that Q(2) is constant for each 2. For this choice, we have V(0,29) = 0
and V(x(t),2) — oo only when ||z(t)] — oc.
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Now let consider the weak infinitesimal operator A of the joint process
{(z(t),2),t > 0}, which is the stochastic analog of the deterministic derivative.
{(z(t),2),t > 0} is a Markov process with infinitesimal operator given by [80],

AV (x(t),2) = 7@ (OQ(t) + 2T ()Q)i(t) + vz Z A Q(k

=32 s (3" Q) [(As(0) + B, (0K (1)) (1)
2T (1) [4:(2) + Ba, 0 (0] Q) ()

+y27 (1)Q(1) By, ()R (1) (t)

+ya” (RO B )Q)z(t) + 72" ( me@ 2(t)) (A7)

Adding and subtracting

—N%(2)z )+ Z Z Z Z pittjm i [@7 (R ()@ (1)]

i=1 j=1 m=1n=1

to and from (A.37), we get

AV (2(t),2) = —R2(2)2 ) + 72 ZZ Z Zmugumun (OR()@(t)]

i=1 j=1m=1n=1

+R%(2) +72222u2ugumun{~(())rx

i=1 j=1 m=1n=1

[Ai<z>+Bzi<z>Kj<z>}TQ<z> )

+Q)[A; <>+Bg<>Kj<z>] () V(ﬂ. (A.38)
+Zk 1 sz(k)
RO)BL ()Q() —YR()

Now let us consider the following terms:

PY SIS w0 OR@BE] =22 ST ittt

i=1 j=1m=1n=1 i=1 j=1m=1n=1
F(a(t),0, ) Hy, ()x(t) 17 F(a(t),1,t)Hy,, (1)a(t)
y F(x(t),1,t)Ha, (1)w(t) R_l(z) F(x(t),1,t)Ha, (1)w(t)
F(z(t)vzvt)Hzn)( 1)K (1)z(t) F(x(t),1, t)H3( )( V) K (1)x(t)
w(t w(t

T T

2(1)72ZT:2T:ZZ {H W Hy. ()
5(2) M g o o & 1; 1 \2

i=1 j=1m=1n=1

—|—KJT(Z)H3TL (1)Hs,, (Z)Kn(l)}l‘(t) + NQ(Z)vsz(t)w(t) (A.39)
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and

T T

NZ(Z)ZT Z Zﬂzujlumﬂn Cl ( )

Fa(t),1,0)Hu, (1) + Dia, (VK (0) + F((0), 0, ) He, () K (1)
x| C1,, () + Fa(t),0,0)Ha,, ()
+D1z,, (VK1) + F((8),0,0) s, (0K, ()] 2(2)

T

T

< 282() Z Z > pittimpin” (£)]

[C1,2) + Dz, ()5 ()" [C,, (1) + Daz,, (0K ()] +
P (0) [Ha, (0) + Ho, (0K (2)]"
[H1,, (1) + He,, (1) K (0)] pa(t) (A.40)

where X() = (1-+ p?(2) S0y S5y [I1H5, () Ha, ()] ) . Hence,

Y DTN it [BT OR@@E)] + R2(0)2T (1)2()

i=1 j=1 m=1n=1
T

< Z Z Z Z pitsstimiin (27 () [C1, (0) + Do, V()] R71(0)

(€1, () + Do, VK (0)| 2(1)) + X220 (B () (A.41)

where
} T

(1) = [y HT, () VER)p() HE, (1) 0 VER()CT, 1)
T

= (
Dio,(t) = [0 VER()p() HE (2) 7p(0) HE (1) V2R() DTy, ()] -
)

Substituting (A.41) into (A.38), we have

(1) (1)a(t )+72N2( Jw” ()w(t)

T T

> ZZM%N]MMN [x((t))} By (1) [2((?)} (A.42)

i=1 j=1 m=1n=1

AV (2(t),1) < =R
+7

where
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Dijmn (1) = 2) + D1z, (2 )G ( Z)} X ()T

|: + D12 Z Kn(l i|
+ Zk 1 sz(k)
R()B{,(1)Q() —YR(1)

(A.43)

Using the fact

ZZ Z Z N’zﬂjumﬂn U mn = 2 Z Zﬂzﬂj z]

i=1 j=1 m=1n=1

Mi;(2)

=1 5=1
+Nij ()N ()],
we can rewrite (A.42) as follows:

AV(m(t),z) < —RZ2(0)2T (1) 2(t) + ¥*R2()w! (H)w(t)
t

%S 5] o )

= —R*(0)2" (1) 2(1) + "R (w” (Hw(t)
1T

N EEEY

where

J

FQU)(A() + Bo (0K; (1),
e baome] x| er |
RAW)[C1,(0) + Duo, (1)

+ Zzgl )‘sz(k)
R(1)BY,(1)Q() —R()

Pre and post multiplying (A.45) by

mz(%”%,

(Ai(2) + Bz, (1) K;(2))" Q( ))

[

with P(z) = Q1(1), we obtain



P()AT (1) + Y (1) B (2)

+AWP() + Bs, (Z)YJ()
E(@)Pi;(1)5() = %[01 (1) P(2 )+ D1, (2 yj(z)} -1 T
ij |:O1 ( +D12 z) ¢ Z}
P sz() ~1(k)P(
ROBLW R
(A.46)

Note that (A.46) is the Schur complement of ¥;;(z) defined in (5.11). Using
(5.9)-(5.10), we learn that
¢ij (Z) + @ji(l) < 0. (A48)

Following from (A.44), (A.47) and (A.48), we know that

AV (z(t),2) < —R2(2)2T (1) 2(t) + 22 ()wT (t)w(t). (A.49)
Applying the operator E[ fo -)dt] on both sides of (A.49), we obtain

Tf

Ty
E AV (z(t),2)dt <E/0 (—R2() 2T (1) 2(t) + *R2()wT (H)w(t))dt| .

(A.50)

0

From the Dynkin’s formula [75], it follows that

Ty
E /0 AV (x(t),v)dt | = E[V(2(Ty),«(Ty))] — E[V(2(0),2(0))]. (A.51)

Substitute (A.51) into (A.50) yields

0<E

Ty
/0 (—R2(0) 2T (1)2(t) + 72N2(z)wT(t)w(t))dt]
—E[V(x(Ty),u(Ty))] + E[V(x(0),2(0))].

Using (A.49) and the fact that V(z(0) = 0,(0)) = 0 and V' (x(Ty),+(T})) > 0,
we have

E

/OTf {ZT(t)z(t) - y2wT(t)w(t)}dt] <0. (A.52)

Hence, the inequality (5.5) holds. This completes the proof of Theorem 6. ®
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Proof of Lemma 5.1

The closed-loop state space form of the fuzzy system model (5.1) with the
controller (5.24) is given by

H0) = i S s (AT 020 + BI@a®)
(t) =3 22:1 1 Cof (1) (¢)

where &(t) = [z7(t) :%T(t)]T and the matrix functions A% (:), BY(z) and
C% (1) are defined in Lemma 3 and the disturbance is

()F( x(t),2,t)Hy, (2)x(t)
F(z(t), t)Hz Vw(t)
a0 — | A0 080 W)
sy F(a(t), 0, t) Hs, (1)(t)
W(t)

F(x(t),1,t)Hr, (1)w(t)

Let choose a stochastic Lyapunov function

N«

V(2(t),1) = 2T (t)P(1)z(t) V2 €S (A.54)

where P(1) is a constant positive definite matrix for each 2. For this choice,
we have V(0,19) = 0 and V(&(¢),2) — oo only when [|Z(t)|] — oo.

Consider the weak infinitesimal operator A of the joint process { (i(
0}, which is the stochastic analog of the deterministic derivative. {(Z(¢
0} is a Markov process with infinitesimal operator given by [80],

7 (t) Z Ak P (k)" (1)
k=1

= 30 sy (ST O TPW) + 5T (O POAL )0

=1 j=1

AV (&(t),2)

Il
<
~
~
~
o)
—~
~
~
8¢
~
~
+
8¢
~
~
~
e
—~

+a7 (£)(BY (1)) P()a(t) + 27 (t) P(1) B (1) (t)
()Y )\mP(k):ET(t)). (A.55)
k=1

Adding and subtracting

—R2(2) 2T (t)2(t) + ~* Z Z Z Z i o i [0 (£)2D(2)]

i=1 j=1m=1n=1

to and from (A.55), we get
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T ™ T

AV (x(t),2) = —N>(1)z )+ D Z it i pin [0 ()0 (1)]
i=1 j=1 m=1n=1
r r T T T
N2 (1) ) + Z Z Z 45 [ s [ ((t))} x
(A3 )T P() + P(l)A? @Y 7\ 12
(( s apm ) ) [w((?)} (A.56)
(B ()" P(2) -

Now let us consider the following terms:

VY DY IS st pn [0 @] =YD N it prmpin X
i=1 j=1m=1n=1 i=1 j=1 m=1n=1
s F(a(t), ) Hy, (a(t) [ s F(e(t),n ) Hy, (1) (t)
F(x(t),1,t) Ha, (2)w(t) F(x(t),1, ) H,, (1)u(t)
s F(a(t),1,t)Hs, (0C; (0)2(t) | | 555 F(w(t), 2,8 Hs,, (1) (1) (1)
s Fa(t), ) Hs, (1)a(t sy F (), 1,0 Hs,, ()(t)
w(t) w(t)
F( OO @) ] L F) ), (el

,U'J:U'm,un
i=1 j=1 m=1n=1

[ (Vo ) (ifi(”@%féi )] a0 + ot
| m (A.57)

and

T T

NQ(Z)ZT(t)Z(t) = NQ(Z) Z : Z Zﬂi/‘jumﬂnj’j(t) x

[C1,0) + PG(0), 0,0 Hi (1) Dro, ()C50) + Pa(t), 1, Ho, (0C5)]
{C’lm (1) + F(x(t),2,t)Hy, (1) Dia, (1)Cr(2) + F(x(t),2,t)Hg, (1)Cp(2)| Z(t)
T

< ZZ Z Zumjumun (2&2(1)#(15) [Cli(z) Dy, (z)C'j(z)] X

i=1 j=1m=1n=1

[Clm (1) Dsa,, (z)é’n(z)} Z(t) + 2N2(1)p2 (z)iT(t) X

(.0 Ho O] [Hi, () Ho, 0Ca]20)  (A58)

Nl

where R(z) > (1 +p2(1) {||H2Ti (1) Hy, (1) + || HE () H, (z)||D . Hence,
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IS St [@T ()i ()] + 82 ()27 (8)2(0)

i=1 j=1m=1n=1

<SS st (30| C1,() Diz (00|

i=1 j=1m=1n=1
(€1, () Diz, Ca(0)] (1)) + X220 (B () (A.59)
where
[ ”fé; L) VAW HE () VIWCL )]
) 0 VEN@p(WHE () VINWDE, ()]

D12, (1

Substituting (A.59) into (A.56), we have
<

AV (x(t),1) < =N ()" (1)z(t )+72N2()w (t)w(t)
T T T I( ) T ) $(t>
"’;;;;Mlhﬂmﬂ [w( ):| QZJmn(Z) |:u~)(t)] (A.60)
where
( (A7 ()" P(2) + P() A (1) > ()T
Dujonn(0) = | \+(CH@)TCm () + Y, A P(R) (A6
(B3 (1) P(2) -1

Using the fact

ZZZZ“Z“J”WL“" 1] mn —QZZIU‘ZMJ zg ()

i=1 j=1m=1n=1 =1 j=1

+Ni; ()N ()],
we can rewrite (A.61) as follows:

A~V(x(t), 1) < —R2(2)2T (1) 2(t) + ¥R ()wT (H)w(t)

T

oS [H0] 2,0 [Z0] e

where
( (A5 ()TP() + P() A% (1) ) ()T
(B (1))TP(2) -7’1

Note that (A.63) is the Schur complement of (5.26). Using the inequality
(5.26), we have
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AV (z(t),2) < —R2(2)2T (1) 2(t) + v*R2()wT (H)w(t). (A.64)
Applying the operator E[fOTf (-)dt] on both sides of (A.64), we obtain

Ty

E AV (z(t),1)dt| < E /0f(—N2(z)zT(t)z(t)+72N2(z)wT(t)w(t))dt .

(A.65)

0

From the Dynkin’s formula [75], it follows that

Ty

E AV (x(t),2)dt| = B[V (x(T}),+(Tf))] — E[V(2(0),2(0))]. (A.66)

0

Substitute (A.66) into (A.65) yields

O0<E

Ty
/0 (N2 ()7 ()=(t) + w?N%)wT(t)w(t))dt]
_E[V(2(Ty),(Ty))] + EV(2(0), 1(0))].

Using (A.49) and the fact that V(z(0) = 0,4(0)) = 0 and V' (x(Ty),+(Ty)) > 0,
we have

E

/OTf {ZT(t)z(t) —v2wT(t)w(t)}dt] <0. (A.67)

Hence the inequality (5.5) holds. This completes the proof of Lemma 3. =&

Proof of Theorem 8.2

Suppose the inequalities (8.36)-(8.38) hold, then the matrices X and Y; are
of the following forms:

_ Xl XQ _ Yl YQ
Xo— ( 0 X3> and Y0—<0 Ys)
with X7 = X{ >0, X3 =X >0,77 =Yl >0and Y3 = Y > 0.
Substituting X and Yp into (8.47), respectively, we have

X1 €X2>

X. = {Xo n eX}EE - (6X2T N (A.68)

and

N G B o —eY LYt
Vo= {5 eV B = <—€(Y1YQY31)T v . (A.69)
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Clearly, X, = XZ, and Y. ! = (Y. 1)T. Knowing the fact that the inverse of
a symmetric matrix is a symmetric matrix, we learn that Y, is a symmetric
matrix. Using the matrix inversion lemma, we can see that

Y, = E;l{Yo + af/} (A.70)

where Y = YoN. (I +eYyN.)~1Yy. Employing the Schur complement, one can
show that there exists a sufficiently small € such that for ¢ € (0, €], (8.26) and
(8.27) hold.

Now, we need to show that

()§ ;) > 0. (A.71)

By the Schur complement, it is equivalent to showing that
X.-Yv.'>o0. (A.72)

Substituting (A.68) and (A.69) into the left hand side of (A.72), we get

X, -yt e(Xo+ Y'Yy
EER = et (A.78)
The Schur complement of (8.36) is
[Xl —OYfl N _Oy3—1] > 0. (A.74)
According to (A.74), we learn that
X, -Y7'>0 and Xz3-Y;!'>0. (A.75)

Using (A.75) and the Schur complement, it can be shown that there exists a
sufficiently small £ > 0 such that for € € (0,£], (8.25) holds.

Next, employing (A.68), (A.69) and (A.70), the controller’s matrices given
in (8.34) can be re-expressed as follows:

Bi(e) = [Yg' = Xo| Bi + ¢[N. — X]B; 2 By, + ¢B.,

Jo TS (A.76)
CZ(E) = ClYO +€CZ'Y :Coi +€C€i.

Substituting (A.68), (A.69), (A.70) and (A.76) into (8.32) and (8.33), and

pre-post multiplying (8.32) by 05 ? , we, respectively, obtain
Wllij + w11ij and WQQU =+ 1#22”. (A77)

where the e-independent linear matrices W1y, and Way,; are defined in (8.43)
and (8.44), respectively and the e-dependent linear matrices are
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AYT + VAT + By,Ce, + CEBY ()7

ver+cron )" (4.78)

Vi1, =

ATX + XTA; + B.,Co, + C3BL ()T

{XBli +BEiD21J}T (4.79)

10221,]. =€

Note that the e-dependent linear matrices tend to zero when € approaches
Zero.

Employing (8.39)—(8.42) and knowing the fact that for any given negative
definite matrix W, there exists an € > 0 such that W + eI < 0, one can show
that there exists a sufficiently small € > 0 such that for ¢ € (0, €], (8.28)—(8.31)
hold. Since (8.25)-(8.31) hold, using Lemma 8.2, the inequality (3.3) holds. m

Proof of Theorem 10.2

Suppose the inequalities (10.56)-(10.58) hold, then the matrices X¢(2) and
Yo(2) are of the following forms:

1= (50543 - ()

with X1(2) = X{ (1) >0, X302) = XZ(2) >0, Y1(1) = YL (1) > 0 and Y3(1) =
YiF(2) > 0. Substituting Xo(2) and Yy(z) into (10.67)-(10.68), respectively, we
have

x50 2500) o
and
o @_( o T—eY*(zmune-l(z))' s
: —(Y W00 0) S0

Clearly, X.(2) = X' (2), and Y.} (2) = (Y. (). Knowing the fact that the
inverse of a symmetric matrix is a symmetric matrix, we learn that Y.(z)

is a symmetric matrix. Using the matrix inversion lemma, we can see that
Y.(2) = Ee_l{Yo(z)—i—EY/(z)} where Y (1) = Yo(1) N (2)(I+Yo(2) N2 (2)) "1 Y (2).
Employing the Schur complement, one can show that there exists a sufficiently

small € such that for € € (0,£], (10.46) and (10.47) hold.
Now, we need to show that

(XEI(Z) yf(@) > 0. (A.82)

By the Schur complement, it is equivalent to showing that
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X (1) =Y 1(2) > 0. (A.83)
Substituting (A.80) and (A.81) into the left hand side of (A.83), we get

X1(1) =Y, () e(Xa(2) + Y () Ya (1) Yy (2)
|:5(X2(Z) + Yl_l(l);'g(l)}/g_l(l))T E(Xg(i) _ Y3 1(1)) :| . (A84)

The Schur complement of (10.56) is

X1() =Y ) 0
{ i 0 _Y3_1(Z)} > 0. (A.85)

According to (A.85), we learn that
X1(2) =Y ) >0 and X3(2) — Y3 1(2) > 0. (A.86)

Using (A.86) and the Schur complement, it can be shown that there exists a
sufficiently small £ > 0 such that for € € (0,£], (10.45) holds.

Next, employing (A.80) and (A.81), the controller’s matrices given in
(10.54) can be re-expressed as follows:

Bi(1.€) = [Y5 ' () = Xo ()] Bi(1) + £ [Ne(2) = X(1)] Bi(2) = Bo, (1) + Bz, (1)
Cil1:€) = GV (1) +Ci)YT (1) 2 Co, (1) +Cc, 1)

(A.87)
Substituting (A.80),(A.81) and (A.87) into (10.52) and (10.53), and pre-post
E.00
multiplying (10.52) by [ 0 I 0 |, we respectively, obtain
00171
Wllij (Z) + wllij (Z) and !p22ij (Z) + ¢22ij (Z) (A88)

where the e-independent linear matrices ¥1;,;(2) and Way,,(2) are defined in
(10.63) and (10.64), respectively, and the e-dependent linear matrices are

A;()YT () + Y () AT (a)
+B2,(1)Cc, (1) + CL (1) B3, (1) | (9T ()T

Y11, (1) =€ WY (A.89)
Cr,(YT (1) + D12,(1)Ce; (1) 0 ()
JT () 0 Y@

and

U, (0) = € o 2 (A.90)
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where J (1) = [\/)\TJA/(Z) )\(i,l)lff(z) ,/)\(i+1)1?(2) )\55/(2)},

V) = diag {V(1), -, V-1, Y@+1), - V(s)} X(k) =
w and f’(z) = M Note that the e-dependent linear matrices
tend to zero when e approaches zero.

Employing (10.59)-(10.62) and knowing the fact that for any given negative
definite matrix W, there exists an € > 0 such that W+ eI < 0, one can show
that there exists a sufficiently small & > 0 such that for ¢ € (0,€], (10.48)-
(10.51) hold. Since (10.45)-(10.51) hold, using Lemma 9, the inequality (5.5)
holds. |
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